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PREFACE. 


VV  HEN  an  authour  ushers  a  performance  Into  the  world 
on  a  subject  that  has  been  frequently  treated  upon,  and  often 
with  considerable  abiUty  and  success,  it  is  natural  for  him  to 
frame  an  apology  for  his  undertaking,  either  by  writing  a 
panegyric  upon  the  subject  he  attempts  to  discuss,  or  by 
pointing  out  tho'Se  particulars  in  which  his  own  work  differs 
from  others,  and  shewing  how  far  there  Is  a  probability  that 
his  deviations  from  the  usual  modes  of  arrangement,  or  dis- 
cussion, will  be  productive  of  advantage.  The  subject  of 
the  treatise  now  presented  to  the  public,  Is  Astronomy,  a 
science  which  needs  no  laboured  eulogium  ;  for  its  Intrinsic 
excellence,  and  its  attendant  advantages,  are  such,  that  it 
has  been  studied,  encouraged,  and  promoted,  by  the  most 
learned  and  eminent  men  of  all  ages  and  all  countries.  As- 
tronomy not  only  contributes  to  the  Improvement  and  perfec- 
tion of  Chronology,  Geography,  and  Navigation,  to  the  ex- 
tension of  Trade  and  Commerce,  and  the  consequent  com- 
fort of  life;  b\it  it  is  also  of  admirable  use,  in  strengthening 
the  mind  by  proper  exercises,  in  arming  the  reason  against 
the  vanity  of  scepticism  and  the  delusions  of  sophistry,  and 
in  adding  fresh  power  to  the  native  force  and  penetration  of 
the  understanding.  Besides  these  benefits,  which  all  are  will- 
ing to  ascribe  to  Astronom.y,  there  are  others  which  are  not 
so  universally  acknowledged ,  yet  ought  not  to  be  neglected  or 
forgotten  : — this  most  delightful,  tills  noblest  of  the  sciences, 
subjects,  as  it  were,  the  economy  of  the  universe  to  our  con- 
templation :  it  enables  us  to  obtain  a  nearer  acquaintance 
with  the  most  numerous,  the  most  stupendous  and  magnifi- 
cent scenes  in  the  whole  creation  j  to  trace  out  their  mutual 
intercourses,  their  certain  and  determined  motions,  their  re- 
gular returns,  their  stated  periods  ;  to  discover  the  inviolable 
laws  which  regulate  the  heavens,  and  the  admirable  harmony 
which  pervades  the  universe :  and  while  we  are  thus  engaged. 
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while  we  are  permitted  *'  to  scale  the  etherial  towers,  znd 
*'  freely  range  through  the  celestial  fields,"  is  it  possible  that 
we  should  not  be  impressed  with  a  sense  of  the  unlimited 
power,  unbounded  M'isdom,  and  infinite  goodness,  of  the 
adorable  Creator  and  Governour  ?  The  great  excellence  of 
Astronomy  then,  even  as  a  promoter  of  morality  and  devo- 
tion, must  be  admitted,  if  it  appear  that  it  furnishes  us  with 
stronger  arguments  to  prove  the  existence  of  a  supreme,  in- 
telligent First  Cause — shews  more  effectually  his  power  and 
wisdom— or  gives  us  more  clear  and  just  notions  of  his  other 
attributes  and  perfections,  than  any  other  knowledge  which 
is  attained  by  the  mere  light  of  nature  :  and  that  it  accom- 
plishes this,  nay,  more  than  this,  cannot  fairly  be  denied, 
since  many,  who  are  no  mean  judges  in  this  respect,  are  con- 
stantly ready  to  assert  it,  on  the  fullest  conviction.  "  If  we," 
says  the  pious  and  learned  Dr.  WattSy  *'  look  upward  with 
David  to  the  worlds  above  us  j  if  we  consider  the  Heavens  as 
the  •work  of  the  finger  of  Gody  and  the  moon  and  the  stars  nvhich 
he  hath  ordained ;  What  amazing  glories  discover  themselves 
to  our  sight  ?  What  wonders  of  wisdom  are  seen  in  the  exact 
regularity  of  their  revolutions  ?  Nor  was  there  ever  any  thing 
that  has  contributed  to  enlarge  my  apprehensions  of  the  im- 
mense power  of  God,  the  magnificence  of  his  creation,  and 
his  own  transcendent  grandeur,  so  much  as  that  little  portion- 
of  Astronomy  which  I  have  been  able  to  attain.  And  I  would 
not  only  recommend  it  to  young  students  for  the  same  pur- 
poses, but  I  would  persuade  all  mankind  (if  it  were  possible), 
to  gain  some  degree  of  acquaintance  with  the  vastness, 
the  distances,  and  the  motions  of  the  planetary  worlds,  on 
the  same  account.  It  gives  an  unknown  enlargement  to  the 
understanding,  and  afFcrds  a  divine  entertainment  to  the  soul 
and  its  better  powers.  With  what  pleasure  and  rich  profit 
would  men  survey  those  astonishing  spaces  in  which  the 
planets  revolve,  the  hugeness  of  their  bulk,  and  the  almost 
incredible  swiftness  of  their  motions  ?  When  we  muse  on 
these  things,  we  may  lose  ourselves  in  holy  wonder,  and  cry 
out  with  the  Psalmist,  "  Lord,  what  is  man,  that  thou  art 
mindful  of  him  ;  a}id  the  son  of  man,  that  thou  shouldst  visit 
him  r 

Since,  then,  the  science  of  Astronomy  is  so  powerfully  re- 
commxnded  to  our  attention  and  regard,  by  its  tendency  to 
improve  the  understanding,  to  delight  the  imagination,  and 
to  ameliorate  the  heart ;  it  is  no  wonder  that  publications, 
in  which  its  principles  have  been  laid  down,  its  elements  de- 
monstrated, or  its  phenomena  explained,  have  become  verjr 
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liumerotts.  The  Authour  of  the  preserit  iindertaking  has  no 
wish  to  depreciate  the  character  of  any  of  these  publications, 
or  to  lower  their  claims  upon  general  esteem,  in  order  to  in- 
duce the  public  to  transfer  their  exclusive  encouragement  to 
his  own  performance ;  on  the  contrary,  he  cannot  refrain 
from  giving  his  suffrage  to  the  real  value  and  obvious  utility 
of  the  labours  of  several  of  his  predecessors  in  this  depart- 
ment of  science.  The  works  of  Mr.  Bonnycastle,  Mrs.  Bryan^ 
Mr.  Ferguson^  and  Dr.  Longy  are  admirably  Calculated  to 
convey  in  a  popular  manner,  but  in  a  manner  which  often 
unites  familiarity  with  elegance,  a  clear  and  correct  state- 
ment of  the  various  facts  which  Astronomy  brings  to  light, 
and  ingenious  explanations  of  the  principal  phenomena  of 
the  Heavens.  Among  the  scientific  treatises,  those  of  Dr. 
Gregory^  M.  ds  la  Caille,  and  Mr.  Professor  Fince,  merit  dis- 
tinguished approbation  ;  Dr.  Gregory's  Elements  of  Astronomy ^ 
Physical  and  Geometrical^  though  published  at  a  time  when 
the  physical  principles  of  Newton  were  comparatively  but 
little  known,  and  where  known,  opposed,  richly  deserved 
the  esteem  in  which  they  were  held  by  Newton  himself,  as 
a  most  excellent  explanation  and  defence  of  his  philosophy  : 
in  almost  every  page  they  display  strong  traits  of  originality, 
and  of  ripened  judgment,  and  will  remain  a  lasting  monu- 
ment of  the  admirable  genius  and  profound  knowledge  of 
their  authour. — The  Eleinents  of  Astronomy  by  M.  de  la  Caille, 
have  also  been  long  admired,  on  account  of  the  elegance, 
the  accuracy,  and  the  scientific  skill  with  which  they  are  ex- 
hibite'^  :  and  The  complete  System  of  Astronomy^  by  Mr.  Vince^ 
is  generally  and  justly  acknowledged  to  be  the  most  extensive 
and  useful  body  of  information  on  this  science,  which  has 
yet  been  published  in  Britain.  Other  performances  likewise, 
particubrly  those  of  Mr.  Emerson  and  Dr.  Keill,  have  much 
merit  *.  But,  with  the  exception  of  the  System  of  Professor 
Vince,  none  of  these  suit  the  present  matured  state  of  the 
science :  books  of  astronomy  must,  from  the  nature  of  the  sub- 
ject on  which  they  treat,  have  a  very  contracted  period  of  utility, 
in  comparison  with  that  which  is  allotted  to  works  on  pure  and 
abstract  science  :  the  latter  may  be  advanced  to  a  very  high  de- 
gree of  perfection  by  the  exertions  of  an  individual,  and  may 

*  The  Authoui^  speaks  here  of  Astronomical  works  published  iir 
England ;  for  the  excellent  ones  published  in  France,  and  not  trans* 
lated,  are  by  no  means  fo  generally  known  in  this  country  as  might 
be  wished;  indeed,  most  of  them  are  so  expensive,  that  there  is  but 
little  prospect  of  their  obtaining  a  place  in  the  library  of  every  mathci 
nutician. 
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obtain  a  celebrity  which,  after  the  lapse  of  ages,  shall  have 
suffered  no  diminution  j  but  the  former  depend  upon  circum- 
stances, over  which  a  single  man,  though  of  gigantic  intel- 
ligence, has  no  control.  Astronomy  is  "  a  science  which- 
has  increased  not  only  by  the  accum.ulation  of  its  own  reve- 
nues, but  by  the  tributary  contributions  of  other  sciences  and 
arts  ;"  *  and  is,  therefore,  receiving  constant  accessions  from 
almost  every  quarter  :  fresh  inventions  in  mechanics,  more 
perfect  instruments  in  optics,  ingenious  improvements  in  ana- 
lysis, more  simple  formulce  in  calculation,  more  profound 
acquaintance  with  physical  principles;  all  contribute  to  the 
real  extension  of  Astronomy,  by  facilitating  and  rendering 
more  accurate  the  necessary  computations,  and  by  giving, 
precision  and  success  to  every  diligent  and  judicious  observa- 
tion. It  is,  hence,  manifest  that  treatises  upon  this  sci- 
ence, howevc^  accurate  in  theory,  however  ingenious  in  their 
arrangement,  however  copious  and  clear  in  the  developement 
of  ptinciples,  or  the  elucidation  of  appearances,  cannot  alone 
continue  long  in  use  ;  but  must  give  way  to  others  which  are 
enriched  with  the  result  of  the  most  successful  series  of  ob- 
servations, and  the  newest  and  most  brilliant  discoveries. 
Xhe  only  scientific  work  on  Astronomy,  published  in  this 
kingdom,  in  which  the  new  improvements  and  discoveries 
are  incorporated  in  a  manner  adequate  to  their  real  import- 
ance and  value,  is  that  by  Professor  Vince,  before  mentioned  : 
but  it  is  not  to  be  expected  that  all  who  are  desirous  of  in- 
creasing their  astronomical  knowledge,  by  the  result  of  the 
laudable  exertions  of  Bode,  Herschel^  La  Lande,  Maskelyrie, 
Zach,  and  others,  will  have  it  in  their  power  to  consult  so 
voluminous  a  work  as  the  Professor's;  though  even  that 
wotuld  be  far  niore  practicable  than  to  have  recourse  to  the 
numerous  volumes  of  Memoirs,  Acts^  Transactions^  &c. 
tiirough  which  this  valuable  infoi-mation  is  scattered.  From 
tjiese  considerations,  the  Authour  of  the  following  sheets  has. 
been  induced  to  endeavour  to  supply,  what  is  thought  by 
many  besides  himself  to  be  a  deficiency,  and  to  lay  before 
the  public  a  treatise  on  Asti-onomy,  which  shall  in  some 
measure  correspond  with  the  advanced  state  of  the  science, 
and  at  the  same  time  occupy  an  intermediate  station,  between 
tl?ose  which  give  merely  a  concise  view  of  the  elements,  and 
those  which  by  their  voluminousness  and  consequent  expen- 
siveness,  are  prevented  from  obtaining  a  general  circulatioBr 
among  students  of  matliematics. 

""  Mffiithlj  Rjeviewj  voUxxvii,  N..S." 
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In  the  prosecution  of  the  Authour's  design,  the  chief  dif- 
ficulty consisted  in  adopting  a  proper  mode  of  arrangement, 
and  in  allotting  to  each  of  tlie  various  celestial  bodies,  and 
Its  phenomena,  a  just  and  proper  share  in  tlie  work. 
With  respect  to  arrangement,  it  appears  to  the  Authour  to 
have  been  customary  for  the  great  facts  of  Astronomy  to  be 
stated  too  early,  that  is,  long  before  the  mind  is  prepared 
to  give  them  admission.  The  truths  in  Astronomy,  as  laid 
before  us  in  the  System  of  Copernicus,  although  they  cannot 
but  afford  delight  by  their  simplicity,  uniformity,  and  har- 
mony, yet  are  presented  in  a  garb  so  totally  different  from 
that  which  nature  appears  to  wear,  that  many  persons  are  un- 
willing to  yield  them  any  farther  assent,  than  that  which  is 
grounded  upon  the  opinion  of  others,  v/ho,  they  suppose, 
from  the  unremitting  attention  they  have  paid  to  the  subject, 
may  probably  be  right.  According  to  this  mode  of  arrange- 
ment, the  student  must  submit  to  two  operations  of  intellect, 
both,  in  some  measure,  painful ;  he  must  not  wait  for  the  as- 
sociation between  the  ideas  suggested  by  the  propositions  set 
before  him,  and  the  sensations  or  internal  feelings  which  ac- 
company his  ideas  of  truth,  though  this  association  lies  at  the 
foundation  of  rational  assent ;  but  he  must  give  assent  at 
once,  to  that  which  is  contrary  to  the  evidenge  of  his  senses  ; 
and  then,  he  must  trace  out  the  agreement  of  what  he  re- 
luctantly assented  to  with  the  phenomena  of  nature.  In- 
stead of  a  process  like  this,  is  it  not  much  more  natural,  and 
much  more  satisfactory  to  the  mind,  to  develope  gradually 
the  real  system,  as  far  as  possible,  from  our  observations  upon 
its  component  parts  ?  And  with  respect  to  the  assignment 
of  the  separate  portions  into  which  the  consideration  of  the 
heavenly  bodies  may  be  divided,  the  Authour  cannot  help 
tliinking,  that  many  have  been  seduced,  by  contemplating 
the  beauty  and  regularity  which  are  manifest  in  the  order  and 
.  motions  of  the  primary  and  secondary  planets,  to  give  to  the 
fixed  stars  an  inferlour  place  in  the  science,  to  conceal  them 
as  it  were  in  a  corner,  as  though  they  were  the  most  insigni- 
cant  bodies  in  the  universe,  and  of  no  importance  in  the 
study  of  Astronomy ;  whereas,  according  to  the  just  remark 
of  Dr.  Kcill,  "  It  is  upon  the  observation  of  the  fixed  stars, 
"  as  upon  immoveable  pillars,  that  the  whole  science  of  As- 
*'  tronomy  is  erected,  and  by  them  it  is  sustained." 

With  these  views  tlie  Authour  could  not  avoid  attempting 
the  success  of  a  different  kind  of  arrangement,  such  as  ap- 
peared to- him  more  consistent  with  the  fabric  of  the  uni- 
verse, more  congenial  to  the  satisfactory  operations  of  ths 
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reasoning  p6wers,  and,  he  hopes,  more  calculated  to  disse- 
minate a  knowledge  of  the  science,  and  to  stamp  convictloii 
upon  the  minds  of  ingenuous  enquirers.     The  nature  of  the 
plan  he  has  adopted  maybe  understood  from  the  following 
concise  account  of  it :— The  work  commences  with  a  deter- 
mination of  the  figure  and  dimensions  of  the  earth  ;  which  is 
followed  by  an  explanation  of  terms  relating  to  some  imagi^ 
nary  points,  lines,  and  circles  on  the  earth,  and  their  corre^ 
spending  ones  in  the  heavens  :  the  apparent  diurnal  motions 
of  the  heavenly  bodies  are  then  briefly  described,  the  diurnal 
and  annual  apparent  motions  of  the  sun  are  more  particularly 
pointed  out,  and  the  method  of  ascertaining  the  situation  of 
the  ecliptic   (or  circle,  in  which  the  sun's  annual  motion 
appears  to  be  performed)  is  explained.     This  is  followed  by 
an  elucidation  of  the  seasons,  a  determination  of  the  length 
of  the  year,  and  an  account  of  the  precession  of  the  equi- 
noxes :  these  are  succeeded  by  a  description  of  the  methods 
by  which  the  relative  situations  of  the  fixed  stars  have  been 
ascertained,  the  nature  and  necessity  of  the  artificial  distri- 
bution of  them  into  constellations  is  shewn,  and  an  enumera- 
tion of  the  constellations,  and  the  most  noted  stars  in  each, 
is  given.     The  Authour  then  explains  the  nature  of  parallax, 
refraction,  and  the  equation  of  time,  since  the  corrections 
depending  upon  them  are  of  so  much  consequence  ;    and 
exemplifies  the  use  of  that  part  of  astronomy  which  deter^ 
mines  the  apparent  motion  of  the  sun,  and  the  relative  situa- 
tion of  the  fixed  stars,  by  a  collection  of  problems,  in  which 
are  given  the  methods  of  determining  the  rising,  culminating, 
setting,  &c.  of  both  the  sun  and  the   stars  :   this   part   of 
the  work  includes  as  much  of  the  science  as  could  be  known 
previous  to  the  discovery  of  the  planets,  or  the  determination 
of  the  orbit  and  motions  of  the  moon.     After  this  the  astro- 
nomy of  the  planets   is  commenced:  the  most  striking  of 
their  apparent  motions  are  described,  and  the  description  is 
followed  by  a  concise  sketch  of  the  most  celebrated  systems 
which  have  been  invented  to  account  for  the  various  pheno-^ 
mena  •,  and  reasons  are  assigned  for  assuming  the  system  of 
Copernicus,   as    improved   by  Kepler   and   Newton.      The 
theory  of  apparent  motions  is  then  laid  down,  and  applied  to 
the  phenomena  of  the  planetary  motions  :  the  law  is  shewn 
by  which  the  planets  arc  retained  in  their  orbits,  and  its  con- 
fcrm.ity  with  the  law  of  gravity  is  rendered  obvious.    To  this 
succeeds  the  determination  of  the  orbits  of  the  planets,  and 
the  various  elements  of  their  theory,  from  observation ;  in 
order  to  effect  this  in  the  most  natural  way,  tlie  situation  and 
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magnitude  of  the  earth's  orbit  are  first  established,  as  a  pro- 
per basis  for  those  geometrical  operations  which  lead  to  the 
determination  of  the  orbits  of  the  other  planets.  The  appa- 
rent and  real  diameters,  the  times  of  rotation  of  the  sun  and 
planets,  and  the  inclinations  of  their  axes,  are  then  ascer- 
tained ;  and  the  illustration  of  their  phases,  stations,  and 
other  appearances,  is  completed.  These  are  followed  by  the 
astronomy  of  the  moon  and  satellites,  and  the  ring  of  saturn 
— by  the  doctrine  of  solar  and  lunar  eclipses,  and  occultations 
of  fixed  stars  by  the  moon — by  an  explanation  of  the  nature 
of  the  transits  of  mercury  and  venus  over  the  sun's  disc,  and 
the  method  of  deducing  the  sun's  patallax  from  observations 
on  these  transits.  After  these  are  given  three  chapters,  on 
the  astronomy  of  comets,  the  aberration  of  light,  and  the 
determination  of  terrestrial  latitudes  and  longitudes.  In  the 
last  chapter,  the  contemplation  of  the  fixed  stars  is  resumed ; 
an  enquiry  is  made  into  their  distances,  magnitudes,  nature, 
number,  and  motion ;  and  this  naturally  suggests  some 
reflections  on  the  immensity  of  the  universe,  and  some  argu- 
ments to  prove  the  existence  and  attributes  of  the  great  First 
Cause  :  with  which  the  treatise  concludes.  Throughout  the 
whole,  it  is  supposed  that  the  reader  has  obtained  a  previous 
knowledge  of  the  principles  of  nlgebra,  plane  and  spherical 
geometry  and  trigonometry,  conic  sections,  mechanics,  optics, 
and  the  projections  of  the  sphere  :  the  doctrine  of  fluxions 
is  only  made  use  of  in  one  or  two  instances,  and  tliose 
respecting  matters  of  mere  curiosity. 

The  Authour  is  aware,  that  plans  of  a  very  difl^erent  nature 
from  that  which  he  has  adopted  might  have  been  resorted  to 
with  a  considerable  share  of  success  -,  but  he  was  induced  to 
proceed  in  the  manner  he  has  just  described,  by  a  hope  that 
he  should  thereby  be  enabled  to  develope  the  principles,  dis- 
cover the  facts,  and  establish  the  prevailing  system  of  astro- 
nomy, without  requiring  the  assent  of  the  student  to  what 
was  not  previously  shewn  to  be  consistent  with  truth,  or  the 
allowed  principles  of  subsidiary  branches  of  knowledge.  In 
order  to  prevent  the  admission  of  impossible  or  contradictory 
suppositions,  or  to  avoid  that  errour  which,  it  is.  to  be  la- 
mented, is  §ometmies  found,  even  in  the  writings  of  mathe- 
maticians, namely,  that  of  reasoning  in  a  circle,  it  is  univer- 
sally allowed  to  be  a  good  rule,  not  to  suppose  any  thing  to 
be  done,  or  the  existence  of  any  thing  to  be  established,  until 
the  mode  of  accomplishing  the  former,  or  the  great  probabi- 
lity of  the  existence  of  the  latter,  is  satisfactorily  shewn.  To 
this  rule  it  is,  perhaps,  impossible  entirely  to  adhere,  since 
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even  Etididf  that  most  accurate  and  rigorous  geometrician, 
was  sometimes  obliged  to  deviate  from  it ;  yet,  as  it  is  cer- 
tainly far  better  to  keep  it  in  view  than  totally  to  disregard 
it,  the  Authour  has  set  it  constantly  before  him,  and  has,  he 
believes,  departed  from  it  but  in  very  few  instances.  He 
acknov/ledges  that  he  has,  in  all  his  directions  for  deter- 
mining the  theory  of  the  sun  and  planets,  supposed  the  lati- 
tude and  longitude  of  the  place  of  observation  to  be  known  : 
but  this,  he  conceives,  will  be  readily  granted  him,  since 
something  must  be  assumed,  and  these  particulars  are  ascer- 
tained, with  tolerable  accuracy,  in  most  places  where  his 
treatise  is  likely  to  be  circulated. 

Besides  the  determination  of  the  orbits,  distances,  magni- 
tudes, and  motions,  of  the  heavenly  bodies,  and  other  parti- 
culars which  belong  to  the  elements  of  astronomy,  the 
iVuthour  was  desirous  of  incorporating  in  his  performance 
various  problems  tliat  are  intimately  connected  with  the  sub- 
ject, and  that  may  be  of  real  advantage  j  and  he  has,  in  a 
few  places,  inserted  problems,  more  on  account  of  their 
curiosity,  or  the  entertainment  they  alFord,  than  their  actual 
utility.  He  has  also  taken  the  liberty  to  insert  one  or  two 
erroneous  metliods  of  performing  problems,  and  then  to  shew 
their  fallacy  ;  but  this  is  only  done  where  it  appeared  abso- 
lutely necessary,  in  order  to  caution  the  student  against  the 
adoption  of  rules  which  are  strongly  recommended,  either  by 
their  apparent  simplicity  and  accuracy,  or  the  celebrity  o£ 
those  authours  who  have  made  use  of  them. 

As  far  as  the  Autliour's  judgment  enabled  him  to  perform 
it  properly,  he  has  assigned  to  every  part  of  astronomy  its 
due  proportion  in  his  treatise,  and  he  shall  be  happy  if  it  be 
found  that  he  has  discussed  the  various  subjects  which  came 
under  his  notice,  with  accuracy  and  perspicuity  j  but,  as  he 
is  conscious  that  some  persons  will  wish  for  more  profound 
or  more  extensive  information,  on  many  points,  than  could 
possibly  be  given  "within  the  bounds  he  has  prescribed  him- 
self, he  has  frequently  referred  to  publications,  where  the 
thirst  of  the  ardent  enquirer  after  knowledge  may  be  more 
completely  satisfied. 

It  would  ill  become  the  Authour  to  presume  that  his  work 
is  without  faults  :  he  has,  it  is  true,  used  every  exertion  to 
avoid  errours ;  still  he  is  fearful  they  will  be  met  with  too 
frequently.  He  has  only  one  apology  to  offer,  but  that  will, 
he  hopes,  ward  off  the  severity  of  censure :  the  treatise  was 
composed  during  the  short  intervals  of  leisure  which  could 
be  snatched  from  the  employment  of  a  large  school  j  an  em-. 


PREFACE.  xiii 

©loyment  which  requires  the  Authour's  persevering  attention 
for  more  than  eight  hours  in  the  day,  and  leaves  him  scarcely- 
leisure  sufficient  to  remove,  by  exercise,  the  injury  done  to 
health  by  such  close  confinement.  Nothing  but  an  earnest 
desire  to  promote  the  cause  of  science  could  have  tempted 
him  to  relinquish  the  advantages  of  exercise,  and  appropriate 
his  leisure  to  the  composition  of  this  treatise ;  and  if,  through 
the  want  of  either  time  or  ability,  he  has  failed  of  accom- 
plishing tiie  purpose  he  had  in  view,  he  trusts  it  will  be 
forgiven,  when  he  assures  the  public  he  should  never  have 
attempted  to  supply  the  want  of  a  work  of  this  kind,  had  it 
appeared  probable  that  any  other  person  would  undertake  it 
speedily. 

The  Authour  cannot  conclude  this  Preface  before  he  has 
acknowledged  his  obligations  to  preceding  writers  on  Astro- 
nomy, from  whose  labours  he  has,  in  many  respects,  derived 
considerable  benefit :  indeed,  he  is  free  to  confess,  that  his 
treatise  has  few  claims  to  originality,  except  in  point  of 
arrangement;  and,  if  the  plan  he  has  pursued  be,  on  the 
whole,  productive  of  advantage  to  the  student  or  the  science, 
his  grand  object  will  be  attained.  Nevertheless,  as  he  is 
solicitous  to  improve  his  work  as  far  as  possible,  he  earnesdy 
iijtreats  that  those  who  discover  any  errours  therein,  either 
in  method,  ia  principle,  or  in  computation,  will  have  the 
goodness  to  make  them  known  to  the  Authour,  that  they 
may  be  corrected  in  a  future  edition,  should  the  performance 
jbe  so  far  approved  as  to  render  another  edition  necessary. 

Cambridge f  Alay  20,  1 80 1. 


Kow puhUshbig  in  Parts,  monthly ^hy  G.Kearsley, 
Fleet-street  i  to  be  comprised  in  jour  large  Volumes 
8,ro.  with  numerous  Plates  : 

THE 

MATHEMATICAL   and  PHYSICAL 
RECREATIONS 

OF 

M.  OZylXAM; 
THE    LAST    EDITION, 

MATERIALLY  ENLARGED  AND  IMPROVED 

Bj^  M.  dr  MOM'UCLA  : 

Translated,  with  numerous  Additions  and  Corrections, 

%  CHARLES  liUTTOX,  LL.D.  F.li.S. 

PROFESSOR    OF    MATHEMATICS    IN    THE    ROYAL    ACADEMY, 
WOOL  V,  ICH. 


.Likezcise  just  published,  in  one  large  Volume  1 2mo^ 
Price  ^s,  6 a,  in  Boards: 

SELECT    AMUSEMENTS 
PHILOSOPHY  AND  MATHEMATICS, 

PE.OPER    FOR    AGREEABLY    EXERCISING    THE    MINDS    OF 
YOUTH  ; 

Translated  from  the  French  of 
M.L.DESPIJU. 

WITH  SEVERAL    COR.RECTIONS    AND  ADDITIOKS, 
PARTICULARLY  A  LARGE  TABLE  OF  TfJE 

CHANCES    OR   ODDS  AT   PLAY: 
THE  WHOLE  RECOMMENDED  AS  AN  USEFUL  BOOK  FOR 

SCHOOLS. 
By  Dr.  HUT  TON. 


CONTENTS. 


CHAP.  PAGE 

I.  On  the  Figure  and  Dimensions  of  the 

Earth    ,     .     .     , 1 

II.  Explanation  of  Terms  relating  to  some 
imaginary  Points,  Lines,  and  Circles^ 
on  the  Earthy  and  in  the  Heavens    •     12 

m,.  On  the  apparent  Motion  of  the  heavenly 
Bodies^  particularly  of  the  Sun  ;  the 
Ecliptic;  Cause  of  Seasons;  Length  of 
the  Year;  and  Precession  of  the  Equi- 
noxes     .     .    , 17 

IV.  On  determining  the  relafvoe  Situation  of 
the  fixed  Stars ;   xvith   Remarks  on 

Constellations.,  t^T. 33 

V,  On  Parallax^  Refraction^  and  Equation 

of  Time       .     , .52 

VI.  On  the  Rising,  Settings  <^c.  of  the  Sun 

and fi^ved  Stars 7^ 

VII.  On  tlie  celebrated  Systems  of  Astronomy  1 27 
VIII.  On  the  Truth  of  the  Copcrnican  System   145 

IX.   On  the  Theory  of  apparent  iMotions    .   151 
X.  On  the  Law  by  zvhtch  the  Planets  are 

retained  in  their  Orbits       .     ,     .     .173 

XI.  On  the  Magnitude  and  Situation  of  the 

Earth's  Orbit .   1 84 

"^11.  On  the  Orbits  of  the  Pla7iets     .     .     .212 
XIII.  On  the  Diameters,  S^c,  of  the  Sun  and 

Planets ,     .  243 


CONTENTS. 

XIV.  On  the  Rotations  of  the  Sun  and  Bh" 
nets,  and  the  Inclinations  of  their 

Acvcs ",     .     .  248 

XV.  On  the   Phases,   Stations,   and  other 

Appearances^  of  the  Planets    .     ,     .  262 

XVI.  On  the  Moon 277 

XVII.  On  the  Satellites 324 

XVIII.  On  the  Ring  of  Saturn 340 

XIX.  On  Eclipses  and  Occulta tio7is    .     .     .   345 
XX.  On  Transits  of'  Alercury  and  Venus    .  374 

XXI.  On  Comets ,388 

XyiM,  On  the  Aberration  of  Light      .     .     .417 

XXIII.  On  the  Latitude  and  Longitude      .     .  433 

XXIV.  On   the  Distances^   8^c.   of  the  fved 

Stars      ,     .     . 471 

TABLE 

I.  Of  the  Sun's  Longitude   .     ,     .     .     ,  50 1 

II.  Sun's  Declination     .     .     .     .504 

III  Right  Ascension       .     .     .     .505 

IV.  Semidiavieter  and  hourly  Mo- 
tion         508 

V.  Paralla.v    ......     ^    ib. 

VI.  Equation  of  Time     ....  509 

VII.  Moon's  Semidiameter  and  Pa- 

ralUhv    .     .     .....     ...  51  1 

VIII.  y}strono7nical  Rejractions       .512 

IX.  X.  -. Fixed  Stars     ,   \     .     .     513-516 

Explanation  of  the  Tables     .     .     .     .517 


4 


TREATISE 


ON 


ASTRONOMY. 


CHAPTER   I, 
On  the  Figure  and  Dimensions  of  the  Earths 


Art.  1.  A  O  determine  the  distances,  magnitudes, 
and'orbitSj  of  the  heavenly  bodies  ;  to  describe  their 
Tarious  apparent  motions,  and  explain  them  by  shew- 
ing their  dependence  upon  the  real  motions  from 
which  the  appearances  result ;  to  exhibit  the  laws  by 
which  these  bodies  are  regulated  ;  and  to  trace  the  re* 
lations  and  dependences  of  these  laws  so  far  as  we  are 
enabled  to  develope  them,  is  the  business  of  that  branch 
of  natural  philosophy  which  is  called  astronomy  : 
a  science  which,  from  the  certainty  and  evidence  of  its 
demonstrations,-  from  the  great  and  manifest  advan- 
tages with  which  it  furnishes  us,  and  from  the  vast 
amplitude  and  sublimity  of  that  universe  which  it  pro- 
poses for  our  contemplation,  is  admirably  calculated 
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to  strengthen  the  reasoning  faculties  and  cherish  a  love 
for  the  native  elegance  of  truth,  to  stimulate  to  dili« 
gent  enquiry  and  useful  invention,  and  to  ravish  the 
mind  by  displaying  the  harmony  of  nature,  and  pour- 
tray  ing,  as  it  were,  in  living  characters,  the  wisdom 
and  power  of  the  almighty  framer  of  all. 

2.  The  present  undertaking  will  be  confined  in  its 
object,  chiefly,  to  that  part  of  astronomy  which  directs 
us  how  to  ascertain,  from  properly  conducted  obser- 
vations, the  magnitudes,  relative  and  absolute  fitua- 
tions,  and  motions,  of  the  heavenly  bodies  :  Physical 
Astronomy^  or  that  part  where  the  nature  of  these 
bodies  is  examined,  the  causes  of  their  motions  inves- 
tigated, and  the  laws  by  which  they  appear  to  be 
regulated,  minutely  explored,  will  be  but  occasionally 
touched  upon  ;  and  references  will  be  made  to  those 
authors  who  have  given  the  most  accurate,  profound, 
and  satisfactory  information,  on  that  part  of  the  sci- 
ence. 

3.  The  eartli  being  the  place  from  whence  we  be- 
hold the  heavenly  bodies,  and  the  appearance  of  them 
being  manifestly  different  at  different  parts  of  it ;  the 
inhabitants  of  Russia,  for  instance,  observing  the  sun, 
moon,  and  stars,  to  rise  and  set  at  different  times  and 
situations  from  what  they  would  appear  to  the  inhabi- 
tants of  New  Holland  ;  and  the  cause  of  this  variation 
in  appearances  being  obviously  the  figure  of  the  earthy 
an  astronomer,  therefore,  who  rightly  directs  his  en- 
quiries, will  first  endeavour  to  determine  the  shape 
mid  magnitude  of  the  eartli. 

4.  In  early  times,  as  might  naturally  be  expected, 
many  fanciful  and  absurd  notions  respecting  the  figure 
of  the  earth  prevailed ;  some  of  these  were  adopted 
because  they  agreed  with  the  slight  and  inadequate  ob- 
servations of  the  rude  and  unlearned  ;  and  others  re- 
presented this  matter  in  the  way  which  best  accorded 
with  their  preconceived  opinions  in  philosophy  or 
religion  :  they  "  divined  Nature,  instead  of  interro* 
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*^  gating  her  by  experiments ;  they  constructed  the 
"  universe,  when  they  should  have  observed  it ;"  and^ 
as  the  ancient  sage  remarks,  **  sought  truth  in  their 
"  own  little  worlds,  not  in  the  great  world."  Thus, 
according  to  Cosmas  Indopleustts,  the  earth  was  an 
immense  plane,  extending  much  farther  in  length 
than  in  breadth,  and  environed  by  an  unpassable  ocean* 
He  placed  a  huge  mountain  towards  the  north,  around 
which  the  sun  and  stars  performed  their  diurnal  re- 
volutions ;  and  from  the  conical  shape  which  he  as* 
cribed  to  it,  with  the  oblique  motion  of  the  sun,  he 
accounted  for  the  inequality  of  the  days  and  the  varia- 
tion of  the  seasons.  The  vault  of  heaven,  as  he  con- 
ceived, leaned  upon  the  earth  extended  beyond  the 
ocean,  being  likewise  supported  by  two  vast  columns : 
beneath  the  arch,  angels  conducted  the  stars  in  their 
various  motions :  above  it  were  the  celestial  waters, 

and  over  all  he  placed  the  supreme  heavens 

But,  quitting  these  fictions  of  the  imagination,  let 
us  endeavour  to  discover  the  real  shape  of  the  earth 
by  means  of  such  arguments  as  naturally  result  from 
general  observation,  and  universally  admitted  facts. 

5.  It  is  an  allowed  principle  in  optics,  that  amongst 
objects  at  equal  distances  (supposing  them  to  be 
equally  illuminated,  and  that  there  are  no  interven- 
ing obstacles  J  those  which  are  of  the  greatest  bulk 
may  be  the  most  clearly  discerned,  and  vich  versa  ; 
and  that  some  objects  of  considerable  magnitude  may 
be  very  conspicuous,  whilst  smaller  objects  of  similaif 
materials,  at  an  equal  distance,  on  the  same  plane^ 
cannot  be  seen.  Now,  it  is  frequently  obferved  by 
mariners  when  they  approach  the  shores  of  countries, 
whereoer  situated^  that  the  points  of  high  rocks,  stee- 
ples of  churches,  and  other  thin  but  lofty  objects,  come 
in  sight  much  sooner  than  houses  and  other  buildings 
and  objects,  of  greater  magnitude  but  less  height.  Iii 
like  manner,  by  persons  on  the  shore,  the  masts  and 
rigging  of  an  approaching  ship  are  discerned  some 
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time  before  the  hull  and  lower  parts  of  the  vessel, 
though  much  larger,  come  into  view.  Seamen,  it  is 
■well  known,  frequently  discover  distant  lands  from  the 
tops  of  a  ship's  masts,  long  before  they  are  visible  to 
those  who  stand  upon  deck.  These  circumstances, 
and  many  others  of  a  similar  nature,  immediately 
suggest  the  idea  that  the  earth  is  not  a  vast  plane  in- 
terspersed with  hills,  dales,  and  seas,  but  of  some 
curvihnear  figure,  the  convexity  of  which  rises  up  and 
prevents  the  prospect  of  distant  objects.  And  since 
circumstances  alike  both  in  kind  and  degree,  have 
thus  been  observed  on  all  known  parts  of  the  earth, 
it  is  natural  to  infer  that  it  is  in  the  shape  of  a  solid  of 
regular  and  equal  curvature,  or  that  it  is  a  sphere. 
The  experience  of  those  who  are  employed  in  the  bu- 
siness of  levelling,  tends  greatly  to  confirm  the  jus- 
tice of  this  inference ;  for,  if  the  earth  be  a  sphere, 
two  or  more  places  are  on  a  true  level  when  they  are 
equally  distant  from  its  centre  ;  but  the  line  of  sight, 
or  apparent  level,  will  be  a  tangent  to  its  surface,  and 
consequently  different  parts  of  that  line  will  be  at  un- 
equal distances  from  the  centre.  Thus,  in  fig.  i,  PI.  L 
A  D  G,  or  a  curve  parallel  thereto,  will  be  the  line  oi 
true  level;  and,  supposing  the  operation  of  levelling  to 
commence  at  the  point  D,  the  tangent  D  H I  will  be. 
the  line  oi  apparent  level.  Now,  it  is  constantly  found 
by  persons  engaged  in  this  part  of  surveying,  that  in 
leveUing  the  bottoms  of  canals  to  convey  water  to  dis- 
tant places,  the  allowance  which  they  are  obliged  to 
make  for  the  differences  F  H  and  G  I  between  the  ap- 
parent and  true  level,  at  the  distances  D  F  and  D  G, 
agrees  e;xceedingly  nearly  with  what  would  be  re- 
quired were  the  earth  an  exact  sphere.  It  is  also 
found  that  the  distance  A  D,  to  which  a  person  can  see 
from  the  top  of  an  eminence  A  P,  corresponds  very 
accurately  with  the  distance  as  calculated  on  the  sup«. 
position  of  the  earth  being  a  sphere  of  a  known  diame- 
ter.   To  these  observations  we  must  Ukewise  add,  that 
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several  navigator's  have  sailed  quite  round  the  earth  ; 
not  in  an  exact  circle  it  is  true,  for  this  the  winding 
of  the  shores  would  not  admit  of  j  but  going  in  and 
out  as  the  shores  happened  to  lie,  they  have  held  on 
the  same  course,  and  arrived  at  their  native  country 
on  a  different  side  from  that  on  which  they  first  began 
their  voyage :  thus  Ferdinand  Magellan,  setting  out 
on  the  west  side  of  Spain,  continued  shaping  his 
course  westward,  till  he  returned  home  on  the  south- 
eastern side  of  Spain  ;  and  thus  also  have  Drake^ 
Dainpier^  Cooke,  and  others,  circumnavigated  the 
earth :  and  when,  in  addition  to  all  these  facts,  it  is 
recollected,  that  all  the  rules  of  navigation  are  con- 
formable to  the  opinion  of  the  earth  being  nearly  glo- 
bular, and  that  these  rules  never  lead  the  mariner 
into  material  error,  even  in  the  longest  and  most  com- 
plicated voyages ;  these  well-known  circumstances, 
without  adducing  others,  though  others  equally  or 
more  forcible  might  be  adduced,  must  sufficiently 
establish  the  belief  in  the  mind  of  every  impartial  and 
competent  judge,  that  the  earth  deviates  but  very  Httle 
in  its  form  from  that  of  a  sphere. 

6,  Were  the  earth  exactly  of  this  form,  if  it  were 
cut  by  a  plane  passing  through  the  centre,  the  section 
would  be  a  complete  circle,  and  then  its  diameter  might 
be  ascertained  by  means  of  accurate  instruments  for 
taking  angles,  in  the  following  manner  :  Suppose  the 
exact  height  A  P  (fig.  i,  PL  I.)  of  a  m.ountain 
standing  near  the  sea  (the  Pike  of  Teneriffe,  for  in- 
stance) was  known  to  be  four  Enghsh  miles,  and  that 
the  angle  A  P  D  made  by  a  plumb-line  and  a  line  P  I 
conceived  to  touch  the  surface  of  the  water  in  the  far- 
thest visible  point  D,  was  found  to  be  87"  25'  55^^; 
then,  since  A  E  drawn  perpendicular  to  A  P  is 
.equal  to  ED,  as  is  known  from  the  principles  of 
geometry,  it  would  be,  as  radius  :  tangent  of 
APE::AP(4)  :  AE  =  E  0  =  89-184;  and  as  ra- 
dius :  secant  of  APE: :  AP:PE  s:=  89*274:  whence 
PD=  178-458.    Lastly,    in  the  triangle  C  P  D, 
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as  radius  :  tangent  ofAPD::PD:DC  =  3978*9, 
the  double  of  which  is  y^syS,  the  earth's  diame" 
ter. 

7.  But,  since  a  meridian  (Art.  18,),  or  any  other 
circle  on  a  sphere,  may  be  conceived  to  be  divided 
into  360  equal  parts,  called  degrees,  and  these  into 
ininutes  and  seconds,  as  explained  by  the  writers  on 
trigonometry,  the  circumference  of  the  earth,  and 
thence  its  diameter,  may  be  determined  by  measuring 
the  length  of  a  degree  on  the  meridian  or  any  other 
great  circie  (Art.  1 2.).  To  perform  this  important  pro- 
blem, there  have  been  various  methods  invented  by 
different  philosophers  of  early  and  later  times  ;  one 
of  these  methods,  which  unites  considerable  accuracy 
with  great  facility,  will  be  readily  understood  from 
fig.  2,  PI.  I.  where  P  B  and  S  T  represent  two  moun- 
tains or  very  high  buildings,  the  distance  P  S  between 
which  must  be  very  nicely  determined  by  longimetry : 
then,  by  measuring  the  angles  R  B  T  and  R  T  B  with 
an  accurate  instrument,  their  sum  taken  from  180° 
leaves  the  angle  B  R  T,  which  is  measured  also  by  the 
arc  P  S  ;  whence  P  S  is  known  in  parts  of  the  whole 
circle.  Thus,  if  the  angle  B  T  R  be  89°  45'  32''',  the 
angle  TB  R  89''  54'  28''',  and  the  distance  PS  2317 
English  miles ;  then  the  angle  R  or  arc  P  S  being 
equal  to  180°-- 89°45'32'''+  89°  54'  28'''=2o',  it  will 
be,  as  20' ;  60'  or  1°  :  :  23  ^  ;  69  f  EnglisTi  miles, 
Jength  of  a  degree.  Hence,  the  circumference  of  the 
earth  is  (according  to  this  example)  24912  miles,  and 
its  diameter  nearly  7930  miles A  material  ad- 
vantage attending  this  method  is,  that  there  is  no  oc- 
casion to  measure  the  altitudes  of  the  mountains,  an 
pbject  which  can  seldom  be  attained  without  consider* 
able  difficulty. 

8.  The  method  which  is  given  above  is,  it  must 
be  confessed,  as  well  as  all  the  other  methods  which 
aim  at  the  measurement  of  a  degree  without  having 
jecourse  to  the  heavenly  bodies^  liable  to  some  inac-* 
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ruracy :  for,  by  reason  of  the  changes  in  the  state 
of  the  atmosphere,  distant  terrestrial  objects  never 
appear  in  their  true  places ;  they  always  seem  more 
or  less  elevated  or  distant,  according  to  the  nature  of 
the  season,  and  the  time  of  the  day.  On  this  ac- 
count— and  because  it  could  not  escape  observation, 
that  as  persons  changed  their  situation  on  the  earth 
by  moving  towards  the  north  or  the  south,  the  stars 
and  other  heavenly  bodies  either  increased  or  decreas- 
ed their  apparent  altitudes  proportionally  —  the  mea- 
surement of  a  degree  was  attempted,  even  by  the 
earliest  philosophers,  by  means  of  known  fixed  stars ; 
(Art.  27.).  Every  person  who  is  acquainted  with  plane 
trigonometry  will  admit,  that  the  distance  of  two 
places,  north  and  south  of  each  other,  may  be  accu- 
rately measured  by  a  series  of  triangles  :  for  if  we 
measure  the  distance  of  any  two  objects,  and  take 
the  angles  which  each  of  them  make  with  a  third,  the 
triangle  formed  by  the  three  objects  will  become 
known ;  so  that  the  other  two  sides  may  be  as  truly 
determined  by  calculation,  as  if  they  had  been  actu- 
ally measured.  And  by  making  either  of  these  sides 
the  base  of  a  new  triangle,  the  distances  of  other  ob- 
jects may  be  found  in  the  same  manner ;  and  thus  by 
a  series  of  triangles,  properly  connected  at  their  bases, 
we  might  measure  any  part  of  the  circumference  of 
the  earth.  And  if  these  distances  were  reduced  to 
the  north  and  south,  or  meridian  line  (Art.  18.),  and 
the  altitude  of  some  star  was  measured  at  the  extre- 
mities of  the  distance,  the  difference  of  the  altitudes 
would  be  equal  to  the  length  of  the  grand  line  in  de- 
grees, minutes,  &c.  whence  the  length  of  a  degree 
would  be  known.  This  method  was,  we  believe, 
first  ^X2iz\\s,t6.hy Eratosthe7ies  in  Egypt ;  and  has  been 
frequently  used  since  with  greater  and  greater  accu*. 
racy,  in  proportion  as  the  instruments  for  taking 
angles  became,  by  gradual  improvements,  more  exact 
and  minute. 
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p.  By  this  method,  or  some  others  not  widely 
different,  and  which  it  is  needless  here  to  explain,  the 
length  of  a  degree  has  been  measured  in  different 
parts  of  the  earth  ;  the  results  of  the  moft  noted  of 
these  admeasurements  it  may  be  proper  to  give. 

Snelt  found  the  length  of  a  degree  by  two  differ- 
ent methods :  by  one  method  he  made  it  57064 
Paris  toises,  or  342384  feet ;  and  by  the  other  57057 
toises,  or  342342  feet. 

M.  Picard,  in  1669,  found  by  mensuration  from 
Amiens  to  Malvoisin,  the  quantity  of  a  degree  to  be 
57060  toises,  or  342360  feet ;  being  nearly  an  arith- 
metical mean  between  the  numbers  of  Snell. 

Our  countryman  Noi^zvood^  about  the  year  1635, 
by  measuring  between  London  and  York,  determin-  < 
ed  a  degree  at  367196  English  feet,  or  57300  Paris 
toises,  or  69  miles  288  yards. 

M..  Muschenbroek,  in  1700,  with  a  view  of  cor- 
recting the  errors  of  Snell,  found  by  particular  ob- 
servations that  the  degree  between  Alcmaer  and  Ber- 
gen-op'zoom  contained  $7^?)?)  toises. 

Messrs.  3Iaupertiiis,  Clairaut,  Monnier,  and 
others  from  France,  were  sent  on  a  northern  expedi- 
tion, and  began  their  operations  in  July  1736;  they 
found  the  length  of  a  degree  in  Sweden  to  be  57439 
toises,  when  reduced  to  the  level  of  the  sea.  About 
the  same  time  Messrs.  Godin,  Boifo-iter,  and  Conda- 
'niine,  from  France,  with  some  philosophers  from 
Spain,  were  sent  to  South  America,  and  measured  a 
degree  in  the  province  of  Quito  in  Peru  ;  the  m.edi- 
um  of  their  results  gives  about  $6y^o  toises  for  a  de- 
gree. 

M.  de  la  Caille,  being  at  the  Cape  of  Good  Hope 
In  1752,  found  the  length  of  a  degree  on  the  meri- 
dian there  to  be  S7°?>7  toises.  In  1755  father  Bo^- 
corich  found  the  length  of  a  degree  between  Rome 
and  Rimini  in  Italy  to  be  S^97'^-  toises. 

In  1764,  F,  Beccaria  measured  a  degree  near  Tu- 
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nn ;  from  his  measurement  he  deduced  the  length 
of  a  degree  there  57024  toises.  At  Vienna  the 
length  of  a  degree  was  found  57091  toises. 

.  And  in  1766  Messrs.  Mason  and  JDlvo?i  mea* 
sured  a  degree  in  Maryland  and  Pennsylvania,  North 
America,  which  they  determined  to  be  2)^^'/ 6^  Eng- 
lish feet,  or  56904.^  Paris  toises. 

1 0.  The  differences  between  the  measure  of  a  de- 
gree on  the  meridian,  at  different  parts  of  the  earth, 
being  in  some  cases  considerable,  must  lead  us  to  sup- 
pose that  the  earth  is  not  strictly  spherical ;  and  in- 
deed it  was  the  idea  that  the  earth  deviated  from  a 
sphere,  that  occasioned  a  degree  to  be  measured  in 
so  many  different  places :  for  M.  Richer,  in  a  voyage 
made  to  Cayenne,  found  that  the  pendulum  of  his 
clock  did  not  vibrate  so  frequently  there,  as  it  did 
when  at  Paris ;  but  that  it  was  necessary  to  shorten  it 
by  about  the  eleventh  part  of  an  inch  to  make  it  vi- 
brate in  exact  seconds.  From  this  circumstance, 
though  apparently  trifling,  resulted  more  precise 
knowledge  respecting  the  figure  of  the  earth  :  for, 
since  it  is  evident  from  the  nature  of  pendulums,  that 
where  they  perform  their  vibrations  slower,  the  velo- 
city of  the  descent  of  bodies  by  their  gravity  is  slower 
in  the  same  proportion ;  and  since  a  difference  in  the 
force  of  gravity  was  supposed  to  indicate  an  altera- 
tion in  the  distance  from  the  cent]  e  of  the  earth,  it 
was  concluded  that  those  parts  where  the  pendu- 
lum vibrated  most  slowly  were  farthest  removed 
from  the  centre ;  and,  on  the  contrary,  where  the 
vibrations  were  quickest,  the  distance  from  the  centre 
was  concluded  to  be  least.  Therefore,  from  obser- 
vations on  the  motions  of  pendulums  at  different  parts 
of  the  earth,  properly  combined  with  the  mensura- 
tion of  a  degree  at  the  same  places,  the  figure  and 
dimensions  of  the  earth  are  at  length  ascertained, 
with  probably  as  much  accuracy  as  the  nature  of  the 
case  will  admit  of.     The  figure  is  now  sup^posed  to 
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correspond  very  nearly  with  that  of  a  spheroid  gene* 
rated  by  the  motion  of  a  semi-ellipsis  about  its  minor 
axis  ;  and  the  two  axes,  as  calculated  by  the  principles 
of  conic  sections  from  the  different  measurements  of  a 
degree,  are  found  to  be  7940  and  7977  English  miles 
respectively ;  being  nearly  in  the  ratio  of  2 1 4  to  215. 

The  principles  and  nature  of  the  calculation  may  be 
explained  by  this  analysis  :  Let  a'PAp  (fig.  i,  PI,  II.) 
be  an  ellipsis  representing  a  section  of  the  earth 
through  its  shorter  diameter  Fp,  the  greater  diameter 
being  A  a ;  let  E  and  F  be  two  places,  where  the 
measure  of  a  degree  has  been  taken  ;  these  measures 
are  proportional  to  the  radii  of  curvature  in  the  el- 
Kpsis  at  those  places ;  and  if  CQ,  CR,  are  conjugates 
to  the  diameters,  the  vertices  of  which  are  E  and  F, 
C  Q^will  be  to  C  R  in  the  subtriplicate  ratio  of  the 
radius  of  curvature  in  E  to  the  radius  of  curvature  in 
F  (as  is  proved  by  the  writers  on  conies),  and  there- 
fore in  a  given  ratio  one  to  the  other.  Then  Q^V 
i^d  R  Z  S  being  drawn  parallel  to  P/),  and  QJC  Y  W 
^allel  to  a  A,  the  angles  QjC  P,  R  C  P,  are  the  lati- 
tudes (Art.  19.)  at  E  and  F ;  so  that  these  angles  and 
the  ratio  of  C  Q_to  C  R  being  given,  the  rectilinear 
figure  CVOXRY  is  given  in  species ;  and  the  ratio  of 

ye— zcH=QXxxw)toRZ^— Qy^(=RXxxs) 

is  given,  which  is  the  ratio  of  VC^  toCl*^ :  consequent- 
ly the  ratio  of  C  A  to  C  P  is  given.  Hence,  if  the 
sine  and  co-sine  of  the  greater  latitude  be  each  aug- 
mented in  the  subtriplicate  ratio  of  the  measure  of  the 
degree  in  the  greater  latitude  to  that  in  the  less,  then 
the  difference  of  the  squares  of  the  augmented  sine, 
and  the  sine  of  the  less  latitude,  will  be  to  the  differ- 
ence of  the  squares  of  the  co-sine  of  the  less  lati- 
tude and  the  augmented  co-sine,  in  the  duphcate  ra- 
tio of  the  longer  to  the  shorter  diameter.  For 
C  q  being  taken  in  C  Q^  equal  to  C  R,  and  q  v 
drawn  parallel  to  Q^V ;  C  v  and  gv,  C  Z  and 
Z  R,  will  be  the  sines  and  co-sines  of  the  respective 
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latitudes  to  the  same  radius ;  and  C  V,  V  Q,  will  be  the 
augmentations  of  C  t'  and  t?  y  in  the  ratio  named.  . .  . 
Then,  if  an  angle  be  taken,  the  tangent  of  which  shall 
be  to  the  tangent  of  either  latitude,  as  the  less  axis 
to  the  greater,  the  measure  of  a  degree  in  that  lati- 
tude will  be  to  the  measure  of  a  degree  at  the  equa- 
tor (Art.  1 6.)  in  the  triphcate  ratio  of  the  co-sine  of 
this  angle  to  the  co-sine  of  the  latitude^  Thus,  E 
being  one  of  the  places  measured,  the  tangent  of  the 
angle  YC  /  will  be  to  the  tangent  of  Y  C  Q,  the  la- 
titude of  the  point  E,  as  Y  /  to  Y  Q^  that  is,  as  the  less 
axis  to  the  greater ;  and  C  Q^:  C  / :  :  sine  C  /  Y  ; 
sine  C  QJT  :  :  co-sine  /  C  Y :  co-sine  QjC  Y ;  C  Qs 
being  to  C  /  3  (C  P^)  as  the  radius  of  curvature  in  E  to 
the  radius  of  curvature  in  A ;  that  is,  as  the  mea- 
sure of  a  degree  in  E,  to  the  measure  of  ^  de- 
gree in  A:  and  thus,  not  only  the  ratio  of  the 
diameters,  but  their  real  lengths  may  be  deduced 
from  any  two  measurements  given. 

The  same  ratio  is  also  deduced  from  the  expe^ 
ments  on  pendulums,  provided  it  be  allowed  that  tiff 
earth  be  a  true  spheroid,  which  can  only  take  place 
in  the  case  of  a  uniform  gravity  in  all  parts  of  the 
earth.  However,  we  may  now  look  upon  the  dimen- 
sions and  shape  of  the  earth  as  known ;  since  they 
are  determined  with  an  accuracy  amply  sufficient  for 
all  practical  purposes  in  either  Navigation  or  Astro- 
nomy *, 

*  After  the  greater  part  of  this  treatise  was  written,  the  author 
perused  the  learned  Bishop  Horsleys  Elementary  Treatises  on  the 
fundamental  Ft  incipks  of  Mathematics :  at  the  end  of  thefe  Trea- 
tises, there  is  a  fmall  tract  on  The  Figure  oj  the  Earth  as  dedudblefrom 
Obsercatiun,  where  tlie  general  problem  (on  the  fuppositlon  that  the 
earth  is  afpherold),  together  with  some  subordinate  proHems  hav- 
ing a  dependence  upon  the  fame  principle,  have  received  a  com* 
plete  discussion.  Other  ingenious  discussions  on  the  figure  of  the 
earth  may  be  found  in  JDe  La  Lande's  Astronoiny,  tom.  iii.  p.  83-^ 
1 26,  and  in  tl>£  Abridgement  of  the  Phil.  Tvmis.  vol.  vi.  p.  363,  &c 
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Ejpplanation  of  Terms  relating  to  fame  imaginary 
Points,  Linesy  and  Circles,  on  the  Earthy  and  in 
the  Heavensn 


Art.  11.  SINCE  the  figure  of  the  earth  varle? 
so  little  from  that  of  a  sphere,  it  is  usual  in  the 
greater  part  of  the  enquiries  and  calculations  of  As- 
stronomers  to  proceed  as  though  it  were  a  sphere  in 
reality ;  and,  since  to  an  observer  on  the  earth  the 
heavens  appear  as  a  very  large  concave  sphere,  every 
part  of  which  is  equidistant  from  him,  it  has  beep, 
found  expedient  to  imagine  various  lines  and  cir- 
^es  to  be  described  upon  the  earth,  and  the  planes 
of  several  of  them  to  be  extended  every  way  until 
they  mark  lines  and  circles,  similar  and  concentric  to 
themselves,  upon  the  imaginary  concave  sphere  of 
the  heavens.  Some  of  these  circles,  &c.  it  is  our 
business  now  to  explain. 

12.  The  section  which  is  made  on  a  sphere  by  a 
plane  passing  through  the  centre  is  called  a  great 
circle  of  the  sphere  ;  if  the  plane  do  not  pass  through 
the  centre,  the  section  is  called  a  less  circle  :  hence,  a 
great  circle  is  that  which  divides  the  sphere  into  two 
equal  parts ;  and  a  less  circle  that  which  divides  the 
sphere  into  two  unequal  parts. 

1 3.  Those  two  points  on  the  surface  of  a  sphere  which 
are  equidistant  from  every  part  of  the  circumference 
of  one  of  its  great  circles,  are  called  the  poles  of 
that  great  circle ;  and  if  the  sphere  be  cut  by  a  sec- 
tion passing  through  these  poles,  it  will  form  another 
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great  circle,  forming  what  is  called  a  secondary  to 
the  former  great  circle. 

14.  The  axis  of  the  earth  is  an  imaginary  line, 
passing  through  the  centre,  about  which  it  is  sup- 
posed (Art.  390.)  to  revolve. 

15.  The  extremities  of  this  axis  are  called  the  poles 
of  the  earth,  or  the  poles  of  the  equator  (Art.  16.). 

16.  That  great  circle,  the  poles  of  which  (Art.  13.) 
are  the  poles  of  the  earth,  is  called  the  equator :  or 
the  equator  is  the  circumference  of  an  imaginary 
great  circle,  perpendicular  to  the  axis,  and  at  equal 
distances  from  the  poles. 

1 7.  If  the  axis  of  the  earth  be  supposed  produced 
both  ways  as  far  as  the  apparent  concave  surface  of 
the  heavens,  it  is  then  called  the  axis  of  the  heavens  ; 
its  extremities  are  called  the  poles  of  the  heavens ; 
and  the  circumference  formed  by  extending  the  plane 
of  the  equator  to  the  same  concave  surface  is  called 
the  equator  in  the  heavens,  or  the  equinoctial.  ■•♦ 

1 8.  A  secondary  to  the  equator  drawn  through 
any  place  on  the  earth,  and  consequently  through  ijie 
poles  (Art.  13.),  is  the  meridian  of  that  place  :  and, 
as  it  passes  through  the  poles,  which  are  called  norik 
and  south  respectively,  every  meridian  is  a  north 
and  south  line. 

19.  The  latitude  of  any  place  upon  the  surface  of 
the  earth  is  its  distance  from  the  equator,  measured 
on  an  arc  of  the  meridian  passing  through  it.  A 
less  circle  passing  through  any  place  parallel  to  the 
equator,  is  called  a  parallel  oj  latitude :  hence  all 
places  lying  on  the  same  parallel  of  latitude  have 
the  same  latitude.  If  the  place  lie  between  the 
equator  and  the  north  pole  it  has  north  latitude ;  if 
it  be  toward  the  south  pole,  it  has  south  latitude. 

20.  All  places  that  lie  under  the  same  meridian 
have  the  same  longitude  ;  and  all  places  which  lie  un- 
der different  meridians,  are  said  to  have  different  lon- 
gitude.    TJie  difference  of  longitude  between  any  two 
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places,  is  the  distance  of  their  meridians  measured  in 
degrees,  &c.  upon  the  equator.  It  is  usual  for  geo- 
graphers to  pitch  upon  the  meridian  of  some  remarka- 
ble place  for  the  first  meridiauj  and  to  reckon  the 
longitudes  of  other  places  by  measuring  the  distances 
of  their  meridians  from  the  frst  meridian  on  the 
equator.  If  the  meridian  of  the  place  lie  towards  the 
right-hand  of  the  first  meridian,  the  observer  stand- 
ing with  his  face  towards  the  north,  the  place  is  said  to 
be  in  east  longitude  ;  but  if  the  meridian  is  towards 
the  left  hand,  the  place  is  in  xvest  longitude.  For 
a  considerable  time  the  first  meridian  was  made  to 
pass  through  Teneriffe,  one  of  the  Canary  Isles  ;  be- 
ing the  most  western  part  of  the  earth  then  discovered, 
from  which  all  other  places  were  estimated  in  east., 
longitude.  But  it  is  customary  now  for  the  first  me- 
ridian to  be  reckoned  by  every  geographer,  as  passing 
through  the  respective  metropolis  of  his  native  coun- 
try ;  thus,  in  England  the  first  meridian  is  made  to 
pass  through  London,  or  rather  the  Royal  Observatory 
at  Greenwich. 

2 1 .  The  horizon  is  either  sensible  or  rational :  the 
sensible  horizon  is  a  circle,  the  plane  of  which  is  sup- 
posed to  touch  the  spherical  surface  of  the  earth,  in 
the  place  of  the  spectator  whose  horizon  it  is,  and  is 
extended  to  the  heavens ;  the  rational  horizoji  is  a 
circle,  whose  plane  passes  through  the  centre  of  the 
earth,  parallel  to  the  plane  of  the  sensible  horizon, 
and  is  also  continued  to  the  heavens.  The  earth  is  so 
small  in  comparison  of  the  immense  largeness  of  the 
apparent  heavens,  that  the  planes  of  the  sensible  and 
rational  horizons  are,  in  many  astronomical  enqui- 
ries, supposed  to  coincide,  without  producing  any  ma- 
terial error. 

22.  Great  circles  which  are  drawn  as  secondaries 
to  the  rational  horizon,  are  called  vertical  circles^  and 
serve  to  measure  the  altitude  or  depression  of  any  ce- 
lestial object. 
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23.  The  two  points  where  all  the  vertical  circles 
which  can  be  drawn  to  any  rational  horizon  meet,  are 
called,  the  one  above  the  spectator,  the  Zenith,  and 
that  w  hich  is  below  him,  the  Nadir.  Corresponding 
to  the  Nadir  on  the  imaginary  celestial  sphere,  is  the 
Antipode  on  the  earth. 

24.  These  definitions  and  remarks  may  be  illus- 
trated by  referring  to  fig.  3,  PI.  I.  where  p  e  p  q  p  re- 
presents a  vertical  section  of  the  globe  of  the  earth,  and 
PEP  QJP  a  section  of  the  concave  sphere  of  the  hea- 
vens. The  axis  of  the  earth  is  denoted  by  the  hne  p  /;, 
whose  extremes  are  the  poles  of  the  earth  ;  and  the 
axis  of  the  heavens  is  P  P,  whose  extremes  are  its  poles. 
The  circle  e  ^  is  the  equator,  and  the  circle  E  Q^,  cor- 
responding to  it  in  the  heavens,  is  the  equinoctiaL 
If  S  be  the  place  of  a  spectator,  pSp  qis  the  meridian 
of  that  place ;  or  P  Z  P  Q,  the  same  circle  continued  to 
the  heavens,  is  the  meridian  of  that  place,  and  pSp  q 
on  the  earth  is  a  circle  of  longitude.  In  like  manner, 
POP,  PUP,  are  meridians;  and  p  op,  p  u  p,  circles 
of  longitude.  The  latitude  of  the  place  S,  is  measured 
by  the  arc  eS,  its  distance  from  the  equator:  S  wi 
and  ?i  A  are  parallels  of  latitude ;  all  the  places  whici 
fie  on  either  of  them  have  the  same  latitude.  The 
sensible  horizon  is  the  circle,  the  diameter  of  which 
is  ^  r ;  it  touches  the  earth  in  the  place  S  of  the 
spectator:  the  circle  whose  diameter  is  H  R,  passing 
through  the  centre  of  the  earth  parallel  to  the  former, 
is  the  rational  horizon.  Z  is  the  zenith,  or  point  over 
the  head  of  the  spectator;  N  the  nadir,  or  point  under 
his  feet:  ZHN,  ZVN,  &c.  are  vertical  circles: 
and  A  is  the  place  on  the  earth  diametrically  oppo- 
site to  the  spectator,  or  his  antipode. 

25.  The  altitude  of  one  pole,  or  the  depression  of 
the  other,  at  the  rational  horizon  of  any  place  on  the 
earth's  surface,  is  equal  to  the  latitude  of  that  place. 
For  the  latitude  of  the  place  S  is  measured  by  the  arc 
e  S,  or  the  arc  E  Z  containing  an  equal  number  of  de- 
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grees  :  but  PR  or  HP  is  the  arc  of  altitude  or  de- 
pression of  the  poles  ;  and  because  H  Z,  H  N,  Z  R, 
and  E  P,  are  arcs  of  90^  each,  if  from  either  of  these 
be  taken  Z  P  or  P  N,  we  have  the  remainders  P  R, 
E  Z,  and  H  P,  equal  to  each  other. 

*l6.  The  elevation  of  the  equator  at  any  place  is 
equal  to  the  complement  of  the  latitude  of  that  place. 
For,  by  the  last  article,  H  P  is  equal  to  E  Z  the  lati- 
tude ;  and  since  P  E  is  an  arc  of  90°,  E  H  is  the 
complement  of  H  P ;  that  is,  the  elevation  of  the 
equator  is  equal  to  the  complement  of  the  latitude. 
The  young  astronomer  will  do  well  to  remember  this 
article  and  the  last,  as  they  will  be  often  of  advantage 
in  subsequent  parts  of  this  work. 


(     17    ) 


CHAPTER   III. 


On  the  apparent  Mot'mi  of  the  heavenly  Bodies,  par- 
ticularly  of  the  Sun ;  the  Ecliptic  ;  Cause  of  Sea- 
sons ;  Length  of  the  Year;  and  Precession  of  the 
Equinojces, 


Art.  27.  A  PERSON  who  observes  the  heavens 
with  a  tolerable  degree  of  attention,  will  soon  per- 
ceive that  all  the  heavenly  bodies,  the  sun,  moon, 
and  stars,  appear  to  move  round  the  earth,  in  circles 
parallel  to  the  equinoctial,  once  in  the  compass  of 
about  twenty-four  hours  :  and  though,  as  will  be 
shewn  hereafter  (Art.  205.  &c.),  these  apparent  mo- 
tions are  almost  entirely  to  be  accounted  for  by  the 
real  motions  of  the  earth  ;  yet  it  will  enable  us  to 
proceed  with  more  ease  and  regularity,  if  we,  for 
the  present,  consider  the  various  heavenly  bodies  to 
be  really  moving  round  the  earth,  in  the  manner 
they  appear  to  do.  It  will  not  be  long  before  the 
observer  discovers  that  by  far  the  greater  number  of 
them  never  change  their  relative  situations,  each  (so 
long  as  the  observer  keeps  in  the  same  place )  rising 
and  setting  at  the  same  interval  of  time,  and  at  the 
same  points  of  the  horizon  ;  these  are,  therefore, 
called  fjced  stars  ;  but  that  a  few  other  stars,  called 
planets,  are  constantly  changing  their  situations,  each 
continually  rising  and  setting  at  different  points  of  the 
horizon,  and  at  varying  intervals  of  time  y — this  is 
also  the  case  with  the  sun  and  moon» 

2H.  If  the  observer  were  at  one  of  the  poles  of 
the  earth ;  he  would  have  the  celestial  pole  corre- 
sponding thereto  in  his  zenith,  the  other  in  his  nadir ; 

c 
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the  equinoctial  would  coincide  with  his  horizon,  and 
all  the  heavenly  bodies,  moving  in  circles  parallel  to 
the  equinoctical,  would  appear  to  him  neither  to  rise 
nor  set.  This  will  be  elucidated  by  referring  to 
fig.  4,  PI.  I.  and  is  called  a  parallel  sphere,  because 
the  diurnal  motion  of  all  the  bodies  is  parallel  to  the 
horizon. 

29.  Were  the  observer  situated  on  the  equator ; 
both  the  celestial  poles  would  be  in  his  horizon,  and 
the  equinoctial  would  then  be  perpendicular  to  the 
horizon  ;  consequently  the  circles  a  a,  b  b,  x  d\  kc. 
(fig.  5,  PI.  I.)  in  which  the  heavenly  bodies  move, 
are  perpendicular  to  the  horizon.  The  bodies  rise  at 
right  angles  to  the  horizon,  move  gradually  to  the 
meridian,  and  spend  each  as  much  time  in  descending 
to  the  horizon  as  they  did  in  passing  from  it  to  the 
meridian  :  they  also  set  at  right  angles  to  the  horizon. 
Hence  this  situation  is  called  a  right  sphere. 

30.  If  the  observer  be  placed  any-where  between 
the  equator  and  the  poles ;  then  the  celestial  equator 
cuts  his  horizon  obliquely,  and  all  the  heavenly 
bodies  rise,  set,  and  perform  their  diurnal  motions 
obliquely  :  this  is  therefore  called  an  oblifjue  sphere : 
see  fig.  6,  PI.  I.  Here  the  paths  of  some  of  the  ce- 
lestial bodies  are  entirely  above  the  horizon,  as  c  c  ; 
others  are  entirely  below  it,  as  .::  z ;  and  others  are 
partly  above  and  partly  below  it,  as  b  b,  a  a,  a\i;  1/  y. 
With  regard  to  those  which  cat  the  horizon,  it  is 
observed  that  they  take  just  the  same  interval  to  rise 
from  the  horizon  to  the  meridian,  as  to  pass  from  the 
meridian  to  the  horizon  again. 

31.  The  largest  parallel  which  appeared  entire 
above  the  horizon  of  any  place  in  north  latitude, 
was  by  the  ancient  astronomers  called  the  arctic  circle 
of  that  place  ;  between  this  circle  and  the  north  pole 
are  comprehended  all  the  stars  which  never  set  in  that 
place,  and  are  called  circnmpotar  stains  ;  the  largest 
parallel  which  was  entirely  hid  below  the  horizon  of 
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that  place  was  called  the  antarctic  circle ;  between 
this  and  the  south  pole  are  comprehended  all  the  stars 
which  never  rise  at  that  place.  But  by  the  moderns 
the  former  of  these  circles  is  called  the  circle  oi per- 
petual apparitmiy  and  the  latter  the  circle  of  perpe- 
tual  occultation.  The  names  of  arctic  and  antarctic 
are  now  applied  to  two  circles,  which  are  described 
at  about  23*  28'  from  the  north  and  south  poles 
respedively. 

32.  Since  the  sun,  stars^  he.  are  observed  to  be 
on  the  meridian  at  half  the  interval  during  which 
they  appear  above  the  horizon,  or  very  nearly  so ; 
and  since  it  was  alfo  remarked,  that  each  of  them 
was  at  its  greatest  altitude  when  on  the  meridian,  it 
was  natural  to  conclude  that  one  of  the  best  methods 
of  determining  the  situation  of  any  of  them,  was  to 
mark  the  time  when  it  came  to  the  meridian,  and  to 
measure  its  a  I  til  tide  at  that  time.  This  method  we 
shall  proceed  to  exemplify  ;  but  it  is  previously  ne- 
cessary to  point  out  how  to  find  a  meridian  line,  which 
may  be  done  as  below. 

33.  On  the  supposition  that  the  sun  is  at  equal 
distances  from  the  meridian,  and  at  equal  altitudes, 
when  it  is  equal  times  before  and  after  the  meridian — 
a  supposition  which,  though  not  strictly  true  (as  will 
s6on  appear),  is  yet  sufficiently  accurate  for  our  pre- 
sent purpose — a  meridian  line  may  be  found  thus : 
On  an  horizontal  plane  describe  three  or  four  concen- 
tric circles,  as  E,  G,  H,  fig.  8,  PI,  I.  and.  in  the 
common  centre  fix  perpendicularly  a  wire  C  B,  hav- 
ing a  well-defined  point.  When  the  sun  shines  in 
the  morning,  observe  where  the  shadow  of  the  top  of 
the  wire,  as  C  D,  touches  one  of  the  circles ;  and  in 
the  afternoon  mind  where  the  extremity  of  the 
shadow  C  F  just  touches  the  same  circle :  then 
through  the  centre  C  draw  the  line  C  E,  bisecting 
the  arc  D  F,  and  C  E  will  be  a  meridian,  as  re- 
quired.    If  the  same  be  done  with  as  many  of  the 
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circles  as  the  shining  of  the  sun  will  admit  of,  and  the 
mean  of  all  the  bisecting  lines  C  E  be  chosen  as  a 
meridian,  there  will  be  no  doubt  of  its  accuracy, 
particularly  if  the  observations  be  made  about  Mid- 
summer, which  is  the  best  time. 

34.  After  a  meridian  line  is  thus  found,  another 
parallel  to  it  may  be  readily  drawn  at  any  convenient 
distance  :  the  method  is  this  :  Hang  a  thread  and 
plummet  exactly  over  the  south  end  of  the  known 
meridian  line,  and  let  another  thread  and  plummet 
be  hung  over  the  south  end  of  the  plane  upon  which 
a  meridian  is  to  be  drawn  ;  then  let  a  person  observe 
when  the  shadow  of  the  thread  falls  on  the  given 
meridian,  and  immediately  give  a  signal  to  another 
person,  who  must  at  that  moment  mark  two  points 
on  the  shadow  of  the  second  thread,  through  which 
two  points  the  new  meridian  must  be  described.  The 
same  thing  might  be  accomplished  by  other  methods ; 
but  this  is  probably  the  most  accurate. 

35.  The  most  simple  method  of  finding  the  surCs 
altitude,  when  on  the  meridian,  is  that  which  was 
practised  by  the  ancients  :  they  erected  an  upright 
pillar  at  the  south  end  of  a  meridian  line,  and  when 
the  shadow  of  it  exactly  coincided  with  that  line, 
they  accurately  measured  the  shadow*s  length,  and 
then,  knowing  the  height  of  the  pillar,  they  found, 
by  an  easy  operation  in  plane  trigonometry,  the  alti- 
tude of  the  sun's  upper  limb  :  whence,  after  allowing 
for  the  apparent  semidiameter,  the  altitude  of  the 
gun's  centre  was  known. 

36.  But  the  methods  now  adopted  are  much  more 
accurate.  In  a  known  latitude,  a  large  astronomical 
quadrant,  of  6,  8,  or  lo  feet  radius,  is  fixed  truly 
upon  the  meridian  ;  the  hmb  of  this  quadrant  is  di- 
vided into  minutes,  and  smaller  subdivisions,  by  means 
of  a  vernier  ;  and  it  is  furnished  with  a  telescope 
(having  cross  hairs,  &c.)  turning  properly  upon  the 
centre.    By  this  instrument  the  altitude  of  the  sun's 
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centre  is  very  carefully  measured,  and  the  proper  de- 
ductions are  made  for  refraction  and  parallax  (Art. 
94.  and  80.).  " 

57.  AVith  an  instrument  such  as  just  mentioned 
we  may  ascertain  the  apparent  motion  of  the  sun  in 
the  following  manner  :  our  observations  must  be 
begun  when  the  sun  is  known  to  be  in  the  equinoc- 
tial, that  is  (Arc.  26.)  when  the  altitude  of  his  centre 
while  on  the  meridian  is  equal  to  the  complement 
of  the  latitude  ;  the  time  when  this  is  the  case,  is 
about  the  20th  of  March.  On  this  day  we  must  note 
some  fixed  star  which  comes  to  the  meridian  exactly 
at  the  same  time  as  the  sun  does  ;  for  the  stars  may 
be  seen  in  the  day-time  v/ith  an  astronomical  teles- 
cope :  on  the  following  day,  both  the  altitude  of  the 
sun,  and  the  situation  of  the  stars  when  the  sun  is  on 
the  meridian,  must  be  observed  ;  the  sun's  meridian 
altitude  will  be  about  23'  40''''  greater  than  on  the 
former  day,  and  the  star  will  be  found  on  the  meri- 
dian about  3""  39*  in  time  before  the  sun.  Make 
similar  observations  for  a  few  days,  and  it  will  be 
found  at  the  end  of  a  week,  that  the  sun's  meridian 
altitude  will  be  increased  2^  46',  and  the  star  will  be 
on  the  meridian  25™  26*  in  time  before  the  sun,  or 
it  will  be  6°  2 1 1'  westward  of  the  meridian  when  the 
sun  is  upon  it.  During  this  period  of  seven  days, 
therefore,  the  sun  has  been  moving  apparently  to- 
wards the  east,  and  has  increased  his  altitude  by  re- 
gular gradations  :  and  because  the  motions  of  all  the 
heavenly  bodies  appear  to  be  performed  in  circles,  or 
nearly  so,  let  us  suppose  the  sun's  apparent  motion 
to  be  in  a  circle  crossing  the  equinoctial,  at  an  angle 
which  the  above  observations  will  assist  us  in  deter- 
mining. In  fig.  9,  PL  I.  let  E  (^represent  a  portion 
of  the  equinoctial,  Q^S  the  meridian  on  which  the 
sun  is,  QS  his  altitude  above  the  equinoctial,  E  the 
place  of  me  star,  and  E  S  part  of  the  apparent  path 
of  the  sun  :  then,  in  the  spherical  triangle  E  Q^S, 
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If 


right-angled  at  0,  there  are  given  E  Q^zr  6°  21 
and  QJS  =2°  46',  to  find  the  angle  E.  By  the 
rules  of  spherical  trigonometry,  we  have,  tangt.  of 
E  __  'a"^t.  or  s  (^  _  •o4X3^';o  —  -4364479    =    tangt.    of 
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33°  34'  43'''',  the  angle  E  required. 

Sb.  To  determine  how  far  the  conclusion,  arrived 
at  in  the  last  article,  may  be  relied  upon,  we  must 
carefully  measure  the  meridian  altitude  of  the  sun 
when  it  is  at  the  greatest,  about  Midsummer,  and  we 
shall  find  it  to  exceed  the  complement  of  the  latitude 
by  23°  28'  very  nearly  :  this  differs  less  than  j'  from 
the  result  in  the  last  article,  and  the  difference  arises 
from  the  observations  not  having  been  extended  to 
a  sufficient  period  after  the  day  when  the  sun  was  in 
the  equinoctial.  For  if  the  calculation  had  been 
made  with  the  sun's  increased  altitude,  and  his  dis- 
tance from  the  fixed  star,  as  found  on  the  twentieth 
day,  instead  of  the  seventh,  the  angle  E,  as  resulting 
from  the  calculation,  would  have  exactly  agreed  with 
the  observations  when  the  sun's  meridian  altitude  was 
at  the  greatest. 

39.  The  situation  of  the  circle,  in  which  the  sun's 
apparent  motion  is  performed,  being  thus  ascertained, 
we  may  now,  with  propriety,  explain  several  terms 
immediately  connected  with  it. 

40.  The  circle  itself  in  which  the  sun  appears  to 
move,  is  called  the  ecliptic  ;  the  angle  E  in  which  it 
crosses  the  equinoctial,  the  obliquity  of  the  ecliptic*, 

*  The  obliquity  of  the  ecliptic  is  not  always  equal  to  23°  28'. 
According  to  the  observations  of  Pytheas  at  Marseilles,  which  were 
made  rather  more  than  300  years  before  the  Christian  aera,  the 
obliquity  was  then  23"  492'.  Albatcgnius,  about  the  year  SSo, 
found  it  to  be  23"  35',  or,  by  correcting  for  parallax  and  refraction, 
*3°  35'  4°'-  Almaon,  the  son  of  Almansor  the  Arabian,  made  it 
^3°  33  3°'  "^  X140.  Tycho  Brahe,  in  1587,  found  it  to  be  23° 
29'  30''.  Mr.  Fiamsteed,  in  J689,  23°  28' 56".  Condamine,  at 
Quito,  in  1736,  made  it  23°  28'  24".  Dr.  Maikelyne,  in  J769, 
determined  it  at  23°  28'  10'',  Ey  a  comparison  with  the  most 
early  and  accurate  observations,  it  appears  that  the  diminution  of 
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and  the  two  points  where  it  intersects  that  circle,  the 
equinoxes. 

41.  A  portion  of  the  heavens  about  i5  degrees 
in  breadth,  through  the  middle  of  which  passes  the 
sun  in  the  ecHptic,  is  called  the  zodiac.  Within 
this  portion,  or  zone,  all  the  planets  perform  their 
motions  ;  as  will  be  shewn  hereafter. 

42.  The  distance  of  the  sun,  or  any  of  the  heavenly 
bodies,  from  the  equator,  measured  on  an  arc  of  the 
meridian,  is  called  the  declination  :  if  the  body  is 
situated  between  the  equator  and  the  north  pole,  it 
has  north  declination  ;  if  toward  the  south  pole,  the 
declination  is  .south.  The  declinations  of  the  fixed 
stars  are  between  o°  and  90°  ;  but  the  greatest  decli- 
nation of  the  sun  is  about  23°  28'  (Art.  38.'. 

43.  Secondaries  (Art.  13.)  to  the  celestial  equator, 
are  called  circles  of  declination  :  of  these,  twenty- 
four,  which  divide  the  equator  into  equal  parts,  of  1 5° 
each,  are  called  hour  circles  ;  because  the  sun  in  his 
apparent  diurnal  motion,  passing  over  360°  of  a  circle 
parallel  to  the  equator,  goes  through  r+th  of  it,  or 
15°,  in  the  space  of  an  hour. 

44.  The  right  ascension  of  a  body,  is  the  arc  of 
the  equinoctial,  intercepted  between  one  of  the  equi- 
noxes, called  the  first  point  of  aries  (Art.  45. ),  and  a 
declination  circle  passing  through  the  body  ;  it  is 
measured  according  to  the  order  of  the  sun's  apparent 
motion,  and  is  called  ri<xht  ascension,  because  in 
a  right  sphere  the  declination  circle  which  passes 
through  the  body  ascends  above  the  horizon,  at  the 
same  moment  the  body  does.  The  oblique  ascension 
is  an  arc  of  the  equator,  intercepted  between  the  first 
point  of  aries,  and  that  point  of  the  equator  which 

the  obliquity,  is  at  about  the  rate  of  50"  In  a  century,  or  half  a  se- 
cond in  a  year.  This  agrees  nearly  with  the  best  observations  of 
astronomers  of  all  ages  ;  and  is  perfectly  consistent  with  the  most 
satisfactory  methods  of  accounting  for  the  motions  and  mutual 
effects  of  the  heavenly  bodies  upon  each  other. 
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rises  with  any  body  in  an  oblique  sphere.  The  dif- 
ference between  the  right  and  oblique  ascension  is 
called  the  ascensional  clijttrence. 

4.5.  The  ecliptic  is  supposed  to  be  divided  into 
twelve  signs,  reckoning  according  to  the  order  of 
the  sun's  motion  j  they  are  generally  called  sigtzs  of' 
the  zodiac,  and  each  of  them  is  divided  into  30°,  &c. 
The  signs,  beginning  at  the  equinox,  where  the  sun  in- 
tersects and  rises  above  the  equator,  have  these  names* 

*  Several  of  the  Greek  and  Roman  poets  gave  ingenious  and  en- 
tertaining, though  wild  and  romantic,  fables,  respecting  the  origin 
of  the  signs ;  but,  instead  of  repeating  them,  we  shall  here  mention  it 
as  a  very  probable  conjecture,  that  the  figures  and  namesof  the  signs 
are  descriptive  of  the  seasons  of  the  year  or  months  in  the  sun's  path. 
Thus, the  first  sign  aries  (the  ram)  denotes,  that  about  the  time  when 
the  sun  enters  that  part  of  the  ecliptic,  the  lambs  begin  to  follow  the 
sheep :  the  sun's  approach  to  the  second  sign  taurus  (the  bull)  is 
about  the  time  of  the  cows  bringing  forth  their  young.  The  third 
sign,  now  gemini,  was  originally  two  kids,  and  signified  the  time 
of  the  goats  bringing  forth  their  young,  which  are  usually  two  at  a 
birth,  while  the  former,  the  sheep  and  cow,  commonly  produce 
only  one.  The  fourth  sign  cancer  (the  crab),  an  animal  that  goes 
sideways  and  backwards,  was  placed  at  the  point  where  the  sun 
begins  to  return  back  from  the  north  to  the  southward.  The 
fifth  sign  leo  (the  lion)  being  a  very  furious  animal,  was  thought 
to  denote  the  heat  and  fury  of  the  burning  sun  when  he  has  quitted 
cancer.  The  succeeding  sign  received  the  sun  at  the  time  of  ri- 
pening corn  and  approaching  harvest,  which  was  aptly  exprestby 
one  of  the  female  reapers  with  corn  in  her  hand,  viz.  virgo  the 
maid.  The  ancients  gave  to  the  next  sign  scorpio,  two  of  the 
twelve  divisions  of  the  zodiac.  Autumn  which  affords  fruits  in 
great  abundance,  affords  also  the  means  and  causes  of  diseases, 
and  the  succeeding  time  is  the  most  unhealthy  part  of  the  year  j 
expressed  by  this  venomous  animal,  here  spreading  out  his  long 
claws  into  the  one  sign,  as  threatening  mischief,  and  in  the  other 
brandishing  his  tail,  to  denote  the  completion  of  it.  The  fall  of 
the  leaf  was  the  season  of  the  ancient  hunting  ;  for  which  reason 
the  sun's  place  at  this  time  was  designated  by  the  sign  Sagittarius, 
a  huntsman  with  his  arrows  and  club,  the  weapons  of  destruction 
for  the  large  creatures  he  pursued.  The  reason  of  capricornus, 
the  wild  gout,  being  chosen  to  mark  the  point  where  the  sun  has 
attained  his  extreme  limit  to  the  south,  and  begins  to  mount  again 
to  the  north,  is  obvious  enough  ;  it  being  the  nature  of  that  ani- 
mal to  be  mostly  climbing,  and  ascending  some  mountain  as  it 
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and  marks,  aries  'V',  taurus  «,  gemini  n,  gancer  ss, 
^-  leo  ^,  virgo  '9i,  libra  =^,  scorpio  "1,  Sagittarius  t, 
capricornus  Jtf,  aquarius  ^,  pisces  X.  Of  these  signs, 
the  first  six  are  called  northern,  lyiiig  <^^  t^he  north 
side  of  the  equator  j  the  last  six  are  called  southern^ 
being  situated  to  the  south  of  the  equator.  The  signs 
from  capricornus  to  gemini  are  called  ascenduig,  the 
sun  approaching  or  rising  to  the  north  pole  while  it 
passes  through  them  ;  and  the  signs  from  cancer  to 
Sagittarius  are  called  dacendi/igy  the  sun,  as  it  moves 
*  through  them,  receding  or  descending  from  the  north- 
pole. 

46",  The  longitude  of  any  of  the  heavenly  bodies 
is  an  arc  of  the  ecliptic  contained  between  the  fi^rst 
point  of  aries,  and  a  secondary  to  the  ecliptic  or  circle 
0/  latitude,  passing  through  the  body ;  it  is  always 
measured  according  to  the  order  of  the  signs.  If  the 
body  be  supposed  seen  from  the  centre  of  the  earth, 
it  is  called  geocentric  longitude  ;  but  if  it  be  supposed 
seen  from  the  centre  of  the  sun,  then  is  the  longitude 
heliocentric^ 

47'  The  latitude  of  a  heavenly  body  is  its  distance 
from  the  ecliptic,  measured  upon  a  secondary  to  the 
ecliptic  drawn  through  the  body.  If  the  latitude  be 
such  as  is  seen  from  the  earth's  centre,  it  is  called 
geocentric  latitude  ;  but  if  it  be  supposed  seen  from 
the  centre  of  the  sun,  it  is  heliocentric, 

48.  The  tropics  are  two  circles  parallel  to  the  equi- 
noctial, and  touching  the  ecliptic  :  that  which  touches 
the  ecliptic  at  the  beginning  of  cancer,  is  called  the  tro- 
pic oj  cancer  j  the  other,  touching  it  at  the  beginning 

browze?.  As  to  the  origin  of  aquarius,  the  winter  being  a  wet, 
uncomfortable  season,  was  well  expressed  by  the  figure  of  a  man 
pouring  out  water  from  an  urn.  The  last  of  the  signs  is  pisces,  a 
couple  of  fishes  tied  together;  the  application  appeared  to  be  this: 
the  severe  season  is  over,  your  flocks  do  not  yet  yield  their  store, 
but  the  seas  and  rivers  are  open,  and  there  you  may  take  fish  in 
abundance. 

\  Hutton^s  Math,  and  Phil.  Diet.  Art.  Constellations. 

\ 
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of  Capricorn,  Is  called  the  tj^opic  of  Capricorn.  When 
the  sun  is  in  either  of  the  points  where  a  tropic  touches 
the  ecliptic,  he  is  said  to  be  in  one  of  the  solstices^ 
because  he  then  appears  at  a  stand  with  regard  to  his 
declination.  The  sun  is  in  the  solstices  on  June  21, 
and  December  21. 

4i?.  Colures  are  two  secondaries  to  the  equinoctial : 
one,  passing  through  the  equinoctial  points  (viz. 
the  points  where  the  ecliptic  crosses  the  equator),  is 
called  the  equinoctial  colare ;  the  other,  passing 
through  the  solstices,  is  called  the  solsticial  colure. 

^0.  That  vertical  circle  (Art.  22.)  which  intersects 
the  meridian  of  any  place  at  right  angles,  is  called  the 
prime  vertical;  and  the  points  where  it  cuts  the  hori- 
zon, are  the  east  and  zcest  points.  These  points  are 
each  90°  distant  from  the  north  and  south  ;  and  all 
four  are  called  cardinal  points. 

5 1 .  When  any  heavenly  body  is  referred  to  the  ho- 
rizon by  a  secondary  thereto,  the  distance  of  this 
secondar)''  (on  the  horizon)  from  the  north  or  south 
points,  is  the  azimuth  of  the  body;  the  distance  from 
the  east  or  west  points  is  the  amplitude. 

52.  Having  ascertained  the  situation  of  the  circle 
in  which  the  sun's  annual  motion  appears  to  be  per- 
formed, and  explained  the  necessary  terms,  we  may 
proceed  to  shew  the  reason  of  the  variation  of  the 
length  of  days  and  nights,  and  the  change  of  the 
seasons  :  in  order  to  which,  we  refer  to  fig.  7,  PI.  I. 
where  is  represented  the  position  of  the  chief  circles, 
with  respect  to  Z,  the  zenith  of  a  spectator  in  north 
latitude  :  E  (^denotes  the  equator,  N  and  S  the  north 
and  south  poles,  JE  C  the  ecliptic  crossing  the  equator 
at  an  angle  of  23°  28'  (Art.  38.);  a  b,  r  R,  &c.  paral- 
lel circles,  in  which  the  heavenly  bodies  perform  their 
diurnal  motions ;  H  R  the  horizon,  N  E  S  Q^the  me- 
ridian, and  Z  O  A  perpendicular  thereto  the  prime 
vertical ;  R  will  be  the  north  point  of  the  horizon,  H 
the  south,  and  O  will  represent  the  east  or  west,  ac- 
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cording  as  the  eastern  or  western  hemisphere  is  repre- 
sented by  the  diagram.  Now,  when  the  sun  is  on  the 
equator  in  March  (Art.  yT^.)  he  performs  his  diurnal 
motion  in  the  equator  E  Q^,  and  comes  to  the  hori- 
zon in  O  the  east  point ;  and  as  the  equator  is  bisected 
by  the  horizon,  and  the  sun's  apparent  diurnal  motion 
is  nearly  uniform,  he  will  set  in  the  west  point,  and 
will  be  as  long  below  the  horizon  as  above  it,  making 
the  days  and  nights  equal ;  this  is  called  the  vernal 
equinox.  As  the  sun's  declination  increases  to  the 
northward,  in  his  passage  from  the  vernal  equinox 
to  the  summer  solstice,  a  variation  will  take  place  in 
his  diurnal  motion  ;  this  may  be  illustrated  by  ima- 
gining the  sun's  declination  to  be  E  a^  his  place  in 
the  ecliptic  to  be  rr,  and  a  h  the  parallel  which  he  de- 
scribes that  day.  Then  will  he  come  to  the  horizon 
at  the  point  o,  between  the  north  and  the  east ;  when 
he  arrrives  at  i  it  will  be  six  o'clock,  being  half  way 
between  a  and  b  his  situations  at  noon  and  midnight; 
at  t  he  will  be  on  the  prime  vertical,  or  in  the  east ; 
at  a  he  will  be  on  the  meridian  ;  afterwards  he  will 
proceed  in  a  contrary  order  along  the  western  hemi- 
sphere, and  will  set  between  the  west  and  the  north. 
In  this  situation,  the  arc  o  a,  occupied  by  the  sun  in 
passing  from  the  horizon  to  the  meridian,  called  the 
semidiurnal  arc,  being  greater  than  /  a,  the  half  of 
a  b,  requires  more  than  six  hours  to  pass  through  it, 
and  consequently  the  day  is  more  than  twelve  hours 
long.  The  days  will  continue  lengthening,  and  the 
sun  rising  and  setting  nearer  the  north  point,  as  he 
approaches  towards  the  point  JE,  where  the  north  de- 
clination is  the  greatest ;  and  then  the  sun's  diurnal  mo- 
tion will  be  described  in  the  tropic  of  cancer,  the  days 
will  be  at  the  longest,  the  nights  shortest,  and  this  will 
be  the  summer  solstice.  From  this  period  the  sun's  de- 
clinationwill  be  decreasing,andthedays  decreasingalso, 
until  the  sun  arrives  at  the  equator,  being  the  first  point 
of  libra  j  then  will  the  length  of  the  day  and  night  be 
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again  equal,  and  the  sun  will  rise  and  set  in  the  east 
and  west:  this  is  called  the  autumnal  tqulnox,  being 
about  the  23d  of  September.  After  this  time  the 
declination  of  the  sun  will  become  southerly,  and  the 
days  will  decrease  in  length,  which,  with  other  attend- 
ing circumstances,  may  be  thus  explained :  Imagine 
m  to  be  the  sun's  place  in  the  echptic,  and  c  d  the  pa- 
rallel he  describes.  Then  he  arrives  at  n  on  the  prime 
vertical  before  he  gets  above  the  horizon,  and  conse- 
quently can  never  be  seen  to  shine  from  the  east  or 
west  while  his  declination  is  south;  nor  can  he,  since 
u  is  below  the  horizon,  for  a  similar  reason,  rise 
till  after  six  o'clock,  during  the  same  period  :  he  rises 
at  a  between  the  east  and  the  south,  and  after  pro- 
ceeding gradually  to  the  meridian,  declines  as  uni- 
formly, and  sets  between  the  south  and  the  west. 
Here  the  semidiurnal  arc  c  s  being  less  than  c  u,  the 
half  of  c  (I  is  passed  over  by  the  sun  in  less  than  six 
hours,  and  consequently  the  day  is  less  than  twelve 
hours  in  length.  The  days  will  continue  to  decrease 
until  the  sun  has  reached  C,  the  greatest  declination 
south,  when  his  diurnal  motion  will  be  described  in 
the  tropic  of  Capricorn  :  he  will  then  rise  and  set  at 
the  farthest  from  the  east  and  west  towards  the  south, 
the  day  will  be  at  the  shortest,  the  night  the  longest,  and 
this  will  be  the  zointer  solstice.  The  sun*s  south  de- 
clination will  be  decreasing,  and  the  days  lengthening, 
from  this  time  till  he  again  arrives  at  the  equator, 
which  will  be  at  the  t^ernal  equinox  :  after  which 
the  seasons  will  continue  gradually  following  each 
other,  in  beautiful  harmony,  in  the  manner  here 
described  *. 


*  It  may  be  proper  to  observe,  that  the  different  degrees  of  heat 
in  surnmer  and  in  winter,  do  not  arise,  entirely,  from  the  different 
times  which  the  sun  is  above  the  horizon.  The  direction  and  force 
of  the  solar  rays  have  also  considerable  influence.  During  the 
short  days,  the  effect  of  the  sun  is  less,  both  with  respect  to  the 
intensity  of  the  rays,  their  direction,  and  the  time  of  their  conti- 
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5S^  The  change  of  seasons  to  an  inhabitant  of  any 
place  in  south  latitude,  might  be  elucidated  in  a  simi- 
lar manner  ;  and  it  would  appear  that,  to  such  a  per- 
son, the  seasons  would  be  just  opposite  to  ours  :  that 
is,  his  summer  would  be  our  winter,  his  autumn  our 
spring,  and  wee  I'f  ASY/.  Aninhabitant  of  the  equator 
has  the  days  and  nights  all  of  equal  length :  but  at 
both  the  times  when  the  sun  is  In  the  equinox  he  will 
have  summer ;  for  the  sun  will  then  be  in  his  zenith 
at  noon :  and  at  both  the  solstices  he  will  have  winter; 
for  then  the  sun  at  noon  declines  23°  28'  from  his  ze- 
nith :  which  must  be  too  evident  to  need  farther  illus- 
tration. 

54.  Since  the  regular  return  of  the  seasons  is  inti- 
mately connected  with  ike  le)igth  of  the  year,  it  will 
be  proper,  previous  to  concluding  this  chapter,  to 
pomt  out  a  few  methods  by  which  che  precise  length 
of  the  year  may  be  learnt.  Astronomers  consider  the 
year  under  two  distinctions :  first,  the  tropical  or  :0- 
laryear,  properly  so  called,  is  the  exact  space  of  time 
in  which  the  sun  moves  through  the  twelve  signs  of 
the  ecliptic ;  and  secondly,  the  -sidereal  or  astral  year, 
being  the  time  occupied  by  the  sun  in  passing  from  any 
fixed  star  till  his  return  to  it  again.  The  changes 
of  seasons  depending  on  the  first  of  these,  the  trapi- 
cal  year,  we  will  first  describe  the  manner  in  which 
its  length  may  be  determined.     The  latitude  of  the 

nuance  :  and  during  the  long  days  it  is  greater  in  all  these  respects. 
It  may  be  remarked  too,  that  the  severest  frosts  usually  take  place 
after  the  days  have  begun  to  lengthen  ;  and  the  most  oppressive 
heat  prevails  when  the  days  are  decreasing  :  the  reason  of  which  is, 
that  during  the  summer  months,  the  earth  having  imbibed  more 
heat  than  it  gave  out,  is  not  exhausted  of  its  superabundant  warmth 
till  towards  the  close  of  the  year  :  in  like  manner,  on  account  of 
the  waste  of  the  earth's  heat  being  greater  in  winter  than  its  supply, 
it  continues  to  get  colder  and  colder  till  a  month  or  longer  after  the 
winter  solstice.  From  a  similar  cause  arises  the  difference  between 
the  spring  and  autumn  ;  though  the  position  of  the  sun,  in  respect 
«f  the  earth,  is  in  both  the  same. 
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place  being  known,  and  consequently  the  elevation  of 
the  equator  (Art.  26.),  observe  carefully  the  sun*s  me- 
ridian altitude  when  he  is  nearest  the  equator  (at 
either  the  vernal  or  autumnal  equinox) ;  and  if  the  ob- 
served meridian  altitude  on  any  day  is  exactly  equal 
to  the  complement  of  the  latitude,  that  day  at  noon  is 
the  exact  time  of  the  equinox.  But  as  it  is  not  very 
probable  that  the  sun  should  be  on  the  equator  pre- 
cisely at  noon,  take  the  meridian  altitude  one  day 
when  it  is  less  than  the  co-latitude,  and  on  the  follow- 
ing day  when  it  is  greater ;  then  say,  as  the  sum  of 
the  defect  and  excess  of  these  two  meridian  altitudes 
(when  taken  from,  and  added  to,  the  co-latitude)  : 
the  distance  in  time  between  the  observations  :  :  the 
defect  :  the  time  to  be  added  to  the  first  observation, 
for  the  true  time  of  the  equinox.  After  the  same 
manner,  may  the  time  of  the  next  vernal  or  autumnal 
equinox  be  found  :  the  difference  between  these  times 
will  be  the  length  of  the  year.  In  order  to  arrive  at 
the  greatest  accuracy,  it  will  be  adviseable  to  take  two 
such  equinoxes  as  are  at  the  distance  of  several  years 
from  each  other  :  for  then,  whatever  errors  may  at- 
tend the  observations,  by  being  divided  into  many 
parts,  they  will  become  in  a  manner  insensible, 

55.  I\l.  Casrs'nii  has  given  the  following  method 
of  finding  the  length  of  the  tropical  year  :  Observe 
the  meridian  altitude  (a )  of  the  sun  on  the  d^y 
nearest  to  an  equinox  :  then  the  next  year  take  its 
meridian  altitude  on  two  succeeding  days,  one  when 
the  altitude  (m)  is  less  than  a,  and  the  next  when  the 
altitude  ( )i )  is  greater  than  c/,  and  n — vi  is  the  change 
in  the  sun's  declination  in  twenty-four  hours  :  hence, 
as  the  declination  near  the  equinoxes  changes  uni- 
formly, we  have  n — m  :  a — ;;/  :  :  24  hours  :  the 
interval  from  the  first  of  the  two  days,  till  the  time 
when  the  sun's  dechnation  is  the  same  as  at  the  ob- 
servation the  year  before.  This  fourth  term,  there- 
fore, being  added  to  the  number  of  days  between 
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the  first  two  observations,  gives  the  length  of  the 
year  required.  If  there  be  an  interval  of  several 
years  before  the  second  observation  is  made,  and  the 
interval  between  the  times  when  the  declinations  were 
the  same  be  divided  by  the  number  of  years,  the 
year's  length  will  be  determined  more  exactly. 

For  example,  on  March  20,  1672,  M.  Cassijii*s 
father  observed  the  meridian  altitude  of  the  sun's 
upper  limb,  at  the  royal  observatory  at  Paris,  to  be 
41°  43' ;  and  on  March  20,  1716,  Cassini  himself 
found  the  meridian  altitude  of  the  upper  hmb  to  be 
41°  27'  10^'',  and  on  the  21st  to  be  41°  51'.  The  dif- 
ference between  the  two  latter  altitudes  is  23'  50% 
and  between  the  two  former  15'  50''''.  Therefore, 
by  the  rule,  23'  50'^  :  15'  50^''  :  :  24  hours  :  15^  ^6"^^ 
39*.  Hence,  on  March  20,  17 16,  at  15^  ^6"^  39% 
the  declination  of  the  sun  was  the  same  as  on  March 
20,  1672,  at  noon.  Now  the  interval  between  the 
first  two  observations  was  44  common  years,  of  which 
34  consisted  of  2)^^  days  each,  and  10  of  ^66  ;  there- 
fore the  interval  in  days  was  16070,  and  the  whole 
period  between  the  equal  declinations  was  1 6070  days, 
j^h  j-gm  29* :  this  divided  by  44  gives  365"^  5^*  49'" 
o*  53^  for  the  tropical  year.  This  is  called  by  some 
authors  the  apparent  solar  year  :  they  apply  a  minute 
correction,  which  depends  upon  the  motion  of  what  is 
called  the  sun*s  apogee  (Art.  297.),  and  thus  get  0^6^^ 
^  48"*  49*,  for  the  length  of  a  mean  solar  year. 

.56".  To  find  the  length  of  a  sidereal  year ^  M,  Cas- 
sini presents  us  with  this  rule  :  Take  the  time  (t)  of 
a  fixed  star's  transit  over  the  meridian  by  a  clock  ad- 
justed to  mean  solar  time  ;  the  year  following  observe 
the  time  again  on  two  days,  one  (m)  when  the  star 
passes  the  meridian  before^  and  the  other  (n)  after 
thetinite  t ;  then,  ni  —  )i  -.m  —  t  '.'.  twenty-four  hours, 
or  more  accurately  23**  ^6''^  4%  the  length  of  a  sidereal 
day  (Art.  1 14.)  :  the  time  from  7n<i\\  the  difference 
between  the  star's  and  sun's  right  ascension  was  the 
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same  as  at  the  first  observation :  the  interval  of  these 
two  times  is  the  sidereal  year. 

In  the  present  problem,  as  vi^ell  as  in  the  former,  it 
is  best  to  take  an  interval  of  several  years  :  by  apply- 
ing the  rule  to  some  observations  vi^hich  were  made  at 
the  distance  of  nearly  one  hundred  years,  the  length 
of  the  sidereal  year  is  now  set  down  at  365'*  6^  9°* 
I2^ 

57.  From  comparing  the  results  of  the  last  two 
articles,  it  appears  that  the  sun  returns  to  the 
equinox  every  year  before  it  returns  to  the  same 
point  of  the  heavens  ;  and  consequently,  the  equi- 
noctial points  have  a  retrograde  motion :  this  mo- 
tion, though  very  small  in  a  year  or  two,  would  in 
the  compass  of  a  few  centuries  amount  to  something 
considerable.  It  therefore  did  not  escape  the  notice 
of  the  early  astronomers,  although  their  observations 
were  very  inaccurate  in  comparison  with  those  of  the 
moderns  :  it  is  called  the  prtce'^sioii  of  the  eijuhiojes, 
H'ipparchiis  was,  v/e  believe,  the  first  person  who 
noticed  this  motion  ;  and,  by  comparing  his  own  ob- 
servations with  some  that  were  made  about  155  years 
previous  to  his,  he  judged,  the  motion  to  be  nearly  1° 
in  100  years.  The  observations  oi  JJlhategniu-s  in 
the  year  878,  compared  with  those  of  1738,  give 
^j//  g//f  r-Qj.  j.|^g  annual  precession.  J/,  de  la  Caille's 
observations,  compared  with  those  given  by  Flavisteed, 
determine  the  precession  in  an  100  years,  or  the  scciC' 
lar  precession,  to  be  1°  23^45^'',  and  the  atuiuai  pre- 
cession $0-^^^.  Thus  is  this  motion  determined  to  as 
great  accuracy  as  may  reasonably  be  expected  ;  some 
of  its  effects  will  naturally  fall  under  our  consideration 
in  the  next  chapter.  • 
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CHAPTER    IV. 


On  determining  the  relative  Situations  cf  theji.ved 
Stars ;  zvith  Remarks  on  their  Appearances ,  the 
Conftellations^  8^c> 


JVrt.  5^;  THOSE  stars  which  when  seen  either 
by  the  naked  eye,  or  by  means  of  telescopes,  keep 
constantly  in  the  same  situation  with  respect  to  one 
another,  are  called  JixeA  stars,  as  has  been  already 
mentioned  (Art.  27.).  If  we  contemplate  any  num- 
ber of  such  stars,  which  to  our  view  form  a  triangle, 
a  trapezium,  or  any  other  figure,  regular  or  irre- 
gular ;  since  those  stars  have  continued  in  the  same 
relative  situation  ever  since  we  have  observed  them, 
and  have  appeared  to  astronomers  in  the  same  situa- 
tion with  respect  to  each  other  as  long  back  as  the  re- 
cords of  authentic  history  v/ill  carry  us,  namely,  for 
some  thousands  of  years ;  we  may  fairly  conclude 
from  analogy,  that  they  have  appeared  very  nearly 
as  they  now  do  ever  since  the  creation  of  the  earth, 
and  will  probably  continue  to  appear  so  as  long  as 
the  earth  shall  endure.  Some  few  particular  changes 
must  be  taken  as  exceptions  from  this  general  in- 
ference. 

59.  The  fixed  stars  appear  to  us  oi  different  mag- 
nitudes :  this  may  arise  either  from  their  different 
sizes,  or  from  their  unequal  distances  from  us  ;  or 
in  some  instances  both  these  causes  may  combine  to 
make  the  apparent  difference.  However,  be  this  as 
it  will,  astronomers  have  from  their  apparent  magni- 
tudes distinguished  the  stars  into  six  orders  or  classes : 
the  Jii'st  contains  those  of  the  largest  apparent  size, 
the  second  those  which  appear  next  in  bigness,  and 
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so  on,  till  we  come  to  stars  of  the  sixth  magnitude, 
among  which  last  class  are  all  those  that  can  just  be 
seen  without  telescopes :  those  which  are  only  seen 
with  telescopes  are  called  telescopic  stars.  Now  al- 
though this  distribution  .of  the  stars  is  generally  re- 
ceived, it  is  not  to  be  imagined  that  all  the  stars  of 
each  class  are  exactly  of  the  same  apparent  size ;  for 
there  is  almost  an  innumerable  difference  either  in 
respect  of  apparent  magnitude,  colour,  or  brilliancy; 
and  in  some  of  these  respects  many  of  the  stars  ap- 
pear to  undergo  changes,  so  that  the  same  star  may 
be  reckoned  by  some  astronomers  in  the  first  class, 
while  others  estimate  it  as  belonging  to  the  second 
or  third.  But  the  general  divisions  may  be  looked 
upon  as  usually  adhered  to,  since  the  deviations  from 
them  are  but  few. 

()().  But,  leaving  what  else  is  proper  to  remark 
respecting  their  magnitudes  and  changes  to  a  sub- 
sequent article  (Art.  683.  &:c.),  we  will  now  proceed 
to  shew  the  methods  of  determining  the  places  of  any  of 
them,  with  respect  to  the  most  important  circles  of  the 
sphere  :  for  the  accurate  determination  of  the  place& 
of  the  fixed  stars  will  be  of  considerable  utility  in 
enabling  us  to  ascertain  the  places  of  the  planets,  &c. 
by  means  of  their  apparent  distances  from  any  of 
those  stars  whose  situations  are  known. 

6"!.  The  declination  of  any  star  may  be  easily 
found  by  observing  the  following  rule  :  Take  the 
meridian  altitude  of  the  star,  at  any  place  where  the 
latitude  is  known ;  the  complement  of  this  is  the 
zenith  distcDice,  and  is  called  north  or  south,  as  the 
star  is  norrh  or  south  at  the  time  of  observation. 
Then,  i.  When  the  latitude  of  the  place  and  zenith 
distance  of  the  star  are  of  different  kinds,  namely, 
one  north  and  the  other  south,  their  difference 
will  be  the  declination  ;  and  it  is  of  the  same  kind 
with  the  latitude,  when  that  is  the  greatest  of  the 
two,  otherwise  it  is  of  the  contrary  kind.  2.  If 
the  latitude  and  the  zenith  distance  are  of  the  same 
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kind,  i.  e.  both  north,  or  both  south,  their  sum  is 
the  declination ;  and  it  is  of  the  same  kind  with  the 
latitude.  ^- 

To  prove  the  truth  of  this  rule,  turn  to  fig.  7,  PI.  I. 
where  Z  is  the  zenith  of  the  place,  E  Q^  the  equi- 
noctial, and  E  Z  tl-te  latitude,  i.  Let  r  represent  the 
place  of  a  star  on  the  njeridian,  and  Z  r  the  zenith 
distance,  the  latitude  being  greater :  then,  E  r  (the 
declination)  will  be  equal  to  E  Z  —  Z  r  (the  zenith 
•  distance) :  again,  let  c  be  the  place  of  a  star  in 
the  meridian,  when  the  zenith  distance  exceeds  the 
latitude;  then  E  c  (the  declination)  zz  Z  c  (the  ze- 
nith distance)  —  E  Z  (the  latitude).  And  it  is  ma- 
nifest, that  in  the  former  instance  Z  and  r  are  on  the 
same  side  of  the  equinoctial ;  and  that  in  the  latter 
case  Z  and  c  are  on  contrary  sides.  2dly.  Let  y  be 
the  place  of  a  star  on  the  meridian,  having  its  ze- 
nith distance  Z  ^  of  the  same  kind  with  E  Z  the  lati- 
tude of  the  place  :  then  E  ?,/  (the  declination)  '-=.  E  Z 
+  Z  ?/ ;  and  the  decHnation  is  of  the  same  kind  as  the 
latitude,  because  Z  and  y  are  on  the  same  side  of  the 
equinoctial.     Q^  E.  D. 

For  an  eiYinipk,  suppose  that  in  north  latitude  52® 
15',  the  meridian  altitude  of  a  star  is  51°  28'  on  the 
south  J  then  38'^  32'  the  zenith  distance,  being  taken 
from  52°  15'  the  latitude,  leaves  13°  43'-^  for  the 
declination  of  the  star  north.. 

6^1.  Elaving,  by  means  like  the  above,  found  the 
declination  of  a  star,  it  becomes  requisite,  in  the  next 
place,  to  know  the  right  ascension  (Art.  44.),  as  its 
situation  with  regard  to  the  equator  will  then  be 
known.  Nov/  the  right  ascension  being  estimated 
from  the  point  where  the  equator  and  ecliptic  inter- 
sect each  other  in  the  spring,  a  point  which  is 
marked  out  by  nothing  that  comes  under  the  cogni- 
zance of  our  senses  j  some  phagnomenon,  therefore, 
must  be  chosen,  whose  right  ascension  is  either  given, 
or  may  be  readily  known,  at  any  time  that  the 
right  ascensions  of  other  objects  may  be  discovered 
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by  comparison  with  it.  For  this  purpose  nothing 
appears  so  proper  as  the  sun ;  because  its  motion  is 
the:  most  simple,  and  its  right  ascension  quickly 
found. 

63.  For  if,  in  fig.  9,  PI.  I.  we  have  given  Q^S  the 
declination  of  the  sun  (which  may  be  easily  taken 
every  day  at  noon  by  observation),  and  the  angle 
S  E  Qjhe  obhquity  of  the  ecliptic — i.  e.  one  leg  of  a 
right-angled  spherical  triangle,  and  its  opposite  angle, 
to  find  the  adjacent  leg  E  O,  the  right  ascension — it 
may  be  done  by  this  proportion ;  as  the  tangent  of  the 
obliquity  of  the  ecliptic  :  the  tangent  of  the  declina- 
tion :  :  radius  :  the  sine  of  the  right  ascension  rec- 
koned from  the  nearer  equinoctial  point. 

For  cdYimple,  suppose  on  the  1 3th  of  February, 
the  sun's  south  declination  is  found  to  be  13°  24',  and 
the  obliquity  of  the  ecliptic  is  23°  28';  we  shall  thus 
find  the  sun's  right  ascension : 

As  tangt.  23°  28'  9*6376106 
To  tangt,  13°  24'  9*3770030 
So  is  radius  .  ,  .         icooocooo 


To  sine  33°  i&  58'''     97393924 

Here  33°  16'  58'''  is  the  sun's  distance  from  t ;  but 
as  the  declination  is  at  that  time  decreasing,  and  the  sun 
approaching  T,  this  must  be  taken  from  360°,  and 
the  remainder  326°  43'  2^^  is  the  right  ascension. 

In  a  similar  manner  may  the  sun's  right  ascension 
be  calculated  for  every  day  at  noon,  and  arranged  in 
tables  for  use  :  for  any  intermediate  time  between  one 
day  at  noon  and  the  following,  the  right  ascension 
may  be  determined  by  proportion. 

The  longitude  E  S  of  the  sun,  when  required, 
may  be  readily  found  by  the  rules  to  ascertain  the 
hypothenuse  of  the  same  triangle. 

04.  The  apparent  diurnal  motion  of  the  heavenly 
bodies  being  uniform,  and  performed  in  circles  pa- 
rallel to  the  equator,  the  interval  of  the  times  in 
which  two  stars  pass  oyer  any  meridian  must  bear  the 


I 


Right  Ascension  of  a  Star.  37 

same  proportion  to  the  period  of  the  diurnal  motion, 
as  that  arc  of  the  equator  intercepted  between  the 
two  secondaries  passing  through  the  stars,  does  to 
360°,  as  is  evident  from  the  nature  of  the  sphere: 
we  may  therefore  find  the  right  ascension  of  a 
star  thus :  Let  an  accurate  pendulum  clock  be  so 
regulated  that  the  index  may  pass  over  the  twenty-four 
hours  during  the  time  in  which  any  fixed  star  after 
departing  from  the  meridian  will  return  to  it  again, 
which  is  rather  less  than  twenty  four  hours.  Then 
let  the  index  of  a  clock  thus  regulated  be  set  to 
twelve  o'clock  when  the  sun  is  on  the  meridian ;  and 
observe  the  time  the  index  points  to,  when  the  fixed 
star  whose  right  ascension  is  sought  comes  to  the 
meridian  ;  which  may  be  most  accurately  known  by 
means  of  a  transit  telescope.  Let  these  hours  and 
parts,  as  marked  by  the  clock,  be  converted  into  de- 
grees, &c.  of  the  equator,  by  allowing  15°  to  an 
hour  J  and  the  difference  between  the  right  ascensions 
of  the  fixed  star  and  the  sun  will  be  known  :  this  dif- 
ference added  to  the  sun's  right  ascension  for  that 
day  at  noon,  gives  the  right  ascension  of  the  fixed  star 
sought. 

Or,  if  a  clock  whose  dial  plate  is  divided  into 
360°,  instead  of  twelve  hours,  be  ordered  in  such  a 
manner,  that  the  index  may  pass  round  the  whole 
circle  in  the  interval  which  a  star  requires  to  come  to 
the  same  meridian  again,  and  another  index  be  so 
managed  as  to  point  out  the  sexagesimal  parts :  then, 
when  the  sun  is  on  the  meridian,  let  the  indices  of 
the  clock  be  put  to  his  right  ascension  at  noon  that 
day ;  and  when  the  ftar  comes  to  the  meridian,  its 
right  ascension  will  be  shewn  by  the  clock,  without 
any  kind  of  reduction. 

65.  The  equator  being  the  principal  circle  which  re- 
spects the  earth,  the  latitudes  and  longitudes  of  terres- 
trial objects  are  referred  to  it ;  and,  for  a  similar  reason 
(the  sun's  motion  in  the  ecliptic  rendering  thattheprin- 
cipal  of  the  celestial  circles),  the  situations  of  heavenly 


38  Latitudes  and  Longitudes  of  Stars; 

objects  are  generally  ascertained  by  their  latitudes  and 
longitudes  referred  to  the  ecliptic  :  it  is  therefore  be- 
come a  useful  problem  to  find  the  latitudes  and  Ion- 
gituaes  of  the  stars^  ^t.  having  their  declinations, 
and  right  ascensiom;,  with  the  obliquity  of  the  eclip- 
tic, given.  One  of  the  best  methods  of  performing 
this  problem  has  been  thus  investigated :  Let  S  be 
the  place  of  the  body  (fig.  ii,  PI.  I.),  EC  the 
ecliptic,  E  Q^  the  equator  ;  and  S  L  and  SR  being 
respectively  perpendicular  to  E  C  and  E  Q^  E  R 
will  represent  the  right  ascension,  S  R  the  declination, 
E  L  the  longitude,  and  S  L  the  latitude ;  then,  by 
spherics,  rad.  :  sine  E  R  :  :  co-tang.  S  R  :  co-tang. 
S  E  R  ;  and  S  E  R+C  EqriS  E  L.  Also,  co-sine 
S  E  R  :  rad.  :  :  tang.  E  R  :  tang.  E  S  ;  and  rad. 
:  co-sine  S  E  L  :  :  tang.  E  S  :  tang.  E  L  ;  therefore, 
co-sine  S  E  R  :  co-sine  S  E  L  :  :   tang.   E  R  :  tang. 

co-sin.  SELxtang.  ER 

ErL  J  whence^ we  readily  get, co-sineSER == 

the  tangent  of  E  L,  the  longitude.  Then,  rad.  :  sine 
of  E  L  :  :  tang.  S  E  L  :  tang.  S  L,  the  latitude. 

66.  But  the  same  thing  may  be  performed  very  ex- 
peditiously by  means  of  the  following  excellent  rule, 
given  by  Dr.  Alaskelyne,  the  present  worthy  Astro- 
nomer Royal  : 

1.  The  sine  of  the  right  ascension  -}-  co-tang,  de- 
clination —  io=  co-tang,  of  arc  A,  which  call  north, 
or  southy  according  as  the  declination  is  north  or 
south.  2.  Call  the  obliquity  of  the  ecliptic  south  in 
the  six  first  signs  of  right  ascension,  and  north  in  the 
six  last.  Let  the  sum  of  arc  A,  and  obliquity  of 
ecliptic,  according  to  their  titles,  =  arc  B  with  its  pro- 
per title.  [If  one  be  norlh  and  the  other  souths  the 
proper  title  is  that  which  belongs  to  the  greater  ;  and 
in  this  case,  arc  B  is  their  difference.]  3.  The  arith- 
metical complement  of  co-sine  arc  A-^-  co-sine  arc  Bx 
tang,  right  ascension  =  tangent  of  the  longitude : 
this  is  of  the  same  kind  as  the  right  ascension,  unless 
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arc  B  be  more  than  90°,  when  the  quantity  found  of  the 
same  kind  as  the  right  ascension  must  be  subtracted 
from  12  signs,  or  360°.  4.  The  sine  of  lo7igitnde  + 
tang,  arc  B — 10=:  tang,  of  the  required  latitude,  of 
the  same  title  as  arc  B.  Note,  If  the  longitude  be 
found  near  0°  or  near  180°,  for  the  sine  of  longitude, 
in  the  last  operation,  substitute  tang,  longitude  -{*  co- 
sine longitude  — 10;  and  then  the  last  operation  will 
be  tang,  longitude  -\-  co-sine,  longitude  -j-  tang,  arc  B 
— 20=  tang,  latitude.  By  sine,  tang.  &c.  are  meant 
logarithm  sine,  log.  tang.  &c. 

This  rule  may  be  exemplified  by  enquiring  what 
are  the  latitude  and  longitude  of  a  star  whose  de- 
clination is  12°  59'  north,  and  right  ascension  4* 
29°  38',  the  obliquity  of  the  ecliptic  being  23°  28'? 

Here,  sine  of  right  ascension  4s  29°  38'         9-7037486 
Co-tang,  of  declination        12    59       10-6372126 

Co-tang,  of  arc  A,  north   24    31       10-34069612 
Obliquity  of  ecliptic,south  23    28 
Arc  B,  north  -  -13  cos.  9*999927 1 

Arith.comp.  of  co-sine  arc  A  0*0410347 

Tangent  of  right  ascension  9*7678344 

Tangent  of  longitude  147^  13'  26"         9*8087962 

Or  4s  27^*  13'  26",  answering  to  27^  13'  26"  of  Leo. 

Then,  sine  of  longitude  -  -  9'7334843 

Tangent  of  arc  B  -  -  8*2631153 

Tang,  of  latitude,  north,  34' 6"  79965996 

67.  By  the  method  just  described  the  longitude 
and  latitude  of  any  heavenly  body  may  be  learnt, 
after  the  right  ascension  and  declination  are  care- 
fully ascertained  ;  either  according  to  the  mode  here 
pointed  out,  or  in  other  ways  made  use  of  by  prac- 
tical astronomers :  but  it  may  frequently  happen 
that  the  longitudes  and  latitudes  of  flars,  &c.  may 
be  required,  when  there  are  no  opportunities  of  find- 
ing their  right  ascensions  and  declinations.    In  these 
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cases,  if  we  know  the  accurate  situations  of  a  cer-? 
tain  number  of  the  most  noted  fixed  stars,  we  may 
find  the  place  of  any  star  by  measuring  its  distance 
from  any  two  stars  whose  positions  are  determined. 
Thus,  in  fig.  lo,  PI.  I.  let  EC  represent  the  eclip- 
tic, and  P  its  pole  ;  A  and  B  two  stars  whose  lati- 
tudes and  longitudes  are  given,  and  S  the  star  whose 
latitude  and  longitude  are  required.  Let  the  circles 
of  latitude  PE,  PD,  and  P  C,  be  drawn;  then  the 
arc  E  C  measures  the  angle  E  P  C,  the  difference 
of  the  given  longitudes.  In  the  triangle  APB, 
the  sides  A  P,  B  P,  the  co-latitudes,  being  given,  and 
the  included  angle  P,  we  thence  find  A  B,  and  the 
angle  A  B  P.  Then,  in  the  triangle  A  S  B  are  given 
all  the  sides  (viz.  A  S  and  S  B  the  two  distances 
from  the  known  stars,  and  A  B  just  found),  to  find 
the  angle  A  B  S,  which  taken  from  A  B  P  leaves 
S  B  P.  Lastly,  in  the  triangle  S  B  P,  two  sides,  S  B, 
B  P,  are  known,  together  with  their  included  angle 
S  B  P  ;  whence  we  find  PS  and  S  P B.  The  com- 
plement of  P  S  is  D  S,  the  latitude  of  the  star ;  and 
the  angle  B  P  S  is  the  difference  of  longitude  of  the 
stars  B  and  S  ;  this  difference  is  to  be  added  to  the  lon- 
gitude of  the  star  B,  if  S  be  to  the  east  of  it,  or  sub- 
tracted, if  S  be  to  the  west ;  the  sum  or  difference  will 
be  the  longitude  of  S  required.  The  solutions  of  other 
cases  of  this  problem,  according  to  the  different  posi- 
tions of  B  and  S  with  respect  to  A,  may  be  readily 
traced  out  in  a  similar  manner. 

Or,  if  the  situations  of  A  and  B,  with  regard  to 
any  other  circle,  the  equator  for  inftance,  were 
known  ;  that  is,  if  their  right  ascensions  and  decli- 
nations were  given,  together  vi^ith  the  distance  of  a 
third  from  both ;  the  right  ascension  and  declina- 
tion of  the  third  star  would  be  found  by  the  same 
kind  of  operation. 

68.  As  it  would  be  absolutely  impossible  to  fur- 
nish names  for  all  the  fixed  stars '  (or  even  for  such 
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■as  are  visible  to  the  naked  eye),  and  retain  those 
names  in  the  memory ;  it  became  necessary  not 
only  to  ascertain  their  exact  relative  situations,  but 
to  invent  some  method  by  which  the  principal  part  of 
the  stars  which  can  be  seen  may  be  known,  without 
having  a  separate  name  for  each.  The  ancients  ac- 
complished this  by  portioning  out  the  firmament  into 
imaginary  figures  of  birds,  beasts,  fishes,  &c.  called 
aster  isms  or  consttllatlms  ;  and  then  pointing  out  the 
place  of  the  star  by  its  place  in  the  constellation  ;  as 
the  bull's  eye,  the  lion's  heart,  the  dog's  nose,  &c. 
This  division  of  the  heavens  into  constellations  is 
obviously  very  ancient ;  for  some  of  them  are  men- 
tioned by  the  oldest  heathen  poets,  Hesiod  and  Ho- 
mer, both  of  whom  probably  flourished  nearly 
I  coo  years  bef3re  Jesus  Christ.  Arcticriis,  Orion, 
and  the  Pleiades,  are  mentioned  twice  in  the  book  of 
Job :  and  in  the  prophecy  of  Amo.s,  composed  about 
800  years  before  the  christian  aera,  we  fincJ  the  fol- 
lowing sublime  exhortation : "  Ye  who  turn 

*'  judgment  into  wormwood,  and  leave  off  righteous- 
"  ness  in  the  earth,  seek  Him  who  maketh  the 
*^  seven  stars  and  Orion,  and  turneth  the  shadow  of 
"  death  into  morning,  and  maketh  the  day  dark 
^'  with  night :  that  calleth  for  the  waters  of  the  sea, 
"  and  poureth  them  out  upon  the  face  of  the  earth  : 
"  The  Lord  is  his  name."  Here  the  Pleiades  and 
Orion  are  spoken  of  as  well  known,  both  by  Amos, 
who  "was  an  herdsman,  and  the  common  people,  to 
whom  this  prophecy  was  addressed  :  and  consequently 
the  invention  of  constellations  was  not  new,  but  had 
been  of  some  standing  at  that  period. 

6'C).  As  the  knowledge  of  the  stars  became  more 
extensive,  the  number  of  constellations  was  increas- 
ed ;  and  at  the  same  time  more  stars  were  introduced 
into  each  constellation,  as  their  positions  became  as- 
certained. Ptolemy  set  down  the  longitudes  and  lati- 
tudes of  rather  more  than  1000  stars :  such  of  them 
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as  were  not  comprehended  under  any  constellations., 
were  then  called  injormcs^  sporades,  or  unformed  stars. 
The  modern  astronomers  have  reduced  not  these  iw- 
J'ormef:  only,  but  many  other  stars,  into  new  figures ; 
'and  it  is  probable  that  other  constellations  will  still 
continue   to   be   invented.     Tycho   Brahe,   a  noble 
Dane,  Wc?3  the  first  who  determined  with  e.vactness 
the  situations  of  the  fixed  stars.     After  Tvcho,  we 
must  mention  Bayer  as  the  author  of  a  very  consi- 
derable improvement  in  the  catalogues  of  stars.     Be- 
sides accurately  distinguishing  the  relative  size  and 
situation  of  each  star,  he  marked  the  star^in  each  con- 
stellation with  the  letters  of  the  Greek  and  Roman 
alphabets,  setting  the  first  Greek  letter  oc  to  the  first  or 
principal  star  in  each  constellation,  |3  to   the  second 
in  order ;  then,  when  the  Greek  alphabet  was  gone 
over,  he  passed  to  a,  b,  c,  of  the  Roman ;  and  so  on. 
This  useful  method  of  noting  and  describing  the  stars 
has  been  adopted  by  all  astronomers  since  the  time 
of  Bayer  ;  and  they  have  farther  enlarged  it,  by  add- 
ing the  ordinal  numbers    i,    2,    3,  &c.  when  any 
constellation  contains  more  stars  than  can  be  marked 
by  the  two  alphabets.     Besides  these  Hteral  and  nu- 
meral marks,  many  of  the  stars  have  their  peculiar 
names,   as  A  returns,  Aldebaratit   Procyoiiy  Sirius, 
Capella,  Regukts,  c^t. 

70.  The  ria  lac  tea.  Galaxy,  or  Milky  Way,  may 
also  be  reckoned  under  the  head  of  constellations  ; 
for  it  is  now  known  to  be  a  collection  of  innumer- 
able little  fixed  stars,  too  small  to  be  observed  with- 
out telescopes  of  considerable  tnagnifying  powers. 
This  galaxy  is  a  lightish,  milk-coloured  zone,  vary- 
ing in  breadth  from  4°  to  20°,  or  on  the  average 
about  10°.  It  passes  through  Cassiopeia,  perseus, 
auriga,  the  feet  of  gemini,  orion's  club,  part  of  mo- 
noceros,  the  tail  of  canis  major,  through  argo  navis, 
robur  carolinum,  crux,  and  the  feet  of  the  centaur : 
after  which,  it  is  divided  into  two  parts-;  its  eastern 
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part  passes  through  ara,  the  tail  of  scorpio,  the  east- 
ern foot  of  serpentarius,  the  bow  of  Sagittarius, 
scutum  sobiescianum,  the  feet  of  antinous  and  cyg- 
nus ;  bat  the  western  part  passes  through  the  upper 
part  of  the  tail  of  scorpio,  the  right  of  serpentarius 
and  cygnus,  and  ends  its  course  in  Cassiopeia. 

7 1 .  The  following  tables  exhibit  the  names  of  the 
constellations,  and  the  number  of  stars  in  each,  in- 
cluding all  those  to  the  sixth  magnitude.  They  also 
contain  the  names  of  some  of  the  most  remarkable 
stars,  standing  against  the  constellations  in  which  they 
are  included. 


I.  Constellations  in  the  Zodiac, 


Constellations. 

No.  of 
Stars. 

Chief  Stars. 

Aries 

Taurus 

Gemini 

Cancer 

Leo 

Virgo 

Libra 

Scorpio 

Sagittarius 

Capricornus 

Aquarius 

Fisros 

66 

140 

85 
83 

95 
no 

51 

44 
69 

51 

108 

II2 

Aldebaran                   i 
Castor  and  Pollux    1-2 

Regulus                        I  • 
Spica  Virglnis             i 
Zubcnich  Mali            2 
Antares                        i 

Scheat                         3 
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II.   Constellations  northzvard  of  the  Zodiac. 


Constellations. 

No.  of 
Stars. 

Chief  Stars. 

Ursa  Minor 

24 

Pole  Star 

2 

i     Ursa  Major 

87 

Dubhe 

I 

Perseus 

59 

Algenib 

2 

Aviriga 

56 

Capella 

I 

*  Bootes 

?4 

Arcturus 

I 

Draco 

60 

Rastaber 

3 

*   Cepheus 

35 

Alderamin 

3 

*  Canes    Venatici     sell.  7 
Asterian  et  Chara    3 

25 

»  Car  Caroli 

3 

#  Triangulum 

10 

Triangulum  minus 

5 

*  Musca 

6 

*  Lynx 

44 

*  Leo  Minor 

24 

*  Coma  Berenices 

40 

*  Camelopardalus 

58 

*  Mons  Menelaus 

II 

Corona  Borealis 

21 

Scrpeus 

5° 

Scutum  Sobieski 

8 

Herculus,  cum   Ramo") 
et  Cerbero                  j 

113 

Ras  Algiatha 

3 

*  Serpen  tarius,  sive    0-  7 
phiuchus                     3 

67 

Ras  Alhagus 

3 

*  Taurus  Poniatovvski 

7 

Lyra 

22 

Vega 

I 

*  Vulpecula   and  Anser 

37 

Sagitta 

18 

Aquila 

40 

Altair 

I 

Delphinus 

18 

*  Cygnus 

73 

Deneb  Adige 

I 

*  Equuleus 

10 

*  Lacerta 

16 

*  Pegasus 

85 

Markab 

2 

*  Andromeda 

66 

Almaac 

2 
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///.  Constellations  southward  of  the  Zodiac. 


Constellations. 

No.  of 
Stars. 

Chief  Stars. 

*  Phoenix 

13 

*  Officina  sculptoria 

12 

Eridnnus 

76 

Achernar 

X 

*   Hydrus 

10 

*  Cetus 

80 

Menkar 

£ 

*  Fornax  Chemica 

14 

' 

*  Horologium 

12 

*  Reticulus  Rhomboidalis 

10 

"=•  Xiphias 

7 

*  Celapraxitellis 

16 

*  Lepus 

^9 

f  Columba  Noachi 

10 

Orion 

78 

Betelguese 

I 

Argo  Navis 

SO 

Can  opus 

I 

Canis  Major 

30 

Sirius 

I 

*  Equuleus  Pictorius 

8 

*  Monoceros 

31 

Canis  Minor 

14 

Procyon 

I 

*  Chameleon 

10 

»  Pyxis  Nautica 

4 

*  Piscis  Volans 

8 

Hydra 

60 

Cor  Hydrae 

Z 

,*  Sextans 

4 

»  Robur  Carolinum 

12 

*  Machina  pneumatica 

3 

*   Crater 

11 

Alkes 

3 

*  Corvus 

9 

Algorab 

3 

*  Crosiers 

6 

*  Musca 

4 

*   Apis  indica 

II 

•^ 

•  Circinus 

4 

Centaurus 

36 

*  Lupus 

24 

*  Quadra  Euclidls 

12 

*  Triangulum  australe 

S 

Ara 

1    ' 

^6 
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Cojidusion  of  Table  III. 


Constellations. 

No.  of 
Stars. 

Chief  Stars. 

*  Telescopium 

*  Corona  Australia 

9 

12 

•  Pavo 

14 

*  Indus 

I'l 

^  IMicroscopium 

#  Octans  Hadleianus 

10 

43 

*  Grus 

14 

*  Toucan 

9 

Piscis  Australis 

20 

Fomalh.:iut- 

I 

In  these  tables,  the  constdlatlons  which  have  the  mark  *  against 
them,  are  modern  ones,  the  others,  ancient.  The  figures  placed 
against  the  principal  otars  denote  their  magnitudes. 


IV.  Number  of  Stars  of  each  JMagmtude. 


Constellations  in  the  Zodiac  12 
In  the  Northern  Hemisphere  33 
In  the  Southern  Hemisphere    45 


Mui^intudcs. 
1st  zdi  3d 4th  5th    6th  Total. 


44 

95 

36  84 

^0761223 


120 
200 
190 


183 
391 


Ggr^ 


646 

6.3/, 
323 


1604 


865 


31  .;o 


72.  It  may  be  asked,  by  what  means  are  we  to  know 
the  stars  and  constellations  in  the  heavens  ?  In  an- 
swer to  this  enquiry  various  methods  might  be  point- 
ed out ;  but  perhaps  one  of  the  best  is,  to  fix  a  good 
celestial  globe,  on  which  the  constellations  and  stars 
are  accurately  depicted,  in  such  a  direction  that  the 
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north,  south,  and  other  points  on  its  horizon,  may- 
correspond  with  the  points  of  the  compass  ;  then  by 
the  observer  imagining  himself  at  the  centre  of  the 
globe,  and  supposing  the  hnes  of  direction  from 
himself  to  the  various  stars  on  the  surface  extended 
to  the  heavens,  he  might  speedily  find  the  places  of 
most  of  the  stars. 

Or,  to   be  a  httle   more   particular,  suppose   he 
would  know  the  stars  in  the  constellation  Taurus  : 
going  out  on  some  fair  night,  and  fixing  the  globe 
near  him,  to  com.pare  wdth  the  heavens,  he  would 
readily  find  the  pleiades,  since  they  are  known  to 
every  one  by  the  name  of  the  seven  stars.     Then, 
noticing  the  globe,  he  would  remark  a  large   star 
somewhat    to    the   left-hand    of  the   pleiades  ;     and 
looking  to  the  firmament,  and  observing  the  same 
position,  he   would   find   this   large   star,  which  is 
aldebaran,  or  the  bull's  south  eye.     Having  found 
this  large  star,  and  looking  again  to  the  figure  of  the 
constellation,  he  would  see  five  starsr'  placed  almost 
like  a  roman  V,  one  of  them  being  aldebaran  just 
found  ;  then  directing  his  view  to  the  heavens,  and 
considering  aldebaran  as  one  of  the  tops  of  the  V, 
he  would  behold  the  stars  called  the  hyades.      By 
imagining  Hnes  drawn  straight  from  the  bottom  of 
the  V  along  each  side,  and  extended  forwards,  they 
would  go  a  httle  on  the  outside  of  both  the  north  and 
south   horns   of  the   bull.     If  he   supposed   a   line 
drawn  from  aldebaran  through  the  pleiades,  and  con- 
tinued nearly  double  that  distance  farther,  it  would 
reach    the    triangle     over    the    constellation    aries  ; 
whence,  by  referring  to  the  globe,  the  stars  in  that 
constellation  would  soon  be  known.   Or,  by  imagin- 
ing lines  drawn  from  the  hyades,  by   the  north  and 
south  horns  of  the  bull,  and  continued  about  double 
that  distance,  he  would  perceive  they  included  two 
bright    stars,    called  castor  and    poIlux ;    and  then 
}ie  might  soon  learn  the  stars  in  gemini.     And  thus 
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he  would  be  able,  by  proceeding  gradually,  to 
learn  the  names  of  the  principal  stars  in  each  con- 
stellation. 

73.  It  must  be  acknowledged  that  there  is  one 
method  preferable  to  the  above,  which  is,  to  have 
a  hollow  globe  constructed  of  a  size  sufficiently  large 
for  observers  to  stand  on  a  frame,  near  its,  centre  : 
then,  if  the  stars  and  constellations  were  painted  on 
the  inner  surface,  in  their  proper  situations,  and  the 
globe  turned  on  the  poles,  elevated  according  to  the 
latitude,  the  observers  would  behold  the  motions  and 
aspects  of  the  stars  as  they  really  are  in  the  heavens, 
and  would  sooner  obtain  a  correct  idea  of  the  whole 
than  by  any  other  instrument  we  know,  or  ever  heard 
of.  But  as  a  globe  of  this  kind  could  not  be 
erected  without  considerable  expence  as  well  as  inge- 
nuity, there  will  be  but  few  able  to  learn  the  motions 
and  appearances  of  the  heavenly  bodies  by  such 
means*. 

*  Large  astronomical  machines,  on  tlie  plan  above  recommend- 
ed, have  been  made  at  Gottorp,  at  the  expelfte  of  Frederick  III. 
duke  of  Holstein  ;  and  at  Paris,  by  the  direction  of  Cardinal 
d'Etrees  :  but  these  were  far  inferior  in  size  to  one  erected  at  Fern' 
brole-college,  Cambridge^  under  the  direction  of  the  late  Dr.  Long. 
The  description  of  this  machine  is  here  added  in  the  doctor's  own 
words  : 

"  I  have,  in  a  room  lately  built  in  Pembroke-hail,  erected  a 
*'  sphere  of  eighteen  feet  diameter,  wlierein  thirty  persons  may 
"  sit  conveniently  ;  the  entrance  into  it  is  over  the  south  pole  by 
"  six  steps  :  the  frame  of  the  sphere  consists  of  a  number  of 
**  iron  meridians,  not  complete  semicircles,  the  northern  ends 
*'  of  which  are  skrewed  to  a  large  round  plate  of  brass,  with  a 
"  hole  in  the  centre  of  it ;  through  his  hole,  from  a  beam  in 
*'  the  ceiling,  comes  the  north  pole,  a  round  iron  rod,  about 
*'  three  inches  long,  and  supports  the  upper  parts  of  the  sphere 
"  to  its  proper  elevation  for  the  latitude  of  Cambridge  :  the 
*'  low  er  part  of  the  sphere,  so  miuch  of  it  as  is  invisible  in  Eng- 
*'  land,  is  cut  off;  and  the  lower  or  southern  ends  of  the  mtri- 
"  dians,  or  truncated  semicircles,  terminate  on,  and  are  skrew- 
*'  ed  down  to,  a  strong  circle  of  oak,  of  about  thirteen  feet 
*'  diameter,  which  when  the  sphere  is  put  into  motion  runs  upon 
•'  large  rollers  of  lignum  vitae,  in  the  manner  that  the  tops  of 
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V4.  There  have  been  changes  in  some  of  the  fixed 
stars,  at  different  times  :  some  have  totally  disap- 
peared, as  two  of  the  second  magnitude,  which  were 
formerly  in  the  stern  of  argo  navis,  but  are  not 
now  to  be  seen.  Some  new  ones,  as  one  in  the 
breast  of  cygnus,  have  appeared  :  so  long  ago  as 
the  time  oi  Hipparchus,  a  new  fixt  star  was  noticed ; 
and  this,  as  Pliny  informs  us,  "  was  the  reason  why 
"  Hipparchus  set  about  numbering  the  fixt  stars  for 
*'  the  use  of  posterity,  and  reducing  them  to  some 
"  rule."  There  are  also  some  stars  which  appear 
and  disappear  alternately  ;  of  which  kind  is  a  re- 
markable one,  called  stella  mira,  in  the  neck  of 
cetus.     Others  are  found   to  vary  with  respect  to 

**  some  windmills  are  made  to  turn  round.  Upon  the  iron  meri- 
"  dians  is  fixed  a  zodiac  of  tin,  painted  blue,  whereon  the  eclip- 
"  tic  and  hehocentric  orbits  of  the  planets  are  drawn,  and  the 
*'  constellations  and  stars  traced  :  the  great  and  little  bear,  and 
*'  draco,  are  already  painted  in  their  places  round  the  north-pole  ; 
"  the  rest  of  the  constellations  are  proposed  to  follow  :  the  whole 
"  is  turned  round  with  a  small  winch,  with  as  little  labour  as  it 
"  takes  to  wind  upa  jackj  though  the  weight  of  the  iron,  tin,  and 
*'  wooden  circle,  is  about  a  thousand  pounds.  When  it  is  made 
"  use  of,  a  planetarium  will  be  placed  in  the  middle  thereof. 
*'  The  whole,  with  the  floor,  is  well  supported  by  a  frame  of 
"  large  timbers."  Since  this  was  written,  in  1758,  the  constel- 
lations and  chief  stars  visible  at  Cambridge  have  been  painted 
in  their  proper  places  upon  plates  of  iron  joined  together,  which 
form  one  concave  surface. 

I  cannot  conclude  this  note  without  expressing  the  grief  and 
disappointment  I  felt,  on  seeing  this  sphere  in  the  beginning  of 
the  present  year  1801.  Instead  of  beholding  the  new  constella- 
tions painted  thereon,  and  tracing  out  many  improvements  since 
the  time  of  Dr.  Long,  as  I  naturally  expected  to  do  ;  I  could 
hardly  find  any  thing  but  strong  tokens  of  long  neglect,  and 
speedy  decay.  The  whole  was  exposed  to  the  effects  of  every 
change  in  the  atmosphere,  by  reason  of  a  large  window  being 
constantly  left  open,  and  the  glass  in  the  other  windows  being 
broken  in  several  places  :  some  of  the  constellations  could  scarcely 
be  discerned,  for  dust  and  cobvwebs;  the  planetarium  had  but 
few  vestiges  remaining,  by  which  one  might  ascertain  whether  it 
«ver  existed  or  not;  and  the  wires  about  the  zodiac  were,  in  many 
placesi  entirely  corroded  through  with  rust '. ! 

£ 
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their  apparent  magnitude,  and  brilliancy  ;  as,  one 
of  the  stars  in  hydra,  one  m  cygnus,  one  in  me- 
dusa's head,  and  the  star  algol^  the  latter  of  which 
in  particular  goes  through  its  variations  in  a  period 
of  2^  21  ^.  It  varies  from  the  second  magnitude  to 
the  fourth  in  about  3I  hours,  and  back  again  in  the 
same  time,  and  retains  its  greatest  brightness  for  the 
remainder  of  its  period.  It  is  also  found,  from  an 
attentive  examination  of  the  stars  with  good  tele- 
scopes, that  many,  which  appear  single  to  the  naked 
eye,  consist  of  two,  three,  or  more  stars.  Dr. 
Herschel,  who  has  observed  the  heavens  with  great 
constancy  and  care,  finds  this  to  be  the  case  with  se- 
veral stars  :  thus,  «  hercuUs  is  a  double  star,  and 
so  are  i  lyrce,  a  geminorum^  y  andromedce,  i*, 
cygni,  and  many  others  ;  v  lyrce  is  a  treble  star ; 
and  E  lqr(c^  |3  lyrce,  x  orioms,  ^  librce^  are  either 
quadruple,  or  double-double,  as  the  doctor  calls 
them.  But  it  will  be  sufficient,  in  the  present  part  of 
our  enquiry,  if  we  merely  allude  to  these  particulars. 
75.  When  the  situations  of  the  stars  are  carefully 
determined,  it  becomes  necessary,  in  order  to  know 
their  situations  at  any  future  period,  to  take  into  ac- 
count the  effects  of  their  proper  motio)i,  as  it  is  some- 
times called,  namely ,the  apparent  motion  produced  by 
the  precession  of  the  equinoctial  points.  (Art.  ^j,) 
By  this  motion  the  stars  appear  as  though  they  moved 
backwards  from  west  to  east,  exceeding  slowly,  at 
the  rate  of  about  i  °  in  7 1 1  years ;  and  in  conse- 
quence of  this  motion  it  is,  that  the  constellations  of 
the  zodiac,  which,  we  have  reason  to  suppose,  about 
the  time  of  their  invention  coincided  with  the  first 
points  of  the  respective  signs  of  the  ecliptic  to  which 
they  belong,  have  now  so  far  changed  their  positions 
as  to  be  found  more  than  a  sign  advanced  :  thus  we 
find  the  constellation  aries  3°  or  4°  within  the  sign 
taurus ;  taurus,  within  the  sign  gemini,  &c.  This 
motion  causes  the  longitudes  of  the  stars  to  be  always 
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increasing:  and  if  we  reckon  the  precession  at  ^o^^ 
annually,  when  the  longitude  of  a  star  is  once  known, 
it  may  be  soon  found  for  any  antecedent  or  subse- 
quent period  :  for  instance,  the  longitude  of  sirius  in 
1690  was  9°  49'  i''-,  if  we  deduct  90  times  50^'^,  or 
1°  15'  22''',  it  will  leave  8°  33'  39''/  for  the  longitude 
of  that  star  in  1 600  ;  and  by  adding  1 1  o  times  50:^'''', 
or  1°  32'  f,  the  sum  will  give  n°  21'  8'^  for  the 
longitude  of  sirius  for  the  year  1800. 

76'.  Some  have  supposed  that  the  latitudes  of  the 
fixt  stars  are  invariable  ;  but  such  supposition  is  erro- 
neous, for  it  assumes  in  the  first  place  that  the  obli* 
quity  of  the  ecliptic  (Art.  40.)  is  always  the  same, 
which  is  known  to  be  contrary  to  fact  :  and  it  takes 
for  granted  also,  that  the  stars  are  so  fixt  as  to  keep 
their  places  immoveably  ;  but  this  is  by  no  means  cer*. 
tain  ;  nay  the  observations  of  Dr,  Halley^  and  others 
of  the  best  practical  astronomers,  lead  us  to  adopt  a 
contrary  opinion. 

77.  It  is  manifest  that  a  variation  in  the  longitudes 
of  the  stars  must  produce  a  corresponding  change 
in  the^  right  ascensions ;  and  although  changes  in 
the  latitudes,  arising  from  the  first  of  the  causes  sug- 
gested in  the  last  article,  will  make  no  difference  in 
the  declinations,  yet,  as  the  other  cause  alluded  to 
may,  it  is  thought  proper,  in  the  most  correct  tables 
of  the  fixed  stars,  to  appropriate  columns  for  the  an- 
nual variations  in  right  ascension  and  declination. 


(     ^2     ) 


■»  CHAPTER  V. 

OnFarallax\  Refraction^  and  the  Equation  of  Time. 


Art.  78.  HAVING  in  the  foregoing  chapter 
explained  some  of  the  methods  which  are  made  use 
of  in  determining  the  relative  positions  of  the  fixed 
stars,  we  might  now  proceed  to  enquire  into  the 
distances,  sizes,  apparent  and  real  motions,  of  the 
sun,  moon,  and  other  heavenly  bodies;  but  pre- 
vious to  this  it  is  necessary  to  shew  the  nature  of 
some  corrections  which  must  be  applied  to  our  ob- 
servations, before  they  will  be  of  use  in  our  enquiries. 
Of  these  corrections  the  first  we  shall  notice  is  that 
arising  from 


PARALLAX. 


79.  Hitherto  we  have  considered  the  various 
phaenomena  of  the  celestial  bodies  as  though  they 
■were  viewed  from  the  centre  of  the  earth,  whereas 
in  reality  they  were  observed  from  the  surface  ;  and 
thi3  we  have  done,  by  conceiving  the  earth  to  be,  as 
it  were,  a  point,  or  that  the  distance  between  the 
centre  and  surface  is  itisensible  when  compared  with 
the  vast  distance  of  the  heavens.  This  is  so  nearly 
true  with  respect  to  the  fixed  stars,  as  to  produce  no 
assignable  error ;  but  with  respect  to  the  sun,  . 
moon,  and  planets,  the  admission  of  this  idea  of  the 
earth's  exceeding  minuteness  would  involve  some 
mistakes  which  may  be  prevented  by  duly  attending 
to  what  follows. 
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80.  In  fig.  1 1,  PI.  I.  let  A  be  the  place  of  an  ob- 
server on  the  earth's  surface,  ABD;  H,  G,  F,  and 
E,  the  real  places  of  four  heavenly  bodies  \  then  the 
apparent  places  of  these  bodies  in  the  supposed  con- 
cave sphere  of  heaven,  as  seen  from  A,  would  be 
O,  M,  K,  and  Z,  and  their  places  with  respect  to  the 
centre  of  the  earth  would  be  N,  L,  I,  and  Z  :  now 
the  lines  which  mark  out  the  apparent  places  as  seen 
from  the  surface  and  from  the  centre  respectively, 
intersect  at  the  real  places  of  the  body,  and  form 
angles,    as  A  H  C,    A  G  C,    AFC;    one  of  these 
angles,  as  A  G  C,  is  called  the  parallax  of  the  body 
G  in  that  situation^  AFC  and  A  H  C  the  parallaxes 
of  the  bodies  F  and  H :  that  is,  the  parallax  of  a 
heavenly  body  relative  to  the  observer^  is  the  incll- 
nation  of  two  visual  rai/s  passing  from  the  body,  one 
to  the  earth^s  centre,  the  other  to  the  point  zvhere 
the  ohsei^cer  is  placed  on  its  siu^face. 

81.  The  parallax  of  a  heavenly  body  depends 
upon  two  circumstances,  the  distance  of  that  body 
from  the  centre  of  the  earth,  and  its  position  with 
respect  to  the  zenith.  The  separate  and  joint  effects 
of  these  two  circumstances  we  shall  now  exhibit. 

82.  The  sines  of  the  parallaxes  of  two  bodies  at 
unequal  distances  from  the  centre  of  the  earth,  but 
at  equal  apparent  distances  from  the  zenith,  are  re- 
ciprocally  as  the  distances  from  the  earth* s  centre. 
For,  if  /'  and  h  are  the  places  of  the  bodies,  it  15 
manifest  from  the  principles  of  plane  trigonometry, 
that  the  sine  of  the  angle  A  /z  C  is  to  the  sine  of  the 
angle  A/C  or  of  its  supplement  A/  C  ;  that  is,  that 
the  sine  of  the  parallax  of  /?,  is  to  the  sine  of  the 
parallax  at  /^  as  /  C  to  A  C  ;  that  is,  reciprocally  as 
the  distances  of  //  and  f  from  the  centre  C. 

83.  Of  bodies  at  equal  distances  from  the  centre 
of  the  earth,  the  sines  of  the  parallaxes  are  always 
as  the  sines  of  the  apparent  distances  from  the  zenith. 
Or  as  the  co-sines  of  the  apparent  altitudes.    For,  if 


54  Horizontal  Paralla^v,  8^c* 

EFH  be  a  vertical  circle,  in  the  triangle  AFC, 
AC  :  CF  ::  sine  AFC  :  sine  FAC  =  sine  EAF  : 
and,  in  the  triangle  AG  C,  AC  :  C  G  or  C  F  : :  sine 
AG  C  :  sine  GAC  =  sine  EAG.  Therefore,  the 
antecedents  of  both  proportions  being  equal,  the 
consequents  are  proportional,  and  sine  AFC  :  sine 
EAF  : :  sine  AG  C  :  sine  EAG. 

From  this  it  is  obvious  that  the  parallax  of  a  body 
is  greatest  when  it  is  in  the  horizon ;  this  is  called 
the  horizontal  parallax :  it  is  also  manifest,  that  an 
object  in  the  zenith  of  an  observer  has  no  parallax, 
for  the  two  lines  which  form  the  parallactic  angle 
then  coincide. 

84.  The  sine  of  the  parallax  of  one  body,  is  to 
the  sine  of  the  parallax  of  another  bodi/,  in  a  ratio 
compounded  of  the  inverse  ratio  of  the  distances  from 
the  eartUs  centre,  and  the  direct  ratio  of  the  sines 
of  the  apparent  distances  from  the  zenith.  For, 
when  the  distance  from  the  zenith  is  given,  the  sine 
of  the  parallax  is  reciprocally  as  the  distance  from 
the  earth's  centre  (Art.  82.)  ;  and  when  the  distance 
from  the  earth's  centre  is  given,  the  sine  of  the  pa- 
rallax is  as  the  sine  of  the  apparent  zenith  distance 
(Art.  83.) ;  consequently,  when  neither  is  given,  the 
sine  of  the  parallax  is  conjunctly,  as  the  distance 
from  the  earth's  centre  reciprocally,  and  as  the  sine 
of  the  zenith  distance  directly. 

85.  The  general  effect  of  the  parallax  of  a  star  is 
to  make  it  appear  nearer  the  horizon  than  it  really 
is  :  and  as  the  position  of  the  stars  is  determined  by 
their  right  ascension  and  declination,  that  is,  by  the 
period  of  their  passage  over  the  meridian  and  their 
meridian  altitude ;  it  follows  that,  in  the  meridian^ 
which  is  a  vertical  circle,  the  parallax  of  a  star  is  all 
in  declination,  and  nothing  in  right  ascension. 

S6,     The  parallax  of  the  stars  makes  them  appear 

farther  from   the  meridian   than   they  really  are, 

For,  siiice  all  the  verticals  concur  at  the  zenith,  an4 
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recede  gradually  from  one  another  as  they  approach 
the  horizon,  and  since  the  parallax  of  stars  does  not 
remove  them  from  their  verticals,  but  causes  them 
to  appear  nearer  the  horizon  than  they  really  are, 
they  consequently  appear  farther  from  the  meridian 
than  they  are  in  reality.  Hence  the  stars  appear  to 
rise  later  and  set  sooner^  on  account  of  parallax. 

87.  Parallax  causing  the  stars  to  appear  in  other 
points  of  the  heavens  than  those  they  are  actually  in, 
must  also  change  the  latitudes,  longitudes,  decimal 
tions,  and  right  ascensions.  The  difference  of  the 
longitude  observed  from  the  centre,  called  the  true 
longitude,  and  that  seen  from  the  observer's  place, 
called  the  apparent  longitude,  is  called  the  pa'^ilUuv 
of  longitude.  The  same  might  be  remarked  of  the 
parallax  of  latitude,  of  7'ight  ascension,  of  declina- 
tion, and  of  altitude, 

88.  When  any  three  of  the  five  following  things 
are  given,  namely,  the  observer's  distance  from  the 
star,  the  star's  distance  from  the  centre  of  the  earth, 
the  earth's  semi-diameter,  the  true  or  apparent  alti- 
tude of  the  star,  and  the  parallax  ; — ^the  other  two 
may  be  determined  ;  for  then  in  the  right-lined  pa- 
rallactic triangle,  three  things  are  known,  whence 
the  other  two  may  be  found.  Hence  it  appears  that 
©.n  observer  situated  on  the  earth,  may  know  the  real 
distance  of  any  heavenly  body  from  the  earth's 
centre,  if  he  can  find  its  parallax,  and  particularly 
its  horizontal  parallax,  which  being  largest  is  most 
fit  for  the  purpose.  It  may  be  proper  therefore  to 
explain  a  few  of  the  methods  by  which  the  parallax 
of  a  celestial  object  is  discovered. 

89.  The  parallax  of  a  body  has  been  sometimes 
found,  by  measuring  the  apparent  distance  of  the 
body  from  a  fixed  star  when  they  are  both  on  the 
game  vertical ;  then  observing  when  the  body  and 
ptar  are  at  equal  altitudes  above  the  horizon,  at  which 
time  th^  distance  between  the  body  and  star  must  b^ 
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again  measured :    the  difference  of  these  distances 
\vill  be  very  nearly  the  parallax  required. 

90.  But  the  following  method,  when  practicable,  • 
is  both  more  certain  in  practice  and  more  accurate 
in  theory.  Two  observers  must  be  placed  on  the 
same  terrestrial  meridian,  each  about  50  or  •  o  de- 
grees from  the  equator,  one  towards  the  north,  the 
other  towards  the  south  :  each  person  must  deter- 
mine, by  a  very  accurate  instrument,  the  distance  of 
the  body  from  his  zenith  at  the  instant  it  transits 
the  meridian,  and  the  zenith  distance  of  some  fixed 
star  whose  parallel  is  nearly  known,  and  differing  but 
little  from  that  of  the  body.  Then  on  each  side 
comparing  the  body's  zenith  distance  with  that  of 
the  fixed  star,  the  distance  of  the  body's  apparent 
parallel  from  that  of  the  star  would  be  known.  If 
this  comparison  gave  the  body  the  same  parallel  re- 
latively to  each  observer,  it  would  have  no  parallax: 
but  if  the  comparison  shewed  that  the  body  appeared 
in  different  parallels  to  the  two  observers,  the  dis- 
tance of  these  parallels  would  shew  the  body's  hori- 
zontal parallax  by  this  analogy  :  as  the  sum  of'  the 
sines  of  the  two  distances  oj  the  body  from  the  ze-i 
nith  is  to  radius,  so  is  the  distance  of  the  tzvo  ap~ 
'parent  parallels  of  the  bodij  to  its  horizontal  paral- 
laa\  In  the  two  last  terms  of  this  analogy,  the  dis- 
tance of  the  parallels  and  the  parallax  are  put  in- 
stead of  their  sines,  because,  on  account  of  their 
minuteness,  they  may  safely  be  substituted  the  one 
for  the  other. 

"When  the  two  observers  are  on  the  same  side  of 
the  equator,  use  the  difference  of  the  sines  of  the 
zenith  distances  instead  of  their  sum  in  the  above 
analogy.  If  the  two  observers  were  not  under  the 
same  meridian,  but  distant  from  one  another  by  a 
known  quantity,  regard  must  be  paid  to  the  motion 
of  the  body  in  declination  between  the  times  of  its 
passage  over  the  two  meridians. 
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E.vampk,  On  Oct.  5,  1751,  M.  de  la  Caille,  at 
the  Cape  of  Good  Hope,  observed  the  planet  mars  to 
be  1'  2f'^  below  the  parallel  of  A  in  aquarius, 
and  at  25°  distance  from  the  zenith.  On  the  same 
day  at  Stockliolm  \\hQ  longitude  of  which  does  not 
differ  more  than  :|:  of  a  degree  from  that  of  the 
Cape"),  mars  was  observed  to  be  i'  sj'^'J  below  the 
parallel  of  a  aquarius,  and  at  68°  14'  zenith  dis- 
tance. Here  i'  ^f^'y — i'  2 5''''* 8 =31 ''''•9,  the  distance 
of  the  apparent  parallels  ;  and  the  sines  of  the  ze- 
nith distances  are  '4226183  and  '9287017.  Hence 
1*35132  :  i\: :  31 ''''9  :  23'''''6,  the  horizontal  parallax 
of  mars.      ;^ 

91.  Anotiier  method,  which  may  sometimes  be 
more  convenient  than  the  above,  as  it  requires  but 
one  observer^  is  here  added  :  Observe  the  right  as- 
cension of  the  planet  when  it  passes  the  meridian,  at 
which  time  there  is  no  parallax  in  right  ascension 
(Art.  85.),  and  compare  it  with  that  of  a  fixed  star: 
about  six  hours  after,  take  the  difference  of  their 
right  ascensions  again,  and  remark  how  much  the 
difference  (d)  between  the  apparent  right  ascensions 
of  the  planet  and  fixed  star  has  changed  in  that  time. 
Then  observe  the  right  ascension  of  the  planet  for 
three  or  four  days,  in  order  to  obtain  its  true  motion 
in  right  ascension  ;  and  if  the  proportional  motion 
in  right  ascension,  for  the  interval  elapsed,  bet  ween 
the  taking  of  the  right  ascensions  of  the  planet  and 
star  on  the  meridian,  and  at  a  distance  from  it,  be 
equal  to  d,  the  planet  has  no  parallax  in  right  ascen- 
sion :  but  if  it  be  not  equal  to  d,  the  difference  is 
the  parallax  in  right  ascension;  and  the  horizontal 
parallax  is  found  by  dividnig  the  product  of  the 
parallax  in  right  ascemion  into  the  co-sine  of  the 
planefs  declination,  by  the  product  of  the  co-sine 
of  the  latitude  of  the  place  of  observation,  into  the 
si7ie  of  the  hour  angle  front  the  meridian  of  the 
\planet. 
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To  demonstrate  this  rule,  let  EQ^ffig.  14,  PI  I.) 
represent  the  equator,  P  its  pole,  Z  the  zenith,  v  the 
true  place  of  the  body,  and  /-  the  apparent  place  as 
depressed  by  parallax ;  draw  the  secondaries  to  the 
equator  Vva,  P  ;*  b,  and  r  s  will  be  the  parallax  in 
declination,  and  a  b  in  right  ascension.  Now  we 
have  V  r  \vs  :  :  i  (rad.)  :  sine  r  r  >,  or  Z  r  P,  and 
*v  H  '.  ah  \\  co-sine  va  '.  i ,  fromthe  nature  of  parallel 
circles;  hence  v  r  :  ab  : :  co-sine  v  a  :  sine  Z  r  P;  and 
consequently  by  multiplying  means  ^nd  extremes  we 

cet  a  b= ~ — - —     But  it  follows  from  Art.  8-?, 

•^  co-sine  V  a  "^ 

that  T  r  =  horizontal  parallax  X  sine  v  Z,  and  it  is 
manifest  that  sine  r  Z  :  sine  Z  P  ; :  sine  Z  P  t'  :  sine 

^      „      sine  ZPxsine  Z  P  tJ         ,  ,  i    ^'^    ^• 

Z  v  r= — — : rj ;  whence  by  substitution  we 

sine  V  Zj  7         ^  J 

_     ,       ,       hor.  par.  x  sine  Z  P  X  sine  ZVv  ,     ,       ,       . 

find  a  b= — '- ,p.,|..,,,^ ;  and  the  hori, 

,  „  a  b  X  co-sine  T)  a         y->    t-.   t-»    •».▼ 

zontal  parallax  =,ine  z  P  x  sine  z  1 -.'  Qi^.D.  Note; 
in  the  eastern  hemisphere,  the  apparent  place  is  to 
the  east  of  the  true  place,  and  of  course  the  right 
ascension  is  diminished  by  parallax ;  but  in  the 
western  hemisphere  the  right  ascension  will  be  in- 
creased by  parallax.  If  the  right  ascension  be  taken 
both  before  and  after  the  meridian,  the  whole  change 
of  parallax  in  right  ascension  between  the  two  obser-* 
vations  is  the  sum  (s)  of  the  two  parts  before  and 

after  the  meridian,  and  is  consequently  =5 — ■■ X 

'  ^  J        co-sine  r  a 

sum  (S)  of  the  sines  of  the  two  hour  angles ;  the  hof 

,  ,,  .,1    1         ,  sX co-sine  Xfl 

nzontal  parallax  will  then  be=s  gtneZPxS  • 

The  following  example  will  illustrate  this  rule; 
On  August  15,  1 7 19,  man  was  very  near  a  star  in 
the  eastern  shoulder  of  aquarius :  at  9^  18"^  in  the 
evening,  mars  followed  the  star  in  10™  1 7'  of  time  j 
and  on  Aug.  16,  at  4*^  i\^  in  the  morning,  the 
pljmet  followed  the  star  in  10™  i* :  consequently  in 
that  interval  the  apparent  right  ascension  of  Mars 
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had  increased  1 6'  in  time.  Now  the  planet  was  on 
the  meridian  3^  1 7*"  after  the  first  observation,  ^nd 
3**  46™  before  the  second  ;  and  his  declination  when 
on  the  meridian  was  1 5°  ;  the  latitude  of  Park,  the 
place  of  observation,  being  48°  50'.  According  to 
the  time  of  mars  coming  to  the  meridian  for  some 
days  after,  it  appeared  that  in  the  interval  between 
the  two  observations  the  right  ascension  had  in- 
creased but  I4^  Therefore  2^  in  time,  or  30''''  in 
motioni,  is  the  real  parallax  in  right  ascension; 
41**  10'  is  the  co-latitude;  and  49°  15^  and  56°  30'  are 
the   hour  angles  from  the  planet's  meridian:  con- 

,  20"  X  co-sine  i  <° 

sequently  -T 5 J  ^     /   ,  ^^     ,  = 

^  ■'     sine  41"    lO'    X   sine  49^    15    -|-   sine  56"^  30' 

T^^^^^^^;^=^f'^  nearly,  horizontal  paral- 
lax of  mars ;  differing  from  the  conclusion  drawn 
from  the  former  method  about  4'''. 

92.  If  the  parallax  in  altitude  of  a  planet  is 
known,  and  its  position  in  respect  of  the  ecliptic  and 
circles  of  longitude,  we  may  readily  find  the  parallax 
of  latitude  and  longitude :  or,  if  we  know  the  posi- 
tion relative  to  the  equator  and  circles  of  declination, 
we  may  determine  the  parallax  of  right  ascension 
and  declination. 

For,  I.  Let  HR  (fig.  14,  PI.  1.)  represent  the 
horizon,  EQ^the  ecliptic,  P  its  pole,  Z  the  zenith, 
r  the  apparent  place  of  the  body,  Z  r  K  a  vertical 
circle  drawn  through  it,  v  the  true  place,  Vva,  Vrh, 
circles  of  longitude :  then,  v  r  being  the  parallax  of 
altitude,  r  s  is  the  parallax  of  latitude,  and  a  b  the 
parallax  of  longitude.  Then,  on  account  of  the  mi- 
nuteness of  the  triangle  v  r  s,  we  may  reckon  it  right-, 
lined,  and  shall  have  given  v  r,  the  angle  -y  r  *,  and 
s  a  right  angle ;  whence  we  obtain  r  s  and  v  s  :  and 
in  the  similar  triangles  P ^; *,  Fab,  it  will  be  as  sine 
P  V  :  radius  : ;  vs  :  a  b  ;  whether  this  is  to  be  added 
^p,  Of  subtracted  from,  the  longitude  at  v,  will  ap- 
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pear  from  considering  the  positions  of  E  Q,   Z  K, 
and  P^. 

2.  If  E  Q  represent  the  ecliptic,  P  its  pole,  -and 
H  R  the  horizon  j  then  r  s  will  be  the  parallax  of 
declination,  and  a  b  that  of  right  ascension,  as  ob- 
served in  Art.  91. ;  and  the  ms;thod  of  finding  them 
is  manifest  from  what  has  already  been  said. 

If  P  r  and  Z  r  coincide,  then  t'  r=s  r,  and  'V  s=o. 
That  is,  if  the  vertical  circle  coincide  with  the  circle 
of  longitude  or  of  declination,  the  parallax  of  lon- 
gitude or  of  right  ascension  is  nothing,  and  the  pa- 
rallax of  latitude  or  of  declination  is  equal  to  the 
parallax  of  altitude.  This  agrees  with  what  was  ob- 
served in  Art.  85. 

But  if  EQ^and  ZK  coincide,  then  'V7'=ab,  and 
r,s=o.  That  is,  if  the  vertical  circle  coincide  with 
the  ecliptic  or  the  equator,  then  the  parallax  of  lon- 
gitude or  of  right  ascension  is  equal  to  the  parallax 
of  altitude,  and  there  is  no  parallax  of  either  latitude 
or  declination,  according  to  the  respective  cases. 

03.  From  the  enquiry  which  has  been  made  into 
the  nature  and  effects  of  parallax,  it  appears,  that  in 
all  observations  upon  the  heavenly  bodies  it  is  neces- 
sary to  know  how  much  they  are  depiessed  by  pa- 
rallax, in  order  that  we  may  add  so  much  to  the  ap- 
parent, to  obtain  the  true,  altitude :  however,  in 
most  of  them,  except  the  moon  (whose  horizontal 
parallax  varies  from  about  61'  32''''  to  53'  $2^%  the 
parallax  is  so  minute  as  to  demand  our  attention 
but  in  few  cases :  the  mean  horizontal  parallax  of 
the  sun  is  not  more  than  about  8'''*75,  as  will  be 
shewn  in  a  subsequent  chapter  (^Chap.  XX.)  ;  and 
of  course  its  parallax  at  the  altitude  of  50°  or  60* 
will  be  very  inconsiderable ;  it  may  be  allowed  for, 
at  any  altitude,  by  the  rule  given  in  Art.  83.  or  by 
Table  V.  at  the  end  of  the  volume. 

But  the  great  use  of  parallaxes  is  in  finding  th^ 
distances  of  the  heavenly  bodies  from  the  earth,  a^ 
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mentioned  in  Art.  88.  On  this  account  they  are  of 
great  importance  in  astronomy,  and,  as  we  shall  find, 
assist  us  very  materially  in  determining  not  only  the 
distances,  but  the  dimensions  of  the  planets  and  their 
orbits  *. 

REFRACTION. 

94.  It  is  an  established  principle  in  the  theory  of 
Dioptrics,  that  as  soon  as  rays  of  light  enter  obliquely 
into  a  medium,  the  density  of  which  differs  from 
that  of  the  medium  whence  they  came,  they  are  bent 
from  their  rectilinear  direction  :  if  the  medium  into 
which  the  rays  enter  is  equally  dense  throughout, 
they  are  only  bent  at  their  entrance  ;  but  if  its  den- 
sity increases  in  proportion  to  its  depth,  the  rays  of 
light  will  be  more  and  more  curved,  their  curvature 
following  a  law  that  is  correspondent  to  that  propor- 
tion. 

This  takes  place  in  the  rays  of  light  passing  from 
the  heavenly  bodies  to  the  eye  ;  for  the  atmosphere, 
through  which  they  must  pass  before  they  arrive  at 
the  eye,  being  unequally  dense,  viz.  rarest  in  the 
upper  regions,  and  increasing  gradually  in  density 
unto  the  parts  contiguous  to  the  earth,  where  it  is 
most  dense,  causes  the  rays  to  be  bent,  and  arrive 
at  the  eye  in  a  different  direction  from  that  in  which 
they  would  come  to  it,  were  it  not  for  the  effect  of 
the  intervening  medium  :  the  difference  between  the 
real  and  apparent  places  of  the  heavenly  bodies,  as 


*  We  have  considered  the  effects  of  parallax  upon  the  supposl- 
tioH  that  the  earth  is  a  sphere  ;  a  supposition  which  will  in  no 
case  respecting  parallax  produce  a  material  error,  unless  in  the 
more  nice  and  accurate  calculations  relative  to  the  moon,  whose 
parallax  is  larger  than  that  of  any  other  heavenly  body.  Those 
who  wish  to  see  the  computations  in  this  case,  considering  the 
earth  as  a  spheroid,  are  referred  to  Chap.  VI.  of  Mr.  Vince's  Com" 
flett  Sjstem  of  Astronomy. 
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affected  by  the  passage  of  the  rays  of  light  through 
the  atmosphere,  is  by  astronomers  called  refraction; 
and  is  what  we  now  propose  to  consider. 

*^b.  In  fig.  165  PI.  I.  B  O  D  is  designed  to  repre- 
sent the  surface  of  the  earth,  on  which  the  observer 
stands  at  O,  and  F  G  H  is  the  surrounding  atmo- 
sphere :  now  rays  of  light  proceeding  from  a  body 
Z  in  the  zenith,  faUing  directly  on  the  atmosphere, 
are  not  refracted  thereby,  but  continue  in  the  same 
direction  till  they  reach  the  eye  of  the  observer.  But 
if  the  lays  proceed  from  a  body  not  in  the  zenith, 
as  A,  they  fall  on  the  atmosphere  obliquely ^  and  are 
bent  or  refracted  into  a  curve  whose  concavity  is 
turned  towards  the  earth's  centre  C,  and  thus  reach 
the  observer  at  O  in  the  direction  O  a :  the  observer 
perceiving  objects  only  by  the  impression  which  rays 
proceeding  from  them  make  on  his  eye,  concludes 
that  those  objects  are  in  the  direction  of  the  impres- 
sion his  eye  received ;  and  therefore  he  supposes  that 
the  body  A  is  at  the  place  a.  Thus  also,  if  the  rays 
from  a  star  E  pass  on  to  the  eye  by  a  curve-line  H  O, 
the  observer  judges  that  star  to  be  in  the  direction  of 
the  side  of  this  curve  terminating  at  the  eye  ;  that  is, 
he  conceives  it  to  be  at  e,  in  the  direction  O  e,  touch- 
ing the  curve  at  the  point  O,  where  it  enters  the  eye. 
The  length  of  the  curve,  and  its  degree  of  curvature, 
depends  upon  the  space  it  runs  through  in  crossing 
the  atmosphere,  on  the  density  of  the  different  la- 
mina of  the  atmosphere  through  which  the  rays  pass, 
and  on  their  obliquity  in  entering  these  lamina. 

96,  From  the  above  it  naturally  follows,  that  an 
object  at  the  zenith  is  not  liable  to  refraction ;  but 
that,  as  the  distance  from  the  zenith  increases,  the 
refraction  becomes  perceptible,  and  is  proportionally 
greater  as  the  body  observed  is  farther  from  the  ze- 
nith, until  it  reaches  the  horizon^  where  the  refrac* 
tion  is  greatest* 
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97.  Also,  that  by  the  effect  of  refraction  the 
heavenly  bodies  appear  more  elevated  above  the  hori' 
zon  titan  they  really  are ;  and  that,  in  order  to  com- 
pensate for  this,  something  must  be  subtracted  from 
all  the  apparent  altitudes  of  those  bodies :  in  conse- 
quence of  this,  it  likewise  happens  that  the  stars,  sun, 
&c.  are  actually  below  the  horizon,  when  they  ap- 
pear to  be  above  it ;  and  hence  they  appear  to  rise 
sooner  and  set  later  than  they  would  otherwise  do. 

98.  It  follows  also,  that  all  the  heavenly  bodies 
are  equally  affected  by  refraction  at  equal  apparent 
altitudes ;  and  therefore  it  differs  essentially  from 
parallax  in  two  respects :  parallax  causes  the  apparent 
places  of  the  heavenly  bodies  to  be  lower  than  their 
real  ones,  refraction  causes  them  to  be  higher ;  the 
former  depends  both  upon  the  apparent  altitude  of 
a  body  and  its  distance,  the  latter  depends  upon  the 
apparent  altitude  alone,  without  any  regard  to  its 
distance. 

99.  Refraction  likewise  occasions  two  celestial 
objects  to  appear  nearer  each  other  than  they  are 
in  reaHty  :  thus,  let  the  star  A  (fig.  15,  PI.  I.)  be  in 
the  vertical  A  Z,  the  star  B  in  the  vertical  B  Z,  their 
true  distance  is  A  B,  an  arc  of  a  great  circle  j  but  if 
A  be  raised  by  refraction  to  ^,  and  B  by  the  same 
cause  be  apparently  elevated  to  ^,  their  apparent 
distance  will  be  a  b,  which  must  be  less  than  A  B, 
because  the  two  verticals  Z  H,  Z  R,  converge  so  as 
to  meet  in  the  zenith  Z.  If  the  apparent  altitude  of 
each  star  be  the  same,  and  we  know  the  refraction 
at  that  altitude,  by  deducting  it  we  get  the  true  alti- 
tude of  each  star :  and  then  it  will  be,  as  sine  of 
Z  ^,  the  apparent  zenith  distance,  :  sine  of  Z  A,  the 
true  zenith  distance,  : :  ab,  the  apparent  distance 
between  the  stars,  :  AB,  their  true  distance.  But 
if  the  apparent  altitudes  of  the  two  stars  are  different, 
then  in  the  spherical  triangle  2,ab,  we  know  Z  a, 
and  Z  by  the  complements  of  the  apparent  altitudes. 
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and  a  h,  the  apparent  distance,  whence  we  find  the 
angle  Z ;  and  after  adding  the  refractions,  we  have 
given  in  the  triangle  Z  A  B,  the  two  sides,  Z  A  and 
ZB,  with  the  included  angle,  whence  we  discover 
A  B  the  true  distance. 

i  00.  The  horizontal  refraction  being  the  greatest, 
is  the  cause  of  the  sun  and  full-moon  appearing  of 
an  oval  form  when  rising  and  setting  ;  for  the  lower 
edge  being  more  refracted  than  the  upper  one,  they 
are  brought  nearer  together  in  appearance,  and  the 
vertical  diameter  shortened  :  but  refraction  does  by- 
no  means  shorten  the  horizontal  diameter  so  much  ; 
— hence  the  body  appears  oval,  but  not  completely 
elliptical. 

1 0  J .  Refraction  will  be  of  various  denominations, 
as  it  respects  different  circles  on  the  earth  or  hea- 
vens :  these  being  very  similar  to  the  different  kinds 
of  parallax,  will  be  sufficiently  explained  by  referring 
to  fig.  13,  PI.  I.  Thus,  if  EQ^be  the  equator,  P 
its  pole,  C  L  the  ecliptic,  p  its  pole,  Z  R  a  vertical 
circle,  A  the  real  place  of  an  heavenly  body,  B  its 
apparent  place ;  then  A  B  is  the  rcj  raction  of  alti- 
tude, dc  is  the  refraction  of  right-ascension.  Bo  the 
refraction  of  declination,  A  u  the  refraction  of  lati- 
tude, and  I  b  the  arc  on  the  ecliptic  by  which  the 
longitude  is  increased  or  diminished  by  refraction, 
the  nj  raction  oj  longHude,  The  mode  of  deducing 
one  of  these  from  the  other,  is  so  much  like  that 
which  was  illustrated  in  Art.  92.  as  to  need  no  farther 
remarks. 

10:,.  The  refraction  being  occasioned  by  the  at- 
mosphere, must  be  inconstant,  and  liable  to  changes 
in  seme  degree  proportional  to  the  variations  happen- 
ing In  the  state  of  the  air  :  for  when  the  air  Is  con- 
densed, refraction  is  increased ;  and  when  it  is  rarefied, 
refraction  is  diminished.  Refraction  Is  therefore 
greater  in  cold  weather^  or  in  cold  countriesj  than 
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in  hot ;  it  Is  greater  also  in  the  morning  than  in  the 
evening,  because  the  air  is  rarefied  by  the  heat  of 
the  sun  in  the  day,  and  condensed  by  the  coolness 
of  the  night.  Experience  teaches  us,  that  the  hori- 
zontal refraction  varies  from  31'  to  35'  or  36' ;  and 
the  refraction  to  the  height  of  1 0°  or  1 2°  varies  pro* 
portionally.  On  these  accounts  no  crart  method 
can  be  laid  down  for  deducing  the  refractions  of 
heavenly  bodies,  either  immediately  from  celestial 
observations,  or  by  means  of  any  physical  hypothesis. 
Yet,  as  a  proper  combination  of  experiment  and 
theory  will  enable  us  to  determine  the  refractions 
at  all  altitudes  with  sufficient  accuracy  for  every  prac* 
tical  purpose,  one  or  two  of  the  best  methods  are 
here  explained. 

103.  The  refraction  may  be  ascertained,  at  some 
particular  altitudes,  thus :  Take  the  altitude  of  thg 
sun,  or  of  some  star  whose  right  ascension  and  de- 
clination are  known,  and  obsc'rve  the  time  by  a  good 
clock ;  then  remark  carefully  the  interval  which 
elapses  from  the  moment  of  the  observation  to  the 
sun  or  star's  transitting  the  meridian,  from  which 
the  hour  angle  will  be  known,  by  reckoning  15''  tp 
an  hour.  Then  (fig.  14,  PI.  I.)  in  the  triangle  ZPr, 
there  are  known  P  Z  the  complement  of  the  latitude, 
P  V  the  complement  of  the  sun's  or  star's  declination, 
and  Z  P  '0  the  hour  angle  from  the  meridian  ;  whencs 
we  find  Z  v  the  complement  of  the  altitude.  The 
difference  between  the  altitude  obtained  by  observa- 
tion and  that  resulting  from  this  calculation,  is  ob- 
viously equal  to  the  refraction  at  that  altitude. 

This  rule  has  been  thus  put  in  practice  by  Cassini; 
he  observed  the  altitude  of  the  sun's  centre  in  latitude 
4&°  50'  10'''',  on  May  i,  1738,  at  5'^  ^Orpinthe  morn- 
ing, and  found  to  be  5**  o'  14''.  The  sun's  declinac 
tion  was  15°  o'  if,  the  distance  from  the  meridian 
6"  4c'',  which  gives  ico°  for  the  hour  ^ngle  %Vv', 
the  co-Utitude  P  Z  was  41"  9'  50^^  and  tha  co-declif 
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nation  Pv=  74°  59'  i^f,  from  which  the  calcula- 
tion gave  Zt;  =  85°  10'  W^  for  the  co-altitude  ; 
consequently  4°  49'  52^^  was  the  true  altitude.  Add 
W^  for  parallax,  to  5°  o'  14^^  apparent  altitude  of  the 
centre  ;  the  sum  5°  o'  22''  is  the- apparent  altitude 
corrected  for  parallax  :  therefore  5°  o'  21" — 4°  49^^ 
$2'^  =  10'  30^,  the  refraction  at  the  apparent  altitude 

104'.  xinother  method.  Take  the  greatest  and 
least  altitudes  of  some  circumpolar  star  (Art.  31.) 
which  at  its  greatest  altitude  is  either  at  or  near  the 
zenith,  and  of  course  then  free  from  refraction  : 
then,  having  the  latitude  of  the  place,  the  apparent 
distance  of  the  star  from  the  pole  will  be  known  at 
each  observation  (Art.  61);  the  less  of  these  distances 
taken  from  the  greater,  will  leave  the  refraction  at  the 
least  altitude. 

Example.  M.  de  la  Caille  observed  a  star  to  pass 
the  meridian  of  Paris  within  6'  of  the  zenith,  and 
consequently  at  the  distance  of  41°  3'  50''''  from  the 
pole,  the  latitude  being  48 "^  50'  10'''',  as  above  stated: 
he  observed  its  meridian  altitude  when  under  the  pole 
to  be  7°  52'  25^''  ;  but  the  altitude  as  deduced  from 
the  polar  distance  should  be  7°  4.6'  20"  j  the  differ- 
ence between  these,  viz.  6'  5'''',  is  the  refraction  at  the 
apparent  altitude,  7°  52'  25'  ;  on  the  supposition 
that  the  observations  were  accurately  made. 

105.  The  refraction  at  some  one  or  more  apparent 
altitudes  being  found,  it  then  becomes  necessary  to 
enquire  by  what  law  it  varies  ;  so  that  when  it  is  de- 
termined in  a  few  instances,  it  may  be  ascertained  in 
every  possible  case  :  in  order  to  this,  let  AN/,  in 
Fig.  2,  PI.  II.  represent  the  angle  of  incidence,  AN^/ 
the  angle  of  refraction,  and,  of  course,  /N^/  the 
quantity  of  refraction.  Then  AT  is  the  tangent  of 
A  a,  B  a  its  sine,  and  C  z  the  sine  of  A  /  ;  draw  ae 
parallel  to  AN,  and  because  the  refraction  in  the 
case  now  under  consideration  is  very  small,  a  e  i  may 
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be  considered  as  a  rectilinear  triangle  ;  therefore,  by 
similar  triangles,    we   have   B  N  :  N  «  : :  <?  i :  rz  i  == 

g  j^   .     Here,  as  N  «  is  constant,  and  the  ratio  of 

B  « :  C  /,  the  sines  of  refraction  and  incidence,  is 
constant  also,  by  the  laws  of  refraction,  their  differ- 
ence e  i  must  vary  as  B  c/ ;  and  consequently  a  i  will 

vary  as  -^.  But  A  T  being= — g-^^^ — ,  which,  be- 
cause a  N  is  constant,  must  also  vary,  as  ^r-r^;  there- 
fore a  i  the  refraction,  will  be  as  A  T  the  tangent  of, 
the  apparent  zenith  distance  of  the  celestial  body  : 
for  the  angle  of  refraction  A  N  «  is  equal  to  the  ap- 
parent zenith  distance,  in  this  kind  of  refraction. 

This  rule  will  deviate  in  very  small  apparent  alti- 
tudes, where  the  rays  coming  to  the  atmosphere  in  a 
direction  nearly  parallel  to  the  horizon,  have  a  very 
large  portion  of  it  to  pass  through,  which  enlarges 
the  refraction  so  much,  that  a  e  i  cannot  without 
error  be  considered  as  a  rectilinear  angle.  On  this 
account.  Dr.  Bradley^  adopting  the  principle,  that  the 
force  with  which  a  ray  is  attracted  in  passing  through 
the  atmosphere  is  uniform,  has  deduced  a  very 
simple  and  general  rule  for  the  refraction  r  at  any 
altitude  a  whatever  ;  viz.  as  radius  i  :  cotang.  a  -f-  3 r 
:  :  57"  :  r,  the  refraction  in  seconds  :  this  rule  is 
found  'to  agree  exceedingly  well  with  observations 
made  at  the  mean  states  of  the  barometer  and  ther- 
mometer. He  has  also  given  formulae,  by  which  the 
refraction  may  be  found,  at  any  other  states  of  the 
atmosphere,  to  as  great  exactness  as  need  be  looked 
for  in  such  enquiries. 

!()().  The  methods  given  in  articles  103.  and  104. 
are  both  liable  to  objection  ;  for  each  of  them  re- 
quires a  knowledge  of  the  latitude  of  the  place  of 
observation,  which  cannot  be  obtained  without  an  al- 
lowance for  refraction  ;  an  allowance  that  certainly 
cannot  be  made  with  accuracy  until  the  refraction  is 
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determined.  An  ingenious  method,  invented  by 
Bosawkh,  is  not  liable  to  this  objection,  and  is 
therefore  now  given,  as  it  requires  the  admission  of 
no  other  principles  than  those  exhibited  in  the  last  ar- 
ticle. He  proposes  to  find  the  refractions  by  the 
variation  of  the  zenith  distances  of  the  circumpolar 
stars,  thus  :  Let  A  and  a  be  the  apparent  zenith  dis- 
tances of  a  star  on  the  meridian  below  and  above  the 
pole,  X  and  .r  the  respective  refractions,  B  and  b  the 
apparent  meridian  zenith  distances  of  another  star 
below  and  above  the  pole,  Z  and  :;  the  corresponding 
refractions  :  then  the  true  distances  from  the  pole 
will  be  A  -{-  X,  a  -{■  r,  and  B  -f-  Z,,  b  -{■  z  ;  and  as 
the  distance  of  the  pole  from  the  zenith  is  equal  to 
half  the  sum  of  the  greatest  and  least  true  zenith 
distances,  we  have  A-j-X-f-^'z-f-'^^B-f-Z-j-  b 
4-  z  ;  consequently  (I)  X  -f-  x  —  Z  —  3:  =  B  -f 
b  —  A  —  a.  Now,  supposing  (Art.  105.)  the  refrac- 
tions to  be  as  the  tangents  of  the  zenith  distances, 

we  have,  tang.  A ;  tang.  <?  : :  X  :  x  =  ■  ^^^l'^'^^-  ;  for  a 

.     .,  „  X.  tana.  B  J  X.  tang.  *   _^ 

Similar  reason  Z  = r— ,  and  z  =  — ~— T"'-  -"Y 

tang.  A    '  f^"g-  A  ^ 

substituting  these  in  the  equation  (I)  we  obtain  X  = 
T^ —     ^       ^  ^  ^o^'  , 7  ;  whence  the  other 

tang.  A  +  tang,  a  —  tang,  b  —  tang,  b  ' 

refractions  become  known.  Or,  if  we  adept  Dr. 
Bradley'?,  theorem,  and  suppose  the  refractions  to 
vary  as  the  tangent  of  the  zenith  distance  diminished 
by  three  times  the  refraction  ;  then,  by  putting  A  — 
3  X  =  M,  a  —  3  a-  =  w,  B  —  3  Z  =  N,  and  b 
-—32  =  /?,  we  have  by  reduction,  X  = 

B   H-  /i  —  A  —  a   X  tn'  g.  VT.  r        i_  r 

z-T—, — — r; ,  tor  the  true  rerrac- 

tang.  M  -f  tang,  m  —  tang.  xN  —  tiing.  «  ' 

tion  at  the  apparent  zenith  distance  A  ;  and  from 
this  we  get  the  other  refractions,  by  the  equations  .y 

X.  tansj.  m      r-w  X.  tang.  N  ,  X.  mnpr.  n 

=   n"-  >  Z  = \s — ,  and  z  = —r  \ 

tang.  M      '  tang.  M.,  '  Uii^.  iVi    ' 

or  more  generally  by  Dr.  Bradley  s  rule. 
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In  this  manner  the  refraction  of  all  altitudes  may 
be  found  by  means  of  a  few  accurate  observations,  and 
reduced  into  a  table  for  general  use,  as  given  in  table 
VLL  at  the  end  of  this  volume. 

107.  The  atmosphere  also  causes  a  particular  kind 
of  phenomenon,  besides  the  astronomical  refractions, 
which  is  the  morning  and  evening  twilight  :  it  is  called 
twilight,  as  being  between  or  partaking  of  two  lights, 
that  of  the  sun  and  that  of  the  stars  ;   the  latin  word 
crcpiiiicuum  arises  from  its  being  doubtful  whether  it 
be  day  or  night.     The  morning  twilight  begins  when 
the  sun  is  not  more  than  about  1 8°  below  our  horizon, 
for  then  his  rays  first  reach  the  eastern  parts  of  the 
air  so  as  to  be  brought,  in  part  by  refraction,  and  part 
by  reflection,  within  our  horizon  ;  as  the  sun  grows 
nearer  rising,  his  light  diffuses  itself  farther  round, 
and  enlightens  a  larger  portion  of  air,  which  thus  be- 
comes more  and  more  illuminated,  till  the  sun  rises  : 
in  like  manner,  after  sun-set  the  light  gradually  de- 
cieey-jes,  till  the  sun  is  gotten  so  low  that  none  of  his 
rays  can  reach  the  western  parts  of  the  atmosphere  so 
as  to  be  brought  by  reflection  and  refraction  without 
our  visible  horizon.     There  is  some  little  difference  in 
the  duration  of  twilight,  arising  from  the  different 
density  of  the   atmosphere,  and  other  causes  :  thus, 
when  the  vapours  and  other  particles  which  reflect  the 
solar  rays  are  carried  to  a  greater  height  than  at  other 
times,  the  sun  may  be  depressed  more  than  1 8°,  and 
yet  produce  twilight ;  when  these  particles  are  lower 
in  the  atmosphere,  the  sun  cannot  produce  twilight 
when  it  is  depressed  18°.    On  these  accounts  the  even- 
ing twilight  is  longer  than  that  in  the  morning,  and 
the  twilight  is  longer  in  hot  weather  than  in  cold, 
other  circumstances  being  the  same.     There  are  also 
differences  in  the  time  of  twilight,  owing  to  the  differ- 
ent situations  of  places  upon  the  earth,  or    to  the 
change  of  the  sun*s  apparent  place  in  the  heavens  : 
thus,  if  a  place  be  situated  in  a  parallel  sphere ^  or 
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nearly  so,  the  apparent  motion  of  the  sun  being  either 
quite  or  nearly  parallel,  he  will  be  carried  round  for 
some  months  at  a  less  depression  than  i8°,  during 
which  there  will,  of  course,  be  no  real  night.  In  a 
right  sphere,  the  twilight  is  shortest,  because  the  sun 
rising  and  setting  at  right  angles  to  the  horizon,  he  is 
depressed  i8°  below  the  horizon  in  the  shortest  pe- 
riod. In  any  place  in  an  oblique  sphere,  the  nearer 
it  is  to  one  of  the  poles,  the  longer  the  twilight;  and, 
consequently,  the  nearer  the  equator,  the  shorter  the 
twilight.  As  to  the  different  places  of  the  sun;  the 
twilight  is  longest  in  all  places  in  north  latitude,  when 
that  luminary  is  in  the  tropic  of  cancer  ;  in  south  la- 
titudes, when  the  sun  is  in  the  tropic  of  Capricorn. 
The  time  of  the  shortest  twilight  is  different  in  difier- 
ent  latitudes :  in  England  it  is  shortest  about  the 
eleventh  or  twelfth  of  October,  and  the  second  or 
third  of  March,  as  will  be  shewn  by  calculation  in  the 
next  chapter  (Art.  141.). 

h 
Equation  of  Time, 

108.  It  would  be  far  from  an  easy  task  to  give  a 
precise  definition  of  duration  and  iiiiie  ;  but  it  is  not 
necessary  to  attempt  it,  since  from  the  succession  of 
our  own  ideas,  and  from  the  successive  variations  of 
external  objects,  we  easily  acquire  the  ideas  of  them 
and  of  their  measures.  We  conceive  true  or  absolute 
time  to  flow  uniformly  in  an  unchangeable  course, 
which  alone  serves  to  measure  with  exactness  the 
changes  of  all  other  things  ;  and  unless  we  apply  to 
the  vulgar  measures  of  time,  which  are  gross  and  inac- 
curate, some  proper  corrections,  the  conclusions  are 
always  found  erroneous.  Yet  however  various  the  flux 
of  time  may  appear  to  different  intellectual  beings,  it 
cannot  for  a  moment  be  thought  to  depend  upon, 
or  be  regulated  by,  the  ideas  of  any  created  being 
whatever :  it  therefore  becomes  requisite  to  choose 
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some  object  as  a  proper  and  adequate  measure  of 
time.  For  this  purpose  we  fix  upon  either  some  na- 
tural object,  whose  motion  is  conspicuous  and  nearly 
uniform,  or  some  artificial  contrivance  invented  for 
the  purpose  of  determining  this  measure  :  of  the  first 
kind  the  sun  has  been  chosen,  and  of  the  latter  a  pcf:- 
dulum  clock  ;  but  as  the  motion  of  the  sun  is  not  ex- 
actly uniform,  and  a  clock  is  liable  to  variation  in  its 
motions,  as  it  is  affected  by  the  changes  in  the  atmo- 
sphere with  respect  to  heat  or  cold,  dryness  or 
moisture,  some  mode  of  comparison  must  be.  con- 
trived which  will  enable  us  to  correct  the  measure  of 
time  deduced  from  the  one,  by  means  of  that  which  is 
gained  from  the  other.  This  is  best  done  by  tracing  out 
the  nature  and  extent  of  the  irregularities  in  the  sun*s 
apparent  motions. 

109.  The  astronomical  day,  at  any  place,  begins 
when  the  sun's  centre  is  on  the  meridian  of  that 
place  ;  it  is  divided  into  24  hours,  reckoning  in  a 
numerical  succession  from  i  to  24  :  the  first  1 2  are 
sometimes  distinguished  by  the  mark  P.M.  signifying 
post  meridiem,  or  afternoon ;  and  the  latter  1 2  are 
marked  A.M. signifying r/;/z'<:'  meridiem, or  before  noon. 
But  astronomers  generally  reckon  through  the  24 
hours,  from  noon  to  noon  ;  and  w^hat  are  by  the 
civil  or  common  way  of  reckoning  called  morning 
hours,  are  by  astronomers  reckoned  in  the  succession 
from  1 2,  or  midnight,  to  24  hours.  Thus  9  o'clock 
in  the  morningof  February  14th,  is,  by  astronomers, 
called  February  the  13th  at  21  hours. 

IH).  The  sun's  daily  motion  in  lo?ii(itude  is  the 
arc  of  the  ecliptic  run  through  in  a  day  ;  his  dailt/ 
motion  in  right  ascension  is  the  corresponding  arc  of 
the  equator :  the  7Tiea?i  daily  motion  in  either  circle 
is  measured  by  59^  8^  nearly.  For  365^  :  i'  :  : 
360°  :  59'  8'''2. 

111.  The  interval  of  time  between  two  successive 
transits  of  the  sun's  centre  over  the  same  meridian, 


7^  True  or  mean 

is  called  a  .?o/«r,  or,  as  above,  an  astronomical  day  ; 
it  is  measured  by  the  sum  of  the  whole  equator 
(360°),  and  an  arc  of  it  equal  to  the  daily  motion  in 
right  ascension.  For  at  the  end  of  a  diurnal  rotation, 
which  is  known  by  observation  to  be  uniform,  the 
meridiai;  is  against  the  same  star,  or  point  of  the 
lecliptic,  it  was  against  at  the  preceding  noon  (setting 
aside  the  very  minute  difference  arising  from  the  prcr 
cession  of  the  equinoxes) ;  but  the  sun,  during  this 
period,  has  removed  from  that  star  to  another,  which 
has  a  greater  right  ascension  :  therefore,  before  the 
sun  can  be  again  on  the  same  meridian,  such  an  ad- 
ditional arch  must  be  described  as  is  equal  to  the 
daily  motion  in  right  ascens  on. 

1  H\  A  s'latrmi  daif  is  the  interval  between  two 
successive  returns  of  the  same  fixed  star  to  the  same 
meridian :  it  is  less  than  the  solar  day,  for  it  is 
measured  by  360°,  whereas  the  mean  solar  day  is 
measured  by  360°  59'  '^''  nearly, 

1 1 3.  True  or  mtuti  timc^  is  that  shewn  by  a  clock 
whose  24  hours  measure  the  time  which  the  sun 
takes  to  describe  an  equatorial  arc  equal  to  360°  59' 
^''^ :  apparciH  time,  is  that  shewn  by  the  sun  or  a 
dial,  where  24  hours  are  measured  by  the  sum  of 
360%  and  that  day*s  motion  in  right  ascension.  The 
tquat'lon  of  thne,  is  the  difference  between  mean 
and  apparent  time,  or  between  the  weaii  and  apparent 
noons,  or  between  the  times  shewn  by  a  clock  and  a 
sun-dial.  If  this  aiuaiian  can  be  accurately  known 
at  all  periods,  it  will  always  enable  us  to  reduce  apr 
parent  time  to  that  which  is  absolute  or  true, 

114.  The  difference  between  the  measures  of  a 
mean  solar  day,  and  a  sidereal  day,  viz.  ^9'  8'''',  re- 
duced to  time,  at  the  rate  of  24  hours  to  360°,  gives 
3"*  56* ;  from  which  we  learn  that  a  star  which  was 
on  the  meridian  with  the  sun  on  one  noon,  will  re- 
turn to 'that  meridian  3"^  c^C""  previous  to  the  next 
^oon  :  therefore  a  clock,  which  measures  mean  days 
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by  24  hours,  will  give  23''  ^6"^  45  for  the  length  of  a 
sidereal  day. 

1  15.  The  mean  and  apparent  solar  days  are  never 
equal,  except  when  the  sun's  daily  motion  in  right- 
ascension  is  59'  8'''' ;  this  is  nearly  the  case  about 
April  15th,  June  15th,  September  ist,  and  December 
24th :  on  these  days  the  equation  is  nothing,  or 
nearly  so  ;  it  is  at  the  greatest  about  November  ist, 
when  it  is  16'"  14'. 

1  16",  The  ecjuation  of  time  is  calculated  by  tracing 
out  the  effects  of  three  combined  causes  \  the  obli- 
quity of  the-  ecliptic,  the  sun's  unequal  apparent  mo- 
tio/i  therein,  and  the  precession  of  the  equinoctial 
points  :  in  consequence  of  the  first  of  these,  in  the 
first  and  third  quadrants  of  the  ecliptic  from  aries, 
that  is,  between  aries  and  cancer,  and  between  li- 
bra and  Capricorn,  the  right  ascension  being  less 
than  the  mean  longitude,  the  point  of  right  ascension 
js  to  the  west,  and  therefore  the  apparent  noon  pre- 
cedes the  mean  noon  ;  but  in  the  second  and  fourth 
quadrants,  "namely  between  cancer  and  libra,  or 
Capricorn  and  aries,  the  right  ascension  being  greater 
than  the  longitude,  or  the  mean  motion  taken  in  the 
equator,  the  mean  noon  is  westward,  and  therefore 
precedes  the  apparent  noon.  But,  even  if  the  plane 
of  the  ecliptic  coincided  with  that  of  the  equator, 
there  would  be  a  correction  necessary  ;  for  the  appa- 
rent annual  motion  of  the  sun  being  not  quite  uni- 
form, a  longer  arc  would  be  described  in  some  days 
than  others ;  that  is,  since  the  right-ascension  and 
longitude  would  in  this  case  be  the  same,  the  daily 
increments  of  right  ascension  would  be  unequal. 

i  17.  Dr.  Maskelyne  has  invented  a  rule  for  com- 
puting the  equation  ql  time,  in  which  all  the  three 
causes  are  considered  ;  it  was  investigated  in  the  fol- 
lowing manner  :  Let  A  PLQ^(fig.  3,  PI.  II.)  be  the 
ecliptic,  A  L  Q^  the  equator,  A  the  first  point  of 
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aries,  P  the  point  where  the  sun's  apparent  motion 
IS  slowest,  S  any  place  of  the  sun  ;  draw  S  v  per- 
?^u  ^°   ^^^    equator,    and    take   A;2  =  AP. 

When  the  sun  begins  to  move  from  P,  suppose  a 
star  to  begm.  to  move  from  n  with  the  sun's  mean 
motion  m  nght-ascension  or  longitude, viz.  (Art.  no.) 
at  the  rate  of  59'  W'  in  a  day,  and  when  n  passes  the 
meridian  let  the   clock   be   adjusted  to    12.     Take 
nm  =  V  s,  and  when  the  star  comes  to  w,  if  the 
sun   moved    uniformly  with  his   mean   motion,   he 
would  be  found  at  .v  ,•  but  at  that  time  let  S  be  the 
place  of  the  sun.     Let  the  sun  S,  and  consequently 
w,  be  on  the  meridian  ;  and  then  as  m  is  the  place  of 
the  imaginary  star  at  that  instant,  w  v  must  be  the 
equation  of  time.     The  sun's  mean  place  is  at  .v,  and 
as  A  ;?  =:  A  P,  and  ??  m  =  P  .y,  we  have  A  in  =  A  P  • 
consequently  m  r  =  A  r  —  A  w  =  A  r — A  P  s.    Let 
a  be  the  mean  equinox,  or  the  point  where  it  would 
have  been  if  it  had  moved  with  its  mean  velocity 
and  draw  a 2:_perpendicular _to_A Qj  then  Am-— 
A  z  +  xm  =  ATx  co-sine  ^  A  a  +  z  m  :  or  because 
the  co-sine  of  2  A  a  the  obhquity  of  the  ecliptic,  2f 
23',  is  =  II  very  nearIy,A;;z  =~Aa-\~  j-  m:  hence 
m  V  =  Av^z  m  —  ^^  A  ^.     Here  A  r  is  the  sun's 
true  right  ascension ;   zm  the  m.ean  right  ascension, 
or  mean  longitude;    and  ii  A  a  (viz.   A  .r)  is   the 
equation  of  the  equinoxes  in  right  ascension ;  there- 
tore  the  equation  of  time  is  equal  to  the  difj trance  of 
the  sun  s  true  right  usLen^ion  and  his  mean  tonoitude 
corrected  by  the  equation  of  the  equinoxes  in'^noht 

^'<^^nuon When  Aw  is  /c.v,- than  A  r,  mean 

or  true  time  precedes  apparent;  when  it  is  Preater 
apparent  time  precedes  mean.  That  is,  when  the 
sun  s  true  right  ascension  is  greater  than  his  mean 
longitude  corrected  as  above  shewn,  we  must  ^^-^  the 
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equation  of  time  to  the  apparent  to  obtain  the  mean 
time ;  and  when  it  is  /e^'.y,  we  must  subtract.  To 
convert  mean  time  into  apparent,  we  must  subtract 
in  the  former  case,  and  add  in  the  latter. 

Tables  of  the  equation  of  time  are  computed  by 
this  rule,  for  the  use  of  astronomers  :  they  are  either 
calculated  for  the  noon  of  each  day,  as  given  in  the 
Nautical  and  some  other  almanacs ;  or  for  every 
degree  of  the  sun's  place  in  the  ecliptic,  as  is  done 
in  Table  VI.  at  the  end  of  the  volume.  But  a  table 
of  this  kind  will  not  answer  accurately  for  many 
years,  on  account  of  the  precession  and  other  causes, 
which  render  a  frequent  revisal  of  the  calculations 
necessary. 

118.  It  must  be  evident  from  the  nature  of  the 
chief  subjects  treated  on  in  this  chapter,  viz.  Parallax, 
Refraction,  and  the  Equation  of  Time,  that  the  re- 
spective corrections  for  each  of  them  must  be  care- 
fully attended  to  in  our  observations  upon  the 
heavenly  bodies,  in  order  that  the  conclusions  result- 
ing from  them  may  be  rehed  upon  in  point  of  accu- 
racy. The  ancients,  though  not  entirely  ignorant 
of  the  nature  of  these  corrections,  conceived  the 
necessity  of  attending  to  them  to  be  much  les 
than  it  really  is,  and  consequently  but  seldom  re- 
garded them  :  on  this  account  we  cannot  place  so 
much  dependence  upon  some  of  their  observations  as 
might  be  wished  ;  though,  on  the  whole,  we  have 
much  greater  reason  to  admire  them  for  their  skill, 
than  X.O  complain  of  their  want  of  exactness. 


(     76    ) 


CHAPTER   VI. 


On  determining  the  Times  of  the  Rising,  Culminat- 
i7ig,  /Setting,  <^'c.  of'  the  Sun  and fhve.d  Stars, 


Art.  ]  19.  WHEN  v/e  enquire  on  what  part  of 
the  day  the  sun  is  in  different  positions,  with  re- 
spect to  the  horizon,  meridian,  prime  vertical,  &c. 
we  always  consider  either  the  sun's  declination,  lon- 
gitude, or  right  ascension,  as  known :  for  the  nature 
of  the  sun's  apparent  motion  is  now  so  well  ascer- 
tained, that  his  declination  for  every  day  at  noon  is 
determined  with  great  precision ;  and  this  being 
known,  together  with  the  obliquity  of  the  ecliptic, 
we  readily  find  either  the  longitude  or  right  ascen- 
sion, by  a  comm.on  and  easy  rule  in  right-angled 
:spherical  triangles.  Nay,  in  the  Naalicat  AhnCoioc 
(which, together  with  the  RaiuisiteTabky,  c2.n\\o\.hQ 
too  llrongly  recommended  to  the  young  astronomer  ■, 
not  only  the  declination,  but  the  longitude  and 
right  ascension  of  the  sun  are  given  for  every  day 
at  noon ;  and  either  of  them  may  be  found  for  any 
intermediate  time,  by  proportion.  Thus,  suppose 
the  declination  on  .April  15th  at  noon  is  9°  41'  50'''' N., 
and  on  the  16th  at  noon  10°  3'  14''''  N  ;  and  the  de- 
clination for  8  o'clock  P.M.  be  required  ;  say,  as 
24''  :  8''  :  :  21'  24''''  (the  difference  between  the  two 
dechnations)  :  7'  W'  -,  which  added  to^  9°  41'  50'^', 
gives  9°  48'  58''''  N.  for  the  dechnation  sought. 

19.0.  It  will  be  proper  to  remark,  in  this  place, 
that  the  declinations,  longitudes,  or  right  ascensions, 
as  given  in  the  Nautical  Almanac,  will  not  answer 
exactly  for  any  other  meridian  than  that  of  Green- 
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wich,  until  an  addition  or  subtraction  is  made  corre- 
spondent to  the  difference  of  longitude  of  the  place 
from  Greenwich.  For  since  the  sun,  in  his  apparent 
diurnal  motion,  is  on  the  meridian  of  places  eastward 
of  Greenwich  sooner  than  on  the  meridian  of  Green- 
wich, and  comes  to  the  meridian  of  places  westward 
of  Greenwich  atter  he  has  quitted  the  meridian  of 
Greenwich,  and  the  diiference  of  time  in  either  case 
h  proportional  to  one  hour  for  15°  of  longitude; 
we  must,  when  the  declination.  Sec.  is  required  for 
any  place  in  tuit  longitude,  les<e/i  the  known  de- 
clination at  Greenwich  proportionally  to  the  differ- 
ence of  longitude,  if  the  declination  at  that  time  be 
incrtcmng,  or  add  to  it  proportionally,  if  the  declina- 
tion be  d'xr'j(iship[ :  a  contrary  mode  of  procedure 
must -be  adopted  if  the  place  be  in  Zf;6^?^  longitude. 
Thus,  sunpose  the  sun's  declination  was  required  at 
eight  o'clock  P.M.  April  15th,  in  60°  we.st  longitude: 
then  say,  as  360°  :  60°  :  :  21'  24''''(dilierence  of  de- 
chnations  as  found  in  Art.  119.):  3'  34^';  which,  as 
the  declination  is  i.icrca>ii)tg,  and  the  longitude  xvest^ 
must  be  added  to  9°  48'  58''''  N.  (the  declination  at 
eight  o'clock  P.M.  at  Greenwich);  gives  9'^  52'  32'*' 
for  the  declination  sought.  These  corrections  may  be 
made,  by  means  of  the  Requhite  Tables,  without  any 

calculation A  due  regard  to  these  preliminary 

observations  will  be  of  considerable  utility  in  solving 
accurately  the  problems  we  now  enter  upon. 

121.  pR03.  I.  To  dctennhic  ike  timed'  0/1  which  the 
Sim  rises  a?id  sets;  huci)ig  the  latitude  of  the  place^ 
and  the  sun's  decUnatiaa. 

Ex.  At  Cambridge,  latitude  52°  12'  35^^  N.  when 
does  the  sun  rise  and  set  on  May  4th,  1801  ? 

In  fig.  4,  PI.  II.  where  H  R  is  the  horizon,  E  Qjthe 
equator,  M  C  the  ecliptic,  and/;/  the  sun's  place  there- 
in on  May  4th,  the  declination  being  north  ;  we  shall 
have  a  b  for  the  parallel  of  declination  nearly  in 
which  the  sun  will  move  on  the  whole  of  that  day. 


78  To  find  the  Sun*s 

and  if  the  figure  represent  the  eastern  hemisphere,  i 
will  be  the  point  on  which  the  sun  will  rise.  Then, 
in  the  triangle  ZNi  are  known  ZN=37°  47'  25'''' 
the  co-latitude,  Ni==74°  5'  35''''  the  co-declination, 
and  Z  /==9o°  the  distance  from  the  zenith  to  the  ho- 
rizon ;  to  find  ZNi  the  hour  angle  from  the  meri- 
dian:  which  converted  into  time,  at  the  rate  of  150 
to  an  hour,  will  give  the  time  from  apparent  noon. 
Now,  one  side,  Z  /,  of  the  triangle  being  =90°,  it 
may  be  solved  by  Napier's  rule  of  the  circular  parts, 
taking  the  parts  adjacent  to  Z  /,  and  the  complements 
of  the  other  three  parts,  for  the  circular  parts.  There- 
fore, as  rad.  :  co-tangent  N  i  :  :  co-tangent  Z  N  :  co- 
sine Z  N  / ;  or  as  rad.  :  tang.declin.  :  :  tang,  latitude  : 
co-sine  of  hour  angle  from  noon.  Hence,  in  the 
present  case,  rad.  .  .  10*0000000 

tang.   15^  54'  2f  9-4548275 

tang.  52     12  35  lo" 1 104697 

Co-sine  of  68 '^  26'  1 1''''  or  of  its  suppt.  ?  ^ 

11.033' 49"  S    9'5«5"97^ 

This  converted  into  time,  gives  7''  26""  14*  from  noon, 
for  the  time  of  the  suns  setting  ;  and  taken  from  1 2^, 
leaves  4''  33™  46'  for  the  time  on  which  the  sun  rises. 
May  4th,  at  Cambridge. 

1  iiJ'i.  But  in  the  above  solution  we  have  not  taken 
into  account  either  the  effects  of  refraction  and  pa- 
rallax, or  the  change  of  declination  in  the  interval 
between  the  sun*s  rising  and  setting  :  yet,  as  the  so- 
lution cannot  be  accurate  whilst  these  are  neglected, 
we  v/ill  make  a  fresh  calculation,  in  which  they  will 
be  attended  to.      Here  we  shall,  by  proceeding  as 

*  It  will  be  evident  from  a  slight  inspection  of  the  figure,  that 
when  the  latitude  of  the  place  and  the  sun's  declination  are  of 
the  same  kind,  viz.  both  7iof-fk,  or  both  south,  then  Z  N «,  the  hour 
angle,  being  greater  than  Z  N  O,  will  exceed  90°  :  and  that  when 
the  latitude  and  declination  are  of  different  kinds,  the  hour  angle 
will  be  less  than  90**. 


Rising  and  Setting.  7g 


directed  in  Art.  1 1 9.  find  the  declination  of  the  sun 
for  the  estimate  times  of  rising  and  setting  (say  7I 
hours  frqm  noon)  to  be  15'^  49'  19"  and  15°  59'  31"; 
therefore,  N  /  =  74°  10'  4.1'',  or  74°  o'  29':  also, 
7j  i  =  go^  -X'T^ean horizontal  refraction  — horizontal 
parallax  =  9o°X.^3' —  8'''  =  90°  32'  52";  and 
Z  N  =  37*^  47'  2^"  :  then  there  are  given  the  three 
sides  of  an  oblique  spherical  triangle,  to  find  the  angle 
Z  N  /,  which  may  be  thus  determined.  First,  for  the 
sun  rising : 

ZN=  37°  47' 25^^ 

Z/.  =  90    32  52 

N  /  =  74    10  41 


im 

202 

30  58 

From  1  sum 
Take  Z  i 

101 

90 

15  29 

32  52 

Difference 

10 

42  37 

Arith.  comp.  sine  N  i  0*0167737 

Do.  sine  Z  N  0-2127005 

Sine  of  |  sum  9*99 156 18 

Sine  of  difference  9'269i569 


2)19*4901929 


Co-sine  of 
co-sine  of  ^ 


I  ZN  /'or     7  ^ 

Iii2-26i2"3       97450964 


Hence  the  time  from  noon  is  7^  29""  45s,   or  4^  30"" 
1 5%  the  time  when  the  sun  rises. 


80  To  find  the  Su))*s  Rising,  S<c. 

2dly.  For  the  lime  of  sunsetting : 
ZN=37°47'25" 

Ni  =  74     o  29 
Sum        202    20  46 


From  f  sum,  loi     10  2^, 
Take  Z /  90    32  52 

Difference         10    37  31 


Arith.  comp.  sine  N  i  0*0171406 

Do.   sine  Z  N  0*2127005 

Sine  of  {  sum  9*9916895 

Sine  of  differ ence  9*2657254 

2)19*4872560 

Co-sine   of    c6°   20'  C2"i  ^   „ 

r  r  ^7  -NT  •  •       Q*74'?62  8o 

or  co-sme  or  f  Z  N  ^         J       >  /  ^  J 

Therefore  twice  ^6^  20'  52",  that  is  112°  41'  44' J5 
the  hour  angle  from  noon,  and  this  reduced  to  time, 
gives  7^  30"  47*  the  moment  when  the  sun  sets. 

x^irj.  From  a  due  consideration  of  the  last  article 
we  may  infer,  that  when  the  latitude  and  decli- 
nation are  of  the  .mme  kind,  and  the  declination  is 
increasing,  the  interval  from  sun-rising  to  noon  will 
be  less  than  from  noon  to  sun-set ;  but  when  the  de- 
clination is  decreasing,  from  sun -rising  to  noon  the  in- 
terval will  be  o-reater  than  from  noon  to  sun-set :  on 
the  contrary,  when  the  declination  and  latitude  are 
of  different  kinds,  if  the  dechnation  is  increasing,  the 
interval  from  sun-rising  to  noon  will  be  greater  than 
from  noon  to  sun-set ;  but  if  the  declination  be  de- 
creasing,the  former  interval  will  be  less  than  the  latter. 

124.  Were  the  times  at  which  the  sun  rises  and 
sets,  at  any  place  on   the  same    parallel   of    lati- 


'  Td  fuel  the  Smi's  Azimuth,  8  V 

tude  as  Cambridge,  to  be  determined,  we  must  pro- 
portion the  change  of  declination  to  the  difference  of 
longitude,  as  directed  in  article  120,  and  we  shall 
find  that  if  the  sun  have  7iortli  declination  increasing,, 
the  days  will  be  longer  in  west  longitude,  and  shorter 
in  east  longitude  (in  the  same  parallel),  than  at  Cam- 
bridge ;  if  the  north  declination  be  decreasing,  the 
days  will  be  shorter  in  zvest  longitude,  and  longer  in 
east :  but  if  the  declination  be  south  and  increasing ^ 
the  days  will  be  shorter  in  zvest,  and  longer  in  east 
longitude  ;  and  contrariwise  if  the  south  declination  be 
decreasing.  Similar  remarks  to  these  will  apply  in 
any  other  situation  in  north  latitude ;  and  just  the 
reverse  in  south  latitude.  But  they  are  too  obvious 
to  need  stating  more  at  large. 

1 25.  We  have  still  paid  no  regard  to  the  equation 
of  fime ;  nor  have  we  made  an  allowance  for  the  ap- 
parent semidiameter  (Art.  304.  or  Tab.  IV.)  of  the 
sun :  to  bring  the  latter  of  these  into  the  calculation, 
let  it  be  added  to  the  side  Z  i  of  the  triangle,  and 
the  work  performed  by  the  rule  used  in  Art.  122. 
But  this  is  left  for  the  exercise  of  the  learner. 

126.  pROB.  II.  To  find  the  sun*s  azimuth  from 
the  north  or  south  when  rising  or  setting,  the  lati- 
tude  and  declination  beins;  Jc/mzon. 

Ex.  On  May  4,  1801,  what  is  the  sun's  azimuth 
from  the  north,  when  rising  at  Cambridge  ? 

Referring  to  the  same  figure,  we  have  given  Z  N  =?: 
37"  47'  25'''  Ni  =:  74^  5'  25"y  and  Zi  =  go^,  to 
find  the  angle  i  Z  N,  which  is  measured  by  the  arc 
i  R.  From  the  circular  parts  we  deduce  this  analogy ; 
sine  Z  N  :  rad.  : :  co-sine  N  i  :  sine  -?  Z  N ;  or,  as  co- 
sine of  latitude  :  rad.  :  ;  sine  of  declination  :  co-sine 
of  azimuth  from  the  north.  That  is,  in  the  instance 
before  us : 


62  The  Sun  on  the  Priine-Vertkat  r 

Arith.  Comp.  co-sIne  52°  12'  ^s"       0*2127004 
Rad.  lo'ooooooo 

Sine      15  54  25         9*4378706 

Co-sine  ^i""  25'  53"  1       ^^ 
Azimuth  from  the  north  J     ^'  S^S7^^ 

In  this  problem,  as  well  as  the  last,  if  we  wish  to 
allow  for  refraction,  parallax,  and  the  change  of  de- 
clination, we  must  have  recourse  to  the  rules  for  ob- 
lique spherical  triangles ;  for  we  shall  have  TLi  —  90* 
+  33'  —  8^,  Z  N  =  the  co-latitude,  and  N  i  =  the 
co-declination  reduced  to  the  time  of  the  sun's  rising 
or  setting,  to  find  the  angle  N  Z  i. 

1^7.  Prob.  III.  Given  the  latitude  of  the  place, 
and  the  sun^s  declination;  to  find  the  time  when  he  is 
on  the  prime  vertical,  and  his  altitude  at  that  time. 

Ex.  What  are  the  times  when  the  sun  is  on  the 
east  or  west,  and  what  his  altitude  at  those  times,  at 
Cambridge,  on  May  4,  1801  ? 

Here  are  given  in  the  triangle  Z  N  rr,  Z  N  the  co- 
latitude,  N  7v  the  co-declination,  and  the  angle  zv  Z  N 
—  90°;  to  find  ZNw  the  hour  angle  from  appa- 
rent noon,  and  Z  rv  the  co-altitude.  And  here  we 
are  furnished  with  the  following  analogies ;  viz.  rad.  : 
co-tang.  N  rr  :  :  tang.  Z  N  :  co-sine  Z  N  re^ ;  or,  as 
rad. :  tang,  declination  :  :  co-tang,  latitude  :  co-sine  of 
the  hour  angle  from  noon ;  also,  co-sine  Z  N  :  rad. 
:  :  co-sine  zc  N  :  cosine  Z  w;  or,  as  sine  latitude  :  rad. 
:  :  sine  declination  :  sine  of  the  altitude.  Hence,  for 
this  example : 
.  Radius  icooooooo 

Tangent     15^  54' 25''        9*4548275 
^  (To-tang.     52    12   35         9*8895736 

Co-sine      yy°  13'  55^  1 

Hour  angle  from  noon  3      "'34440  i 


His  Altitude,  S;c,  at  six  o*  Clock,  9^ 

Arith.  Comp.  sine      52°i2'35'^       0-1022306 
Radius  lo'ooooooo 

Sine     15^  54'  2s"        9*4378705 

Alt.  sine  20^  ly'  34''        9*5401012 

The  above  hour  angle  converted  into  time,  gives 
5^  8"*  56^  for  the  time  past  noon  when  the  sun  is  on  the 
prime  vertical  to  the  zvest ;  or  taken  from  1 2,  leayes 
6**  51'"  4*  in  the  morning,  when  the  sun  is  on  the 
prime  vertical  to  the  east. 

128.  From  this  problem  we  learn,  by  attending  to 
the  figure,  that  when  the  latitude  of  the  place  and 
the  sun's  declination  have  the  same  name,  then  the 
greater  the  declination  and  latitude,  the  greater  the 
altitude^  and  the  less  the  time  from  noon :  and  having 
contrary  names,  the  greater  the  depression^  and  the 
greater  the  time  from  noon.  In  this,  as  well  as  most 
of  the  subsequent  problems  in  this  chapter,  the  cor-* 
fections  for  refraction,  parallax,  and  change  of  de- 
clination, are  not  noticed,  as  they  may  easily  be  sup- 
plied. 

129.  Prob.  IV.  Gi-ven  the  latitude  of  the  place^ 
and  the  sim*s  decimation;  required  the  sun's  alfi" 
tude  and  azimuth  at  si.v  o'clock. 

Ex.  What  are  the  sun's  altitude  and  azimuth,  af 
six  o'clock,  on  May  4,  i8oi,  at  Cambridge? 

Referring  still  to  the  same  figure,  we  have  given, 
in  the  triangle  Z  N  e,  Z  N  the  co-latitude,  N  e  the 
co-declination,  and  Z  N  c  z:  90° ;  to  find  Z  e  the  co« 
altitude,  and  6  Z  N  measured  by  the  azimuth  :  which 
may  be  done  by  these  analogies ;  as  rad.  :  co-sine  Z  N 
:  :  co-sine  N  e  :  co-sine  Z  e ;  or  as  rad.  :  sine  lati- 
tude :  :  sine  declination  :  sine  altitude  j  also,  as  rad. 
:  sine  Z  N  :  :  co-tang.  N  e  :  co-tang  e  Z  N  ;  or,  as 
rad. :  co-sine  latitude  :  :  tang,  declination  :  co-tang". 
Azimuth.    Hence  the  operations  bel9w ; 


^ 


^*  To  deterni'me  the  Suns 

"^^^^S  lO'OOOOOOO 

Sine         52^12^35'      9-8977694 
bme         15  54  25        9-4378706 

Sine         12°  30' 32^'') 

Altitude  at  six  j    9*33564oo 

Radius  10*0000000 

Co-sine    52°  12' 35'^      97872996 
Tangent  15   54  25       9;4548275 

Co-tang.    80^5' ^9^'' 7 

Azimuth  from  north  I    9-2421271 

1 30.  PVom  a  due  consideration  of  this  problem  we 
may  learn,  that  as  the  dechnation  of  the  mme  name  as 
the  latitude  increases,  the  altitude  at  six  o'clock  in- 
creases, and  the  azimuth  lessens;  the  contrary  hap- 
pens while  the  declination  is  diminishing  :  if  the  de- 
clination be  different  from  the  latitude,  the  depression 
ot  the  sun  at  six,  and  the  azimuth  from  the  opposite 
point  H  of  the  horizon,  will  be  affected  in  a  similar 
manner,  by  the  increase  or  decrease  of  the  declina- 
tion. 

131.  Prob.  V.  Given  the  latitude  of  the  place 
the  suji's  declination,  and  altitude,  to  ^find  his  azi- 
muth  and  the  time. 

Ex.  At  Cambridge,  on  May  4,  1801,  what  are 
the  sun  s  azimuth  and  the  time  from  noon,  when  the 
altitude  is  40°  ? 

In  this  problem  are  given  Z  N  the  co-Iatitude, 
L  m  the  co-altitude,  and  N  m  the  co-declination,  to 
imd  L  N  m  the  hour  angle,  and  in  Z  N  the  azimuth  : 
these  may  be  found  by  the  rule  which  was  used  in 
Art.  122.*  :  thus,  for  the  hour  angle  : 

nn^ntf/'^T^^""'^'-^'  f  P,'  "'^  ""^  ^''  Ekmcntan,  Treatises,  has 
pomted  out  a  process  for  the  determination  of  any'angle  of  a  sphe- 
rical tnangle  when  the  jkU'S  are  given,  which,  as  it  niay  be  fre- 


Azimuth  and  Time, 


85 


ZN  = 

37°  4/  25' 

Z  m  r= 

50     0     0 

K?«  = 

74     5  35 

Sum 


161    53     o 


From  I  sum   80  56  30 
Take  X,m      50     o    o 

Difference      30  ^6  30 

Arlth.  comp.  sine  Z  N 
Do  sine  Nwz 

Sine  of  |  sum 
Sine  of  difference 


0*2127004 

9*9945496 
97108917 

2)19-9350984 


Co-sine  of  21°  52' 28^'"!       ,   . 

pr  co-sine  of|ZNw     J     ^  ^  75^9 

Therefore  the  hour  angle  is  43°  44'  ^6",  and  the 
time  before  or  after  noon  2h  ^^""^  Then  for  the 
azimuth : 

^  Sum,  as  before,  80°  56'  39* 

Take  N  7?i  74     5  35 


Difference 


<5    50  55 


qucntly  applied  with  advantage,  is  here  given :  Supppae  In  the 
triangle  Z  N  //i  (fig.  4,  PI.  II.),  of  which  all  the  sides  arc  known, 
it  is  required  to  determine  the  angle  Z  N  m :  in  an  indefinite  right 
line  take  a  f  (fig.  4,  a,  PL  II,)  equal  to  the  difference  of  the  co- 
sines of  the  given  arcs  Z  N,  N  m.  Through  one  extremity  of  that 
line,  as  /',  draw  J*  6,  at  right  angles  with  a  f;  and  from  the  other 
extremity  a,  to  fb,  draw  down  a  b  equal  to  the  chord  of  the  arc 
Z  m.  Then  upon  the  base  fb  constiiict  a  triangle  whose  sides  b  g, 
J'g,  shall  be  equal  to  the  sines  of  the  given  arcs  tw  N,  Z  N,  re- 
spectively. In  this  triangle,  the  angle  fg  h,  opposite  to  the  side 
fh,  is  equal  to  the  spherical  angle  Z  N  m.  The  resolution,  there- 
fore, of  these  two  right-lined  triangles  abf,  h gf,  solves  the  sphe- 
rical problem. 


8S  Errour  in  Suffs  Altitude  giveri, 

Arith.   Comp.  sineZN  0*2127004 

Do.  sine  Z  m  o'l  157460 

Sine  of  |  sum  9*9945496 

Sine  of  difference  9*0764452 


2  )  19*^994412 


Co-sine  of  59^^  56' 34'^  or ^     06007206 
co-3ine  of  |  w«  Z  N  5 

Consequently  119°  53'  8'''  is  the  azimutb  from  the 
north,  or  60°  6'  52^  from  the  south. 

1 32.  In  this  problem  we  have  an  excellent  metho4 
of  finding  the  time  at  any  hour  of  the  day,  by  means 
of  the  sun's  altitude ;  but  that  the  time  may  be  deter^ 
mined  accurately,  the  altitude  must  be  taken  with 
great  care,  and  the  proper  allowances  must  be  made 
for  refraction  and  parallax.  We  may  also  by  assum* 
ing  any  errour  in  finding  the  altitude,  ascertain  the 
conespondingerrour  in  time:  for,  let  r  a- (in  the  same 
figure)  represent  the  errour  in  altitude,  and  let  m  s  be 
drawn  parallel  to  the  horizon,  then,  as  we  suppose 
the  sun*s  declination  to  continue  the  same  during  so 
short  an  interval,  m  and  /•  will  be  the  apparent  and 
real  places  of  the  sun  on  the  parallel  of  decimation, 
and  the  arc  m  r,  or  angle  w  N  r,  will  measure 
the  corresponding  error  in  time.  Now  the  angle  at 
*  is  90**,  and  the  triangle  in  s  r  being  so  exceedingly 
^mall,  may  safely  be  supposed  rectilinear :  hence 

i'  r  ',  r  771  :  :  sine  s  m  r  :  radius, 
and  771  r  :  p  q  I  I  co-sine  ^  r  :  radius  ;  therefore,  by 
multiplying  the  corresponding  terms,  s  r  :  p  q  i  :  sine 
s  m  rX  co-sine  q  r  :  radius  squared ;  and  consequently 

,  .  Radius  *  -n      r»    -kt 

the  arch  pq^sr  x  ,^„, ,  ,„ ,  ^  .^..^^^  ^^ ,  ButZrN 


to  find  that  in  Time,  157 

«=  5  m  r,  s  r  7)1  being  the  complement  of  each  ^ 
and  we  have  sine  Z  r  N  (or  sine  s  m  r)  :  sine  Z  N  :  c 
sine  r  Z  N :  sine  N  r  or  co-sine  q  r  ;  consequently,  sine 
s  m  r  X  C0"Sine  q  r  =  sine  Z  N  x  sine  r  Z  N  5  and 

,         -  Radius  *  v> 

therefore  pq^sr  x-^^-^NlTihlFTzN  =-=  '^  *  X 
— ; — ,  /  J"^ = — ;]-•    From  which  it  appears,  that 

co-sinelat.  X  sin.  azimuth  ** 

since  the  sine  of  the  azimuth  is  a  maximum^  when  the 
sun  is  on  the  prime  vertical,  the  errour  in  time  will 
then  be  a  minimum^  provided  the  refraction  be  pro- 
perly allowed  for.  It  is  best  therefore  to  deduce  the 
time  from  an  altitude  taken  when  the  sun  is  on  or 
near  the  prime  vertical. 

Suppose  now  that,  in  the  example  to  this  problem, 
the  errour  in  the  altitude  is  i',  then/)  q  the  errour  in 

,  ^^  Radius  * 

lime  =aB  I    X   — — ■ -73 ;•■'■■-,;■'-■•    -'  ' •  o T^^^^ 

Co-sine  52*:   la  35     X    sine    119"  53'  o' 

time. 

133.  It  maybe  proper  to  remark,  that  the  work  of 
this  problem  might  have  been  shortened,  by  first 
finding  the  azimuth,  and  then  the  hour  angle  by 
means  of  the  proportion  between  the  sines  of  opposite 
sides  and  angles.  Had  the  azimuth  been  given  in- 
stead of  the  altitude,  the  time  and  the  altitude  might 
easily  have  been  determined,  by  attending  to  the  parts 
given  and  required,  in  the  triangle  Z  N  w.  '■ 

134.  Prob.  VI.  Given  the  latitude  of  Me  place^ 
less  than  the  sun's  declination,  also  the  declination  ami 
azimuth ;  re'^uired  his  altitude  and  the  time  of  obser" 
>vation, 

Ex.  In  the  latitude  of  13^  30''  N,  when  the  sun  has 
23°  28'  N.  declination ;  what  are  the  times  of  the  day, 
and  the  sun's  altitude,  when  he  is  seen  on  the  east- 
north-east  azimuth,  or  67°  30'  from  the  north  ? 

Let  the  primitive  circle  H  Z  R  Q^,  in  fig.  5,  PI.  II. 
represent  the  meridian  of  the  place,  H  R  the  hori- 


88  Latitude  less  than  Dcdinatlon» 

zon,  Z  a  the  prime  vertical*  N  and  S  the  poles,  N  R 
=  E  Z  the  latitude,  ti  m  the  parallel  of  23°  aS''  N.  de- 
clination, ZD  2L  verticle  circle,  which  will  either  touch 
the  parallel  ?i  »?,  or  cut  it  in  two  points  A  and  B  ;  in 
the  present  case  it  intersects,  therefore  let  N  A,  N  B, 
part  of  two  hour  circles,  be  drawn.  Then,  in  the  sphe- 
ric triangle  N  Z  A  or  N  Z  B,  there  are  known,  the  co- 
latitude  N  Z  =  76°  30',  the  co-declination  N  A  or 
N  B  =  66°  32',  and  the  azimuth  N  Z  D  =  67<* 
30'  J  to  find  Z  A  or  Z  B  the  co-altitudes,  and  the  an- 
gles Z  N  A,  Z  N  B. 

Here,  radius :  co-sine  azimuth  : :  cotang.  lat. :  tang, 
of  a  fourth  arc  M  =  57°  54' ;  and  sine  lat.  :  sine  de- 
clin. :  :  co-sine  M  :  co-sine  of  a  fifth  arc  N  =  24°  56'. 
Then  M  -{-  N,  or  S7°  54'  +  24°  56'  =  82°  50'  = 
Z  A,  comp.  of  least  altitude ;  and  M  —  N,  or  ^y°  54' 
—  24°  56'  ;^  32°  58'  =  Z  B,  comp.  greatest  altitude. 
Consequently,  when  the  sun  has  7°  10'  or  $y°  2'  of 
altitude,  he  is  on  the  given  azimuth. 

Again,  co-sine  declin. :  sine  azimuth  : :  co-sine  least 
alt.  :  sine  angle  from  noon  87  ^^' ;  and,  co-sine  de- 
clin". ;  sine  azimuth  :  :  co-sine  great,  alt.  :  sine  angle 
from  noon  33°  14'.  These,  reduced  to  time,  give 
5**  5 1'"  40*  and  2^  12"*  56%  the  respective  times  from 
noon  ;  therefore  the  sun  will  be  seen  on  the  E  N  E. 
azimuth  at  6^  8™  20%  and  again  at  9''  47  "*  45,_both 
in  the  morning ;  also,  in  the  afternoon  he^  will 
be    on     the  WNW.   azimuth  at  2^  12    56^  and 

1 :5S.  But  suppose  it  were  required  to  find  at  what 
time,  and  at  what  altitude,  the  azimuth  of  the  sun 
would  be  greatest,  at  the  same  place  and  day  :  the  azi- 
muth circle  in  this  case  will  touch  the  parallel  7i  m  in 
the  point  C,  and  there  will  be  given  in  the  spherical 
triangle  Z  N  C,  right-angled  at  C,  the  co-latitude  N  Z 
=  76°  30',  and  the  co-declination  N  C  =  66°  32', 
to  find  N  Z  C  the  azimuth,  Z  N  C  the  hour  angle,  and 
Z  C  the  co-altitude :  these,  by  the  well  known  propor- 
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tions  of  right-angled  triangles,  are  soon  found  to  b^ 
70**  y/  the  greatest  azimuth,  56''  £6' the  hour  angle, 
or  3^  45"*  44'  the  hour  from  noon,  and  54  8'  the  co« 
altitude,  or  35®  52'  the  altitude. 

Hence  it  appears  that  the  azimuth  is  altered  only 
3°  7' in  1^  6'",  and  consequently,  as  the  alteration  is 
so  small,  the  variation  of  the  compass  may  be  observed 
with  more  certainty  in  the  torrid  Sone  than  else- 
where. 

1 36".  Prob.  VII.  Given  the  latitude  of  the  place 
and  the  sun's  declination,  inquired  the  time  xvhen  the 
twilight  begins  and  ends, 

Ex.  At  what  time  does  the  twilight  begin  and  end, 
at  Cambridge,  on  May  4,  1801  ? 

It  was  observed  in  Art.  107.  that,  at  a  medium,  the 
twilight  begins  in  the  morning,  and  ends  in  the  even- 
ing, when  the  sun  is  1 8"  below  the  horizon  :  there- 
fore if  ^  /  (in  fig.  4,  PI.  II.)  represent  a  paiallel  to  the 
horizon  drawn  18°  below  it,  or,  as  it  is  sometimes 
called,  the  crepusciilam  circle,  a  h  the  parallel  in 
wliich  the  sun  moves ;  then  will  0  be  the  sun*s  place 
when  the  twilight  begins  and  ends  :  hence  there  are 
given,  in  the  triangle  Z  N  0,  Z  N  the  co-latitude,  N  0 
the  CO -declination,  and  Xo  =^  90°  -f- 18°  =  108°  j  to 
find  Z  N  0  the  hour  angle  from  noon ;  which  may  be 
done  by  the  rule  used  in  Art.  122.  thus: 

ZN=    37° 4/ 25^" 
No  =    74     s  25 
Z  0  =  108     o     o 


Sum  219  SZ     o 

From  I  sum  109  c^S  30 

Take     Z  0  108     o     o 

Difference  1  56  30 


90  On  the  Twilighh 

Arith.  Comp.  sine  Z  N  0*2127004 

^Do.  sine  N  0  o'oi 69567 

Sine  I  sum  9*973* 5^5 

Sine  of  difference  8'5299659 


2)187327745 


Co-sine  of  76*  33'  25"'  7       .  66'i872 
©r  co-sine  offZNo    5     ^  ^     ^  ' 


Consequently  1 53°  6'  50''''  is  the  hour  angle,  and 
10'*  12""  27'  the  time  from  noon  :  that  is,  1''  47*"  33* 
h  the  time  when  day  breaks,  and  10''  la™  27'  in  the 
evening  is  the  time  when  twilight  ends.  If  the  time 
OR  which  the  sun  rises  and  sets  be  taken  from  these 
times,  we  shall  have  2^  46"^  1 3'  for  the  duration  of 
cithei'  morning  or  evening  twilight.  If  the  change'  of 
the  sun's  declination  had  been  taken  ipto  the  account, 
remarks  would  have  been  deduced  siniilar  to  those  iQ 
Art,  1 23, 

]  37-  When  the  decimation  is  equal  to  the  differ* 
cnce  between  the  co-latitude  and  18°,  then  the  par 
rallel  of  declination  a  h  will  just  touch  the  crepus' 
culum  circle  1 1,  and  the  twilight  will  just  continue 
all  night :  when  the  declination  becomes  greater 
than  the  difference  between  the  co-latitude  and  1  8° 
(the  latitude  and  declination  being  of  the  same  kind)^ 
then  a  b  will  neither  cut  nor  touch  t  /,  and  there 
will  be  no  night  at  that  place,  but  the  twilight  will 
continue  from  sun-setting  to  sun-rising :  on  this  ac- 
count, there  is  no  total  darkness  at  London,  the  la- 
titude of  which  is  51^  32',  from  May  2  2d  to  July 
2 1  St,  the  sun*s  declination  during  all  that  interval 
being  greater  than  20°  28',  which  is  the  difference 
between  18**  and  38°  28',  the  complement  of  the 
latitude. 

13^^Prob,VIII.  GVt'Crt  the  latitude  of  the  place,  la 
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find  the  time  6f  the  shortest  tzculighty  and  its  dura" 
tion. 

Let  a  b  (fig.  8,  PI.  II.)  be  the  parallel  of  the  sun's 
decimation  at  the  time  required  ;  draw  c  d  indefinitely 
near  and  parallel  to  it,  and  T  W  a  parallel  to  the  ho- 
rizon 18*  below  it ;  then  v  P  rr,  s^  t  measure  the  twi- 
light on  each  parallel  of  declination,  and  when  the 
twilight  is  shortest,  the  increment  of  the  hour  angle 
being  =s  <?,  these  must  be  equal  j  hence  v  P  r=  xv  P ;:, 
therefore  *or  ^s=txvz;  and  as  r  ^  ==  ^  5r,  and  the  angles 
r  and  z  are  right  ones,  rv s  =  zxv  t ;  but  P i; r «= 
^o"*  =  Z  t;  *;  take  Z  v  r  from  each,  and  there  remains 
P  i;  Z  =  r  v  * ;  for  the  same  reason  P  w  Z  =  j^  w  t ; 
hence  P  t;  Z  c=  P  ?f'  Z.  Take  t;  e  =  xv  Z  =  90®,  and 
join  P  e  ;  then  as  P 1;  =  P  xv^  i;  e  =  wZ,  and  'Pv  ezz. 
P  rt'  Z,  we  have  P  e  =  P  Z  ;  and  if  P  y  be  perpendi- 
cular to  e  Z,  then  will  2,  y  =  y  e.  Now,  by  trig. 
co-sineP  v  :  co-sine  P  e  orPZ : :  co-sine v  1/ :  co-sine  e j/; 
that  is,  sine  declination  :  sine  latitude  : :  sine  e  y  :  co- 
sine e  y  '.  I  tang,  e  3/  ~  3°  :  radius  ;  or,  radius  :  sine 
latitude  :  :  tang.  9^  :  sine  of  the  suns  dedination at 
the  time  of  shortest  txvilight.  Because  PZ  is  always 
less  than  90°,  and  'L  y  zn  9°,  therefore  P  y  is  always 
less  than  90°,  and  confequently  its  co-sine  is  positive  ; 
also  t;  3/  is  always  greater  than  90^,  therefore  its  co- 
sine is  negative  ;  hence  co-sine  Pi'  {zz  co-sine  P  .y  X 
co-sinef  j/)  isncgativcy  consequently  P  v  is  greater  than 
90°,  and  therefore  the  declination  and  latitude  are  of 
contrary  kinds. 

1 39.  To  find  the  length  of  the  shortest  twilight : 
since  7^;  P  Z  —  v  P  e,  therefore  Z  P  d  zz  vV  zi^  measur- 
ing the  time  sought.  Now  sine  P  Z  or  co-sine  latitude 
;  radius  :  :  sine  Z  3/  =  9°  :  sine  Z  P  ?/,  which  doubled, 
gives  Z  P  e  or  1;  P  w ;  and  this,  being  converted 
into  time,  gives  the  duration  of  the  shortest  twi^ 
Jight. 

140,  The  same  analogies  for  the  solution  of  this  pro- 
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blem,  have  been  deduced  from  a  stereographic  prox 
jcction,  in  the  following  manner  : 

Project.  Having  described,  about  the  centres  P, 
m  and  n  (fig.  6,  PI.  II.),  the  primitive  circle  ^  H  Q^ 
representing  the  equator,  ::  O  H  the  horizon,  and 
pfy  i  a  parallel  thereto,  at  1 8°  distance  below  it, 
describe  from  the  centres  P,  ??,  with  the  radii  P  ???, 
and;/S — mO,  two  arcs  intersecting  each  other  in 
C  5  then  producing  the  right  line  n  C,  joining  those 
points,  it  will  meet  the  parallel  of  depression  />  S  / 
in  r/,  the  point  through  which  the  parallel  of  the 
sun's  declination  will  pass  on  the  day  the  proposed 
phenomenon  happens,  and  flP,  the  right  line  join- 
ing those  points,  will  be  the  distance  of  the  parallel 
from  the  visible  pole. 

Demonst.  Describe  the  circle  of  perpetual  appa- 
rition, R B  O  D,  and  the  arcs  t  rr,  ag  ^  po,  .r  z,  &c. 
of  the  parallels  of  declination  intercepted  between 
pSl  (the  parallel  of  depression)  and  ;:r  O  H  (the 
horizon)  ;  also  about  the  centre  C,  with  the  radius 
C^  (=/;?  O),  let  the  circle  KM  be  described,  inter- 
secting the  parallels  of  declination  in  t/,  c,  a,  i,  y,  &c. 
and  it  will  touch  the  parallel  circle  pi  m.  a^  by 
1 1  Euc.  III.  ;  it  wall  also  touch  the  circle  R  B  O  D, 
because  C  P  =  /?i  P,  by  construction  ;  and  it  w  ill 
make  an  angle  aeh  with  the  equator  =  O  //  c,  the 
angle  which  the  horizon  makes  with  the  same  ;  and 
hence  the  parallel  arcs  u  rf,  e  h,  a  g,  i  o,  y  z,  &c. 
intercepted  by  them,  will  be  similar,  and  consequently 
passed  over  by  the  sun  in  the  same  time,  which  will 
manifestly  be  less  than  the  time  in  which  the  cor- 
responding twilight  arcs  tiv,  fh,  p  c,  .r  z,  &c.  will 
be  passed  over,  except  the  twilight  arc  a  g,  which 
will  be  the  same,  and  will  therefore  be  the  shortest. 

Calcula.  Describe  the  vertical  circle  Z  a,  cutting 
the  horizon  and  equator  in  r  and  d  respectively,  and 
the  meridional  arc  P^,  intersecting  the  equator  in  A*  j 
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then  the  right-angled  spherical  triangles  e  a  d,  h  r  d^ 
being  equiangular,  will  be  mutually  equilateral,  antl 
consequently  ad  ==  dr=^<f\  whence,  since  //  r  = 
e  a  =  h  g,  we  have  radius :  tang,  dr  :  :  co-sine  g  h  k 
\j==  sine  latitude  of  the  place)  :  sine  of  g  k,  the  re-  ' 
quired  declination.  Also,  in  the  spherical  triangle 
(I  e  d,  we  have,  sine  a  e  d  (or  co-sine  of  latitude)  :  sine 
of  a  d  (=  9°,  half  the  depression)  :  :  radius  :  sine  of 
e  d,  the  arc  of  the  equator  measuring  half  the  dura^- 
tion  of  the  shortest  twilight  required  *. 

141.  Ej'.  Required  the  time  of  the  year  when  the 
twilight  is  shortest  at  Cambridge,  also  the  duration 
of  the  twilight  at  that  time  ? 


*  It  is  lather  surprising,  that,  although  this  problem  has  been 
considered,  during  the  last  century,  by  some  of  the  most  eminent 
mathematicians  in  Europe,  and  almost  all  ot"  those  who  have  con- 
sidered it  have  deduced    from  their  investigations   the  analogies' 
given  above,  yet  some  persons  have  taken  upon  them  tp  call  in 
question  both  the  principles  on  which  the  investigations  have  pro»r 
ceeded,  and  the  conclusions  arrived  atr    The  grand  objection  of 
most  of  these  censurers,  is  against  the  methixl  of  flvxiuns,  which 
has  been  applied  with  so  much  ingenuity  and  success  to  the  soiu- 
tion  of  this  problem  :  on  this  account,  although  for  my  own  part 
I  think  most  of  the  fluxionary  solutions  admirable,  I  have  given 
two  investigations  on  principles  totally  independent  of  each  other, 
and  each  unconnected  with  fluxions  :  the  first  is  taken  from   Mr. 
Vince's  Vrinciplcs  of  Astronoinij,  and  is  an  improvement  upon  M, 
Cag/wli'^  method  ;   the  other  is  extracted  from   the  Ladies  D'lurjf 
for  1767.     One  can  hardly  help  expecting  that  those  who  endea- 
vour to  amend  the  solution  of  this  problem,  should  have  some 
little  knowledge  oi  the  subject  on  which  they  presume  to  decide, 
contrary  to  the  opinion  of  the  most  learned  and  competent  judges  : 
y^t  in  this  expectation  I  have  been  disappointed;  for  in  No.  VIJI. 
of  that  useful  work  the  Mathematical  Repository,  a  gentleman  has 
given  what  he  calls  "  A  new  Solution  to  an  old  Prohleni,"  the  con- 
clusion of  which  involves  this  absurdity,  that  in  all  latitudes  greater 
than  10",  the  declination  of  the  sun  at  the  time  of  shortest  twi- 
light must  be  such  f/tat  its  sine  shall  considerably  exceed  radius,  that, 
is,  the  ^art  shall  be  far  greater  than  the  v;hole  !  ! 


§^ 
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Radius 

Sine   52°  12'  35^ 

TaTig.  9^ 


10*000000(5 

9-8977694 
9-1997125 


Sine    7°  n' 25''' decl.      9-0974819 


Co-sine  52°  12'  35''', 
Sine    9° 
Radius 

Sine  14°  47'  26^ 


A.C.  0-2127004 

9*1943324 

10*0000000 

9.4070328 


Here  the  declination  of  the  sun  answers  nearly  to 
March  2d,  and  October  12th:  and  twice  14°  47' 26^'' 
converted  into  time,  gives  i^  58"^  19^  for  the  duration 
of  the  shortest  twilight,  on  the  supposition  that  iS^ 
is  the  proper  allowance  for  the  sun's  depression, 

14i\  Prob.  IX.  Give7i  the  latitude  of  the  piacey. 
and  the  sim's  decimation,  to  find  the  time  of  the  day 
ivhcn  the  hour^angle  from  7ioon,  and  the  sun's  azi'^ 
?nuth  from  the  south,  are  equal  to  each  other. 

Ex.  At  what  time  of  the  day,  on  February  19th, 
Is  the  hour-angle  from  noon  equal  to  the  sun*s  azi- 
muth from  the  south,  in  latitude  51°  32'  N.  ? 

Let  H  Z  O  N  (fig.  7,  PI.  II.)  be  the  meridian  of 
the  place,  PBS  the  required  hour  circle,  and  L  B  N 
the  required  azimuth,  or  vertical  circle ;  from  their 
intersection,  B,  let  the  perpendicular  B  C  be  de- 
mitted  upon  the  meridian.  Then  the  angles  C  Z  B 
and  C  P  B  being  equal,  from  the  nature  of  the  pro- 
blem, and  C  P  B  being,  by  spherics,  equal  to  C  S  B, 
therefore  C  Z  B  =  C  S  B,  and  the  triangles  Z  B  C 
and  SBC  are  equal  in  all  respects.  Hence  we 
have,  in  the  triangle  S  C  B  right-angled  at  C,  S  Cn 
lSZ-\  latitude  -f  ^  -  25°  46'  -f  45°  z:  70"  46', 
and  S  B  =  the  co-dechnation  =  78''  39' ;  whence 
the  angle  C  S  B  will  be  found  =  65°  26''',  and  con- 
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Sequently  the  time  is  either  7^  38™  1 6'  in  the  morn- 
ing, or  4*^  21m  44s  in  the  afternoon. 

143.  Since  the  triangles  ZCB,  and  SCB  are 
mutually  equal,  Z  B  the  co-altitude  is  equal  to  S  B 

•the  co-declination,  and  the  altitude  and  declinatioa 
are  equal :  when,  therefore,  the  sun*s  declinatioa 
and  the  latitude  are  of  different  kinds,  and  the  time 
is  required  when  the  sun's  altitude  is  equal  to  his 
declination,  it  may  be  found,  whenever  it  is  possible 
(that  is,  when  the  sun*s  meridian  altitude  is  equal  to, 
or  greater  than,  twice  the  declination),  by  means  of 
the  triangle  C  S  B,  as  in  this  problem.  This  will 
be  much  easier  than  it  would  be  to  apply  the  ge* 
neral  method  adopted  in  Problem  V.  to  this  parti- 
cular case. 

144.  Prob.  X.  Given  the  latitude  of  the  place 
a7id  the  declination  of  the  same  name^  to  find  the 
beginning  and  end  of  the  hour  during  which  the 
shadow  of  an  object  zvill  be  iuci^eased  to  double  its 
length. 

Ex.  The  latitude  of  the  place  is  52''  N.  and  the 
sun's  declination  20°  N.  j  required  the  times  which 
will  answer  the  conditions  of  the  problem  ? 

In  fig.  9,  PI.  II.  which  is  an  orthographic  projec- 
tion of  the  sphere,  P  is  the  north  pole,  Z  the  zenith, 
H  O  the  horizon,  E  Q^  the  equator,  R  D  the  pa- 
rallel of  declination  in  which  the  sun  moves,  a  and  c 
the  places  of  the  sun  at  the  beginning  and  end  of  the 
hour.  Put  s  and  n  for  the  sine  and  co-sine  of  Z  P 
(=  38'')  the  co-'latitude,  c  and  m  for  the  sine  and  co- 
sine of  l^a  or  Pc  (=  yo°)  the  co-declination,  d  and 
p  for  the  sine  and  co-sine  of  ^/  Pc  =  15";  also  .v  and 
^for  the  sine  and  co-sine  ofZPfl',  the  hour  angle  from 
noon  to  the  beginning  of  the  required  hour :  then 
by  trigonometry,  p.r  +  dy ;  and  py  —  d.v  will  be 
the  sine  and  co-sine  of  Z  Pc.  By  Theor.  3.  page  19, 
Turners  Projection  of  the  Sphere ^  we  have  scy  ^ 
n  m  for  the  sine  of  a  q^  and  5 cpy  —  sc dx  ^  nm 
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sine  of  cv  :  therefore,    as  the  lengths  of  the  sha- 
dows  of  an  object  on  a  plane  are  as  the  co-tangents 

of  the  sun's  altitudes,  we  have  "^i— scy-\-nm    _ 

scy  -t  nm 

;  fromwhich  equation  J/ may 


V  I  —  sc p  11  —  c sdx  +  mri^ 


scpy  +  )tm  —  6*  c  d  x 

be  readily  exterminated,  and  x  found  =  '99785,  sine 
df  86^  15'  nearly  ;  this  gives  5*^  45'^  and  6**  45"'  for 
the  times  required* 

145.  Or,  this  problem  may  be  solved  by  trial  and 
errour,  thus  i  Since  the  lengths  of  the  shadows,  or  the 
cotangents  of  the  sun's  altitudes,  at  the  beginning  and 
end  of  the  required  hour,  are  in  the  ratio  of  i  to  2, 
it  is  evident  that  the  arcs  themselves  must  also  be 
nearly  in  the  ratio  of  i  to  2,  and  therefore  the  re- 
quired hour  must  end  about  one  hour  before  the  sun 
sets  :  the  time  on  which  the  sun  sets,  as  found  By 
Prob»  L  is  about  7'  52' j  therefore  we  may  suppose 
the  times  to  be  5''  50™  and  6^^  50"^  The  tangents  of 
the  sun's  altitudes  at  these  times  (found  by  the  converse 
of  Prob.V.)are  •3o8;937  and '1458842,  or  as  2*11:; 
to  I,  and  these  are  inversely  as  the  shadows  or  co- 
tangents, therefore  the  errour  is  •!  15.  In  order  to  cor- 
rect this  assumption,  let  the  tangents  of  the  altitudes 
at  the  times  5''  40"^-  and  6^  40™  be  found,  these  will  be 
•3466063  and  -1706338,  or  in  the  ratio  of  2*031  to 
I,  therefore  the  errour  here  is  '031  ;  hence  we  have 
•084,  the  difference  of  the  errours  :  -03 1  the  least 
:;  lo"",  the  difference  of  the  corresponding  times, 
:  5"*  41%  which  added. to  the  last  assumption,  will 
give  5^  43™  41%  for  rhe  beginning  of  the  hour. 
This,  corrected  by  another  similar  operation,  gives 
5^  44'"  43S  and  6''  44"'  45%  for  the  timef  required  ; 
-agreeing  very  nearly  with  the  result  of  the  first  so- 
lution. 

14^.  Prob.  XI.  Green  the  latitude  of  the  place  ; 
io  find  the  sun' a  declination,  ivhen  the  dhadozv  of  a 
perpendicular  object  shall,  ajter  a  certain  number  of 
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hours,  be  projected  towaj^ds  the  point  of  the  horizon 
at  zvhich  the  sun  rose, 

Ex.  In  the  latitude  of  510  50/  N.  I  observed  the 
sun  to  rise  oh  a  certain  point  of  the  compass,  and 
eleven  hours  after  the  sun  had  arisen  I  perceived  my 
shadow  to  be  projected  towards  the  same  point ; 
what  was  the  sun's  declination  at  the  time  of  these 
observations  ? 

Let  ESWN  (fig.  10,  PI.  II.)  represent  the  plane 
of  the  horizon,  E,  S,  W,  N,  the  east,  south,  west, 
and  north  points,  Z  the  zenith,  and  P  the  north 
pole;  R  the  point  where  the  sun  rises,  and  O  his 
place  when  the  shadow  is  projected  towards  R.  Let 
the  arches  P  R  and  P  O  be  drawn,  then  will  the 
angle  O  P  R  be  equal  to  1 5°  X  1 1  or  1 65°  ;  put  m 
and  n  for  the  sine  and  co-sine  of  82°  30',  half  this 
angle;  s  for  the  sine  of  51°  30',  the  given  latitude  ; 
and  a;  for  the  complement  of  the  sun's  declination  at 
rising  :  then,  supposing  the  declination  to  continue 
invariable  for  eleven  hours,  or  PR=:PO,  we  shall 
have  I  :  x  :  :  m  :  m  .r,    the  sine  of  half  O  R ;  its 

co-sine  therefore  is  vi — m^.v-.  Hence2Wz.rX 
y/i  — m^  cr*  will  be  the  sine  of  O  R,  as  is  shewn  by 
the  writers  on  trigonometry :  also,  2  m  .r  v  i  —  ni^  -v^ 
:  2  m?t  :  '.  .v  :      /         the  sine  of  P  R  O  ;  and 

jT  :  I  ::  s  :  —,  the  sine  of  P  R  N.     But  these  angles 

PRO  and  PRN  are  the  complements  of  each 
other  ;  and  therefore  as  the  sum  of  the  sines  of  an 
angle,  and  of  its  complement,  is  equal  to  radius,  we 

have,  by  squaring,-^  +     _^   ^  .^  =z  1  :  this  equation 

reduced    (by   substituting    m"-   for    1  —  w*),    gives 


:r4 — i-hi-X'i^^—  —  —  9    whence,   by   completing 
the  square,  &c.  we  get  .r—    /ill   -f      A+nLii 


II 
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=^'985077,  the  natural  sine  of  80°  5'  19^  Conse- 
quently the  sun's  declination  was  9^  54'  41'',  and  the 
days  April  15  and  August  28. 

It  must  be  evident  that  the  declination  is  of  the 
same  kind  as  the  latitude ;  for  when  the  declina- 
tion is  of  a  different  kind,  the  sun  cannot  be  on  two 
opposite  azimuths  during  the  time  he  is  above  the 
horizon. 

147.  Prob.  XII.  Given  the  latitudes  of  two  places 
on  the  same  meridian,  and  on  the  same  side  of'  the 
equator  ;  to  find  the  time  xvhen  the  altitude  of  the 
sun  will  be  equal  at  each  place, 

Ex.  In  the  latitudes  of  30*^  and  50°  north,  on  the 
same  meridian,  on  the  21st  of  June  in  the  morning,. 
it  is  required  to  determine  the  exact  instant  when 
the  sun's  altitude  will  be  equal,  if  observed  at  both 
places ;  also  the  altitude  at  that  time  ? 

Put  a  n  -642787,  natural  sine  of  the  complement 
of  the  greater  latitude,  and  n  zi  'y  66044,  the  co-sine; 
dm  '917292,  sine  of  66°  32',  the  co-declination  of 
the  sun,  and  e  zz  '398215,  the  co-sine;  also  s  rz 
•866025,  ^^^  s^^^  ^^  ^^^  complement  of  the  less  la- 
titude, (•  —  '5,  its  co-sine,  and  .v  -=.  co-sine  of  the 
hour  angle  sought.  Then,  by  a  well-known  theorem 
in  spherics,  s  d  .v  +  c  e  —  sine  of  the  sun's  altitude 
at  the  less  latitude,  and  a  d  .z'  -\-  n  e  zz  sine  of  the 
sun's  altitude  at  the  greater  latitude :  but  these,  by 
the   question,   are   equal ;    therefore   s  dj:  -^  c  e  z=. 

a  dx  -{•  ne  '.  this  equation  reduced  gives  .rzr-— - x  -- 

'zz'^iyyj  zz  co-sine  of  ^8°  49',  the  hour  angle,  which 
reduces  to  3''  ^^"^  16"  from  noon,  or  S'^  4'"  44'  in 
the  morning. 

_  The  altitude  may  be  ascertained  by  either  of  the 
two  original  equations,  .r  being  determined :  thus, 
by  the  first,  sd.r  -{■  ce  zz  '866025  X  '917292  X 
'5^777  +  '398215   X  '5  zz  -6104228  zz  sine  of 
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37^  37'  ^7" 9  ^^^  altitude  of  the  sun  at  both  latitudes, 
on  the  time  just  found. 

148.  On  a  slight  consideration,  it  might  appear  as 
though  this  problem  were  impossible  ;  for  as  the 
sun*s  meridian  altitude  is  greater  at  the  latitude  of 
30°  than  at  the  latitude  of  50^,  by  the  difference  of 
latitudes,  it  might  be  concluded  that  the  sun's  altitude 
could  at  no  one  instant  be  the  same  at  both  places. 
But  it  should  be  recollected,  that  the  parallel  in 
which  the  sun  moves,  is  much  nearer  a  perpendicular 
to  the  horizon  in  the  less  latitude  than  in  the  greater, 
and  of  course  the  sun*s  apparent  motion  is  quicker 
in  the  former  than  in  the  latter.  Hence  the  sun 
rises  latest  at  the  less  latitude,  but  as  he  ascends  his 
altitude  increases  faster  than  in  the  greater  latitude, 
till  it  is  equal  at  both  places ;  after  which  the  alti- 
tude at  the  less  latitude  continues  to  increase  faster 
than  at  the  greater,  until  the  sun  arrives  at  the  meri- 
dian, when  the  difference  of  the  altitudes  is  a  inaai' 
mum, 

149.  Prob.  XIII.  Given  the  latitude  of  the  place 
and  the  sun*s  declination  ;  to  find  to  ichat  height  a 
person  must  be  raised  perpendicularly  so  as  just  to 
see  the  sun  at  midnight, 

Ex.  To  what  height  must  a  person  be  raised  above 
the  city  of  London,  on  the  21st  of  June  at  midnight, 
so  that  he  may  see  the  sun's  upper  limb ;  reckoning 
3980  miles  for  the  radius  of  the  earth  ? 

On  the  2 1  st  of  June  the  sun  describes  the  parallel 
of  23°  28'  north  declination,  corresponding  to  the 
parallel  of  latitude  ab  (fig.  11,  PL  II.):  H  R  re- 
presenting the  horizon,  and  E  L  the  equator,  L  R 
will  be  the  complement  of  the  latitude  :  also,  /;  being 
the  point  directly  under  the  place  of  the  sun  at  mid- 
night, b  R  corresponding  to  the  midnight  depres' 
sion,  will  be  equal  to  L  R  (the  co-latitude)  —  h  b 
(the  declination)  =  38°  28'  —  23^  28'  =z  i  f.  From 
this  subtract  the  sun's  apparent  semi-diameter  15' 46'' 
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(Tab.  IV.);  the  remainder,  corrected  for  parallax, 
gives  14^  44'  2.2"  for  the  apparent  depression  of  the 
sun*s  upper  limb.  Draw  S  P  a  tangent  to  the  sur- 
face of  the  earth,  making  an  angle  P  S  B  with  a  pa- 
rallel S  B  to  the  horizon  —  14°  44'  22'',  and  meet- 
ing the  vertical  line  C  R,  produced  in  S  ;  then  S  will 
be  the  point  to  which  the  person  must  be  raised,  so 
that  he  may  just  see  the  sun's  upper  limb,  in  the  di- 
rection S  P  of  the  tangent  to  the  earth's  surface. 
Hence,  in  the  right-angled  triangle  C  S  P,  will  be 
known  C  P  rr  3980,  and  the  angle  S  C  P  =  B  S  P 
(each  being  the  complement  of  C  S  P),  to  find  C  S  : 
thus,  as  co-sine  14^  44'  22^''  :  C  P  —  3980  ; :  radius 
:  SC  z=4ii5'4283  miles,  from  which  C  R  =:  C  P 
being  taken,  leaves  135*4283  miles  zz  R  S,  the 
height  required. 

In  this  solution  no  regard  has  been  paid  to  the 
effect  of  the  atmosphere  in  refracting  and  reflecting 
the  rays  ;  indeed  it  would  be  far  from  an  easy  task 
to  reduce  this  to  calculation  in  the  present  instance. 

loO.  Pkob.  XIV.  To  determme  the  time  the  sun 
is  passing  the  meridian,  or  the  horizontal,  or  per- 
pendicular zcire  of  a  telescope. 

Here  we  again  refer  to  fig.  4,  PI.  II. ;  in  which 
suppose  mr  to  be  the  apparent  diameter,  d,  of  the 
sun,  estimated  in  seconds  of  a  great  circle ;  then, 
since  the  seconds  in  7n  r,  considered  as  part  of  a 
small  circle,  must  be  greater  in  proportion  as  the  ra- 
dius is  less  (because  when  the  length  of  the  arc  is 
given,  the  angle  from  the  centre  is  inversely  as  the 
radius),  we  have  sine  N  ;',  or  co-sine  de(!lination  q  r 
:  radius  : :  seconds  d  in  m  r  of  a  great  circle  :  the 
seconds  in  m  r  of  the  small  circle  a  />,  which  are 
equal  to  the  seconds  in  p  g,  equal  to  the  angle  p'N  q. 
Consequently  the  angle  p^  q  zz.  d  divided  by  co-sine 
of  declination,  radius  being  unity ;  or,  since  the  se- 
cant is  universally  a  third  proportional  to  the  co-sine 
and  radius,  or  the  secant  inversely  as  the  co-sine. 
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/>  N  ^  ~  d  X  s6cant  declination.  But  this  angle 
measures  the  time  the  sun  is  passing  over  the  meri- 
dian ;  and  as  the  motion  is  performed  at  the  rate  of 
I  c/'  of  a  great  circle  to  r  of  time,  we  have  ^^^""^"tdec. 

for  the  time  in  which  the  diameter  transits  the  meri- 
dian. 

151.  If  the  sun*s  diameter  p  q  In.  right  ascension 
were  required,  it  would  be  found  by  multiplying  the 
seconds  in  the  apparent  diameter  by  the  secant  of 
the  declination  :  thus,  suppose  31'— 1860^'',  the  sun*s 
diameter,  and  18°  the  declination;  then  1860''' X 
1*0514  ~  32^  Zi"'^^  ^h^  diameter  in  right  ascen- 
sion. 

152.  The  time  in  which  the  sun  passes  across  the 
horizontal  wire  of  a  telescope,  is  manifestly  the  same 
as  the  time  in  which  he  ascends  through  a  perpendi- 
cular space  equal  to  his  diameter.  Suppose  r  s  zz. 
d,  the  sun's  diameter,   then  because  p  q  n  r  *  X 

radius  *  .  ^       .     .        , 

' — : — .      ^   • —    (Art    M2.);  It  It  also  r:  6?  X 

co-sine  lat.  X  sine  azim.     ^  0/»  ■^      —  "•^ 

co-sine  lafrsincazim.'  ^""^  therefore  the  time  will  be 

expressed .  by  ^,  x  ,-j^ Je vVi^r^Jh^T.-  ^^'''  '"^^^d 
of  representing  the  diameter  of  the  sun,  be  put  for 
33'  :=  1980'',  the  horizontal  refraction,  the  same 
expression  would  enable  us  to  determine  the  time 
in  which  the  sun,  as  affected  by  refraction,  rises 
earlier  than  it  would  otherwise  do ;    and  here,  as 

1980"  /,  ,  //   v>  radius* 

■^—ir  =  i'^2  ,  we  have  i  ^T  X  ■ — ; : 

15'  -^  .}  ^   co-sine  lat.  X  sine  azim. 

for  the  interval  sought.  This  formula  will  assist  us 
in  finding  the  correct  time  of  the  sun*s  rising  and 
setting,  in  a  rather  easier  manner  than  that  described 
in  Art.  122. ;  provided  we  take  no  notice  of  parallax 
and  the  change  of  declination. 

1,33.  The  time  occupied  by  the  sun  in  passing 
across  the  vertical  wire  of  a  telescope,  is  the  same  as 
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the  time  in  which  his  horizontal  motion  is  equal  to 
his  diameter ;  therefore,  in  this  case,  we  suppose 
ms  -=2  d.  Now,  the  triangle  m  r  *,  on  account  of 
its  minuteness,  being  supposed  rectilinear,  and  * 
being  a  right  angle,  we  have,  sine  s  r  m  :  sine  6'  m  r 

»  >   sine  « ?rt  r       ,         c         r  k    ^  n 

: :  ms  '.  s  r  ■=!  m  s  X  -■ ;  therefore  (Art.  i  'X2.), 

sine  mm '  ^  yj     y^ 

^  .  .  sine  s  mr  .  ^  radius  - 

pq  •—  ms  Y,   .■  '        X — — : zz  7n  s 

'  J      -  '^^  sine  *  r  V^         sine  *■  m  r  X  co-sijae  q  r 

X  -^ . ;  and,  consequently,  t— -,    X 

sine  s  r  VI  X  co-sine  q  r  ^  '  ^  ■'15 

radius »  ^\,      ^'  •         t.*  l 

= — : — TT-^ : — 5 —  expresses  the  time  m  which 

co-sine  LrlS   X  co-sine  dec.         *  .      -. 

the  sun  would  pass  the  vertical  wire  of  a  telescope. 

154.  Prob.  XV.  Gken  the  latitude,  the  sun's 
place  in  the  ecliptic,  and  the  hour  of  the  day ;  to 
find  the  angle  made  by  the  horizon  and  ecliptic,  or 
(as  it  is  called  J  the  height  of  the  nonagesimal  de- 
gree;  the  point  of  the  ecliptic  ascending,  the  point 
of  the  nonagesimal  degree ;  the  azimuth  of  the  ust 
cending  point,  the  point  culminating,  its  altitude,  c^r. 

Let'  H  Z  R  C  (fig.  12,  PI.  II.)  be  the  meridian, 
HR  the  horizon,  Z  the  zenith,  DQ^the  equinoc- 
tial, P  its  pole,  C  A  M  the  ecliptic,  E  the  first  point 
of  aries,  S  the  place  of  the  sun,  P  S  B  an  hour 
circle,  A  the  point  of  the  ecliptic  intersecting  the 
horizon,  called  the  descending  point ;  N,  at  the  dis- 
tance of  90°  from  A,  the  highest  point  of  the  ecliptic, 
and  Z  N  G  a  vertical  circle. 

The  place  of  the  sun  at  S  being  given,  his  right 
ascension  E  B  is  readily  found,  either  by  calculation 
or  by  the  tables.  And  the  hour  being  known,  the 
arch  of  the  equinoctial  B  Q,  measuring  the  hour 
angle  BPQ,  will  be  given,  and  consequently  the 
complement  BO.  1  herefore  the  difference  of  E B 
and  B  O  is  given,  that  is,  E  O.  Consequently,  in 
the  oblique  spherical  triangle  AE  O,  there  are  given 
the  angle  A  E  O  the  obliquity  of  the  ecliptic,  A  O  E 
the  complement  of  the  latitude,  and  the  side  E  O, 
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whence  the  other  angle  and  sides  may  be  determined. 
Therefore  we  shall  have, 

.\55»  The  angle  EAO,  and  its  supplement  SAO, 
which  is  the  angle  made  by  the  horizon  and  the 
ecliptic^  and  is  measured  by  the  arc  N  G,  the  height 
of  the  nonagesimal  degree  *. 

*  When  we  know  the  latitude  of  a  place,  the  apparent  time 
at  that  place,  and  the  obliquity  of  the  eclipnc  (23*'  28'),  the  al- 
titude of  the  Honagesimal  degree,  and  irs  longitude,  may  in  general 
be  found  very  readily  by  observing  the  following  precepts  : 

I  St.  To  find  the  altitude  of  the  nonagesimal  degree.  Find  the  right 
ascension  of  the  mid-heaven,  by  adding  to  the  given  time  the 
sun's  right  ascension  at  that  time,  allowing  for  the  difference  of 
meridians  between  the  place  and  Greenwich,  and  convert  it  into 
degrees  and  minutes  :  then, 

If  the  right  as-  f  0°  and  90°  "|  the  said  right  rincreasedbygo* 
cension  of  the  J    go  180    I  ascen.  of  the  J  subt.  from  270 

mid-heaven   is)  180  270    j  mid-he'av.  in  j  subt.  from  270 

between  V.270  360  J  deg.aud  niin.  (^lessen'db)a7o 

will  give  an  arc  or  angle,  which  call  A  ;  then  to  twice  the  loga- 
rithmic sine  of  hclf  the  arc  A,  add  the  constant  logarithm  9*90 1 15, 
and  the  logarithmic  co-sine  of  the  latitude  of  the  place  reduced  to 
the  earth's  centre  j  find  the  natural  number  corresponding  to  this 
logarithm,  and  take  it  from  the  natural  co-sine  of  the  difference 
between  66**  32'  (the  complement  of  23°  28)  and  the  reduced 
latitude  of  the  place,  the  remainder  is  the  natural  co-sine  of  the 
altitude  of  the  nonagesimal  degree. 

When  the  index  of  the  sum  of  the  four  logarithms  is  39,  38, 
37,  36,  &c.  the  number  of  places  in  the  corresponding  natural 
number  is  5,  4,  3,  z,  &c. 

The  latitude  of  the  place  may  be  reduced  to  the  earth's  centre, 
by  a  table  for  this  purpose  in  M  .yer's  Tables;  or,  very  readily, 
by  Mr.  Evanses  rule  given  in  a  note  to  Art.  659.  of  this  work. 

2dly.  To  find  the  longitude  of  the  tionagesimal  decree.  To  the  arith, 
conip.  of  logarithmic  sine  of  the  altitude  of  the  nonagesimal  de- 
gree, add  the  logarithmic  sine  of  the  arc  A,  and  the  logarithmic 
co-sine  of  the  reduced  latitude  of  the  p;ace;  the  sum,  deducting 
10  from  the  index,  is  the  logarithmic  sine  of  an  arc,  which  call 
B:  and 

When  the  right  r     o*'and   90"     the  arc  B  subt.  from    90*"] 

ascen.    of     the!    90  180       the  arc  B  added  to      90     I- 

mid-heaven     is  j  180         270       the  arc  B  subt.  from  270    j 

between  1 270         360       the  arc  B  added  to    270   J 

the  longiiude  of  the  nonagesimal  degree. 
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156.  The  side  AE  will  be  known,  and  therefore 
the  point  A  of  the  ecliptic  descending  will  be  found, 
and  consequently  the  opposite  point  is  determined, 
namely,  the  ascending;  point  of  the  ecliptic, 

\57'  The  side  A  O  will  also  be  known;  this  is  the 
azimuth  of  the  descending  point  in  the  xvest,  or  of 
the  ascending  point  in  the  east, 

1.58.  By  adding  AN,  or  90°,  to  E  A,  we  get  the 
arch  E  N,  which  gives  the  longitude  of  the  highest 
point,  or  of  the  nonagesimal  degree. 

'i59'  AG  and  OR  are  both  quadrants,  there- 
fore G  R  iz  A  O  :  but  G  R  is  the  azimuth  of  the 
nonagesimal  degree  from  the  south. 

1 60.  To  find  the  culminating  pointy  or  that  point 
which  is  on  the  meridian,  we  must  add  the  quadrant 
OR  to  A  O  ;  then,  in  the  right-angled  spherical 
triangle  ARM,  there  are  given  A  R  and  the  angle 
MAR  found  before,  to  determine  the  hypothenuse 
A  M  ;  this  added  to  A  E,  already  known,  gives  E  M, 
the  distance  of  the  culminating  point  M  of  the  eclip- 
tic, from  E  the  first  point  of  aries. 

1 6'  J .  The  side  R  M  of  the  same  triangle  MAR 
is  easily  found,  and  is  the  altitude  of  the  culminating 
point  of  the  ecliptic  :  and  the  angle  A  M  R  of  the 
same  triangle  is  the  intersection  of  the  ecliptic  with 
the  meridian,  or  the  meridian  an^le, 

1 62.  The  angle  Z  S  M,  which  the  vertical  circle 
makes  with  the  ecliptic,  is  sometimes  called  the  pa- 
rallactic angle,  and  is  thus  found :  In  the  rights 
angled  triangle  Z  S  N,  the  sides  Z  N,  N  S,  are 
given  ;  for  Z  N  is  the  complement  of  N  G,  and 
NS  is  the  complement  of  AS,  orof  ES — EA; 
consequently  the  angle  Z  S  N  may  soon  be  found. 
Or  it  might  be  found  by  the  triangle  Z  M  S,  where 
ZM  and  angle  ZMS  are  given,  and  MSz=M  A  — 
AS;   to  determine  Z  S  M. 

i('3.  In  the  same  triangle  the  side  ZS  may  be 
foundj  and  is  manifestly  the  sun's  zenith  distance. 


A  Scheme  of  the  Heavens,  105 

1 6\.  The  angle  which  the  vertical  circle  Z  S 
makes  with  a  te^s  circle  FIK,  at  a  given  point  I, 
may  thus  be  found  :  Let  the  vertical  circle  cut  the 
hoiizon  in  T,  and  let  MSA  be  the  ecliptic,  or  any 
great  circle  parallel  to  FIK.  Through  the  given 
point  I  draw  I L,  perpendicular  to  M  S  A  j  then  the 
angle  Z  S  N  is  known,  by  the  last  article,  and,  of 
course,  in  the  right-angled  triangle  I S  L,  are  given 
the  angle  I S  L,  and  the  side  I L,  the  distance  of  the 
parallel  from  its  great  circle  ;  whence  the  angle  S I L 
may  be  found,  and  this  is  the  complement  of  K I S, 
or  Z I F,  the  required  angle. 

\65.  Or,  if  SAT  and  AT  are  known;  then, 
in  the  triangle  AST,  we  have  co-sine  A T  :  co-sine 

r>  I  •  co-sine  S  i        •       i 

S.  :  :  rad.  :  sine  A  =  rad.  X  ^^I^^'a  T  >  ^^^°'  ^'^  ^"^ 
triangle  S I L,  co-sine  I  L  ;  co-sine  S  :  :  rad.  :  sine 

co-sine   S.         mi         r  co-sine  S. 

1  ~  rad.    X    — •  ^  I  ■'.     Therefore,  ^ — T^ '* 

'^     co-siue   1  JL  »    co-bine  AT 

co-sine  S  .  . 

co^smeT  L  *  *  ^^^^  ^  '  ^"^^  ^  >  °^'  ^^  co-sine  I L  :  co- 
sine A  T  :  :  sine  S  A  T  :  co-sine  K I  S. 

166.  Prob.  XVI.  Given  the  time  and  place ^  to 
erect  a  scheme  or  figure  of  the  heavens. 

Let  HMRC  (fig.  13,  PI.  II.)  be  the  meridian, 
H  R  ^hc  iiorizon,  D  Q^the  equator,  MAC  the  eclip- 
tic Find  the  point  M  of  the  ecliptic  that  culminates 
at  the  given  time  (Art.  140.),  and  D  its  right  ascen- 
sion :  then  to  the  right  ascension  D  add  30'-',  60°,  90°, 
&c.  respectively,  or  in  the  equinoctial  D  Q,  make 
D  B,  B  1, 1  O,  O  T,  &c.  each  equal  to  30°  ;  and  thus 
determine  the  points  B,  I,  O,  T,  V,  &c.  Through 
these  points  describe  the  circles  of  position  H  B  R, 
H  I  R,  H  T  R,  &c. ;  the  points  N,  K,  A,  L,  S,  &c. 
where  these  circles  intersect  the  ecliptic  are  called 
cusps:  A  is  the  cusp  of  the  first  house,  L  that 
of  the  second,  S  of  the  third,  C  of  the  fourth  j 
the  fifth,  sixth,  seventh,  eighth,  and  ninth,  fall  in 
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the  opposite  hemisphere ;  M  is  the  cusp  of  the  tenth, 
N  of  the  eleventh,  K  of  the  twelfth  house.     Then, 
to  find  these  points  of  the  ecliptic,  we  must  proceed 
as  follows:    In  the  right-angled   spherical   triangle 
H  D  B,  are  known  D  H  the  complement  of  the  lati- 
tude, D  B  an  arc  of  30°  ;  to  find  the  angle  D  B  H, 
or  angle  of  position  with  the  equator  :  also,  in  the 
several  right-angled  triangles  H  D  I,  H  D  O,  H  D  T, 
&c.  the  side  H  D  common  to  each  is  known,  and 
the  sides  D  I,  DO,  D  T,  &c.;  to  find  the  angles  of 
position  at  J,  O,  T,  &c.      Again,  in  the  oblique  tri- 
angle E  B  N,  are  given  E  B,  the  angle  E  B  N  n 
B  B  H,  and  B  K  N,  the  obliquity  of  the  ecliptic  ;  to 
find  E  N,  the  distance  from  the  equinoctial  point  E. 
In  like  manner,  in  the  several  oblique  triangles  EIK, 
E  O  A,  E  T  L,  E  V  S,  &c.  there  are  given  respec- 
tively the  sides  EI,  E  O,  E  T,  E  V,  &c.  the  angles 
at  I,  O,  T,  V,  &c.  and  in  each  of  them  the  angle 
E  :  whence,  the  sides  E  K,  E  L,  E  A,  E  S,  &c.  will 
be  determined  ;  and  therefore  the  points  of  the  eclip^ 
tic   in   which  the  cusps  of  the   several  houses  are 
placed,  will  be  known:  for,  the  7th  and   ist,  the 
8th  and  2d,  the  9th  and  3d,  the  loth  and  4th,  the 
nth  and  5th,  and  the  6th  and   12th,  are  diametri- 
cally opposite  to  each  other.     The  first  is  in  the  ho- 
rizon  on  the  eastern  side,  and  is  called  the  ascendant 
or  horoscopr,  on  the  orient ;  the  fourth  is  in  the  me- 
ridian below ;  the  seventh  is  on  the  horizon  towards 
the  west ;   and  the  tenth  is  in  the  meridian  above. 
The  positions  of  the  twelve  houses  thus  determined, 
only  answer  for  the  instant  of  time  for  which  they  are 
calculated,   or  for  the  expiration  of  every  sidereal 
day,  reckoning  from  that  instant :  at  all  intermediate 
parts  of ^  the  day,  different  points  of  the  ecliptic  co- 
incide with  the  horizon ;  and  therefore  the  calcula- 
tion must  be  repeated  on  tl^e  same  principles. 

167.  Most  of  the  terms  explained  in  this  problem 
belong  peculiarly  to  Astrology;  an  art  which  was 
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made  a  subsidiary  branch  of  the  science  of  Astrc- 
nomy  from  the  time  of  Ftolcmy  till  Kepler^  or 
rather  later :  but  as  the  principles  on  v?hich  as- 
trology is  founded  are  trifling,  absurd,  fanciful, 
and  unsatisfactory,  while  those  on  which  the  fabric 
of  astronomy  is  erected  are  solid,  permanent,  har- 
monious, and  consistent  with  the  soundest  reason- 
ing, the  unnatural  union  between  them  is  now  com- 
pletely broken.  Still,  however,  it  was  thought  ex- 
pedient to  insert  this  problem,  as  it  may  be  some- 
times useful,  though  what  it  assists  us  in  determin- 
ing may  be  sought  under  other  names. 

Problems  relating  to  the  Stars. 

lf)8.  In  the  solution  of  the  following  problems  re- 
specting the  fixed  stars,  we  suppose  their  right  as- 
censions and  declinations  to  be  known ;  for  they 
may  readily  be  found  for  any  given  period,  by  means 
of  those  tables  of  the  stars,  in  which  not  only  the 
right  ascensions  and  declinations,  but  the  annual  va- 
riations are  given.  But  it  sometimes  may  be  neces- 
sary to  find  the  right  ascensions  and  declinations, 
having  the  longitudes  and  latitudes  given  :  in  which 
case  we  rnay  proceed  exactly  as  in  Art.  6y  only  con- 
sidering E  Q^as  the  ecliptic  (fig.  i  vPl.  I.)  and  E  C 
the  equator.  Or  we  may  here  also  adopt  with  advan- 
tage another  valuable  rule,  given  by  Dr.  Ma.skdyne, 
which  will  enable  us  to  find  the  right  ascension  and 
declination,  having  the  latitude,  longitude,  and  ob- 
liquity of  the  ecliptic, 

I.  Sine  longitude  -{-  co-tang,  latitude  —  lo  z=  co- 
tang,  circ  A,  which  call  north  or  .south,  according  as 
the  latitude  is  north  or  south.  2.  Call  the  obliquity 
of  the  ecliptic  north  in  the  first  semicircle  of  longi- 
tude, and  south  in  the  second.  Let  the  sum  of  arc 
A,  and  obliquity  ecliptic,  according  to  their  titles,  zr 
;^rc  B  with  its  proper  title.  3.  The  arithmetical  comp. 
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of  CO -sine  arc  A  +  co  sine  arc  B  -f-  tang.  long.  —  lo 
zz  tang,  of  rif:^ht  a.scomon^  of  the  same  kind  as  the 
longitude,  unless  arc  B  be  more  than  90°,  in  which 
case  the  last  quantity  found  of  the  same  kind  as  the 
longitude  must  be  subtracted  from  twelve  signs,  or 
360°.  4.  The  sine  of  right  ascension  +  tang,  arc  B — 
10  ~  tang,  of  the  required  declination,  of  the  same 
title  as  arc  B.  N.B.  If  the  right  ascension  be  found 
near  0°,  or  near  1 80°,  for  its  sine  in  the  last  opera- 
tion, substitute  its  tangent  -|-  its  co-sine  —  10;  or 
the  last  operation  will  be  tang.  A  R  +  co-sine  A  R  + 
tang,  arc  B  —  20  zz  tang,  declination  :  where  AR 
is  put  for  right  ascension. 

l6f).  When  the  declination  of  a  star  is  known,  its 
rneridian  altitude  may  readily  be  found  at  any  given 
latitude ;  for,  if  the  latitude  and  declination  be  both 
norths  if  it  comes  on  the  meridian  to  the  south,  the 
meridian  altitude  will  be  equal  to  the  sum  of  the  de- 
clination and  the  comp.  of  the  latitude  of  the  place : 
or,  if  it  be  a  circunipolar  star,  its  meridian  alti- 
tude towards  the  north  will  be  equal  to  either  the 
sum  or  the  difference  of  the  latitude,  and  co-declina- 
tion, or  polar  distance  :  when  the  declination  is  south 
and  the  latitude  north,  the  declination  taken  from 
the  CO  latitude,  leaves  the  meridian  altitude  ;  if  the 
declination  be  greater  than  the  co-altitude,  the  star 
never  appears  above  the  horizon.  This  must,  after 
what  has  been  said  in  Art.  6 1 .  be  too  evident  to  need 
any  formal  proof. 

1 70.  The  distances  of  any  two  stars  may  be  found 
from  their  latitudes  and  longitudes  ;  or  from  their 
right  ascensions  and  declinations,  by  the  method  ex- 
plained at  Art.  6j.  We  may  therefore,  without 
farther  observations,  enter  upon  the  problems. 

171.  Prob.  XVlI.  To  find  when  any  known  fixed 
star  will  culminate,  or  be  on  the  meridian,  on  a 
given  day. 

This  problem  comprehends  two  cases,  which  may 
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be  separately  considered.  First,  when  the  place 
is  on,  or  near,  the  meridian  of  Greenwich  :  subtract 
the  sun*s  right  ascension,  for  the  proposed  day  at 
noon,  from  the  right  ascension  of  the  given  star; 
the  difference  will  be  the  time  of  the  star's  culminat- 
ing, nearly.  Then  say,  as  twenty-four  hours  are  to 
the  daily  change  of  the  sun's  right  ascension,  so  is 
the  approximate  time  of  culminating,  to  a  fourth 
number,  which  being  subtracted  from  the  approxi- 
mate time,  will  give  the  true  time.  If  this  time  be 
less  than  twelve  hours,  the  star  culminates  in  the 
afternoon  ;  but,  if  it  be  greater  than  twelve,  the  ex- 
cess above  twelve  will  shew  the  time  on  the  next 
morning.  This  made  less  by  the  daily  change  of  the 
sun's  right  ascension,  will  give  the  time  of  culminat- 
ing on  the  given  morning.  N.B.  When  the  sun's 
right  ascension  is  greatest,  twenty-four  hours  must  be 
added  to  the  star's  right  ascension. 

Ex.  I.  On  the  8th  of  April  1801,  at  what  hour 
will  the  star  called  lirgiifs  spike  be  on  the  meri- 
dian of  London  ? 

Here  the  right  ascension  of  virgin's  spike  on  Ja- 
nuary I,  1800,  is  13**  14™  4o*-ii,  and  the  annual 
variation  is  3'*i37»  whence  we  get  3**98  for  the  cor- 
rection, to  April  8  :  therefore 

Virgin's  spike's  right  ascen.  April  8      13^  14™  44* 

Sun's  right  ascension,  noon  do.       .        170 


Approximate  time  of  culminating  12     7    44 

Then24^:  3'"40*(diff.R  A): :  i2'^8'":    o     i    51 

True  time  of  culm.  5"'  53*  after  midnight  12     5    53 

This  made  less  by  3"^  40%  gives  1^  13^  A.M.  for 
Hit  accurate  time  of  coming  to  the  meridian  on  April 
8,   1801. 

Ex.  2.  Find  the  time  when  virgin^s  spike  will  be 
bathe  meridian  at  London,  on  October  8th,  1801. 
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VIrgin*s  spike,  right  ascen.  Oct.  8       13^  I4"'45|* 
Sun's  right  ascension,  noon,  do.         12    54    1 1 


Time  of  culminating      ....        o   20   34!- 

17c.  From  these  examples  we  may  draw  this  infer- 
ence ;  those  stars  which  are  on  the  meridian  at  any 
part  of  the  year,  ne.ur  midnight,  will  in  the  opposite 
part  of  the  year  (i.  e.  after  the  interval  of  six  months) 
be  on  the  meridian,  near  noon,  and  will  consequently 
be  under  the  horizon  in  the  evening,  unless  they  are 
circumpolar  stars. 

173.  In  the  second  case  of  this  problem,  the  time 
of  the  star's  culminating  is  required  at  a  place  which 
is  not  on  or  near  the  meridian  of  Greenwich  :  then, 
if  the  longitude  be  xcest,  add  the  longitude  in  time 
to  the  approximate  time  of  culminating ;  or,  if  the 
longitude  be  east,  suhtract  it ;  and  use  the  sum  or 
difference,  instead  of  the  approximate  time  of  culmi- 
nating :  observing  only,  in  the  latter  case,  that  if  the 
longitude  in  time  be  greater  than  the  approximate 
time  of  culminating,  then  the  minutes  and  seconds 
resulting  from  the  proportions  must  be  added  to  the 
approximate  time,  instead  of  being  subtracted  from 
it. 

Or,  find  when  the  star  is  on  the  meridian  of  Green- 
wich, and  allow  at  the  rate  of  10  seconds  of  time 
for  every  15*  of  longitude  ;  which  must  be  subtracted 
from  the  time  at  Greenwich  for  places  in  icest  longi- 
tude, and  added  for  places  in  east  longitude.  For, 
as  the  sun's  right  ascension  varies  about  3""  56%  or 
nearly  four  minutes,  in  twenty-four  hours  ;  4™  di- 
vided by  24  gives  10^  for  the  variation  in  one  hour, 
or  15°  of  longitude. 

Ex.  At  what  times  on  April  8,  1801,  will  the 
star  virgin's  spike  be  on  the  meridians  of  Philadel- 
phia, longitude  75°  20'  W.,  and  Pekin,  longitude 
116'^21'Er 
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h. 


m.      $. 


12 

5 

3 

h. 
12 

O 

m. 

5 
I 

1 8 

12 

7 

1 1 

Time  of  culminat.  at  London  or  Greenwich    1 2  5  53 
Then  15°  :  10'  :  :  y^*^  zo"  :  o  o  50 

Remainder,  is  the  time  at  Philadelphia 


Again  :  time  of  culminating  at  Greenwich 
15^  :  10^  :  :  116°  21'  :  i-'  18%  add 


Therefore  at-  5"*  3"=  after  midnight,  at  Philadelphia, 
virgin's  spike  will  be  on  the  meridian  there  ;  and  it 
will  be  on  the  meridian  at  Pekin  7 ""  11'  after  mid- 
night, April  8th  or  9th,-  according  to  the  civil  ac- 
count. • 

174-  Hence  it  appears,  that  the  same  fixed  star 
is  on  the  meridian  of  every  place  in  any  kingdom  of 
moderate  extent,  nearly  at  the  same  instant.  For  since 
there  are  only  10  seconds  of  time  between  the  in- 
stants when  a  fixed  star  is  on  the  meridians  of  two 
places  differing  1 5*  in  longitude,  any  less  difference 
of  longitude,  as  five  or  six  degrees,  will  cause  but  a 
very  inconsiderable  variation  in  the  times  of  culmi- 
nating. We  may  also  take  it  for  granted,  that  any 
fixed  star  is  on  the  meridian  at  nearly  the  same 
hour,  on  the  same  day  of  the  month,  for  many  suc- 
cessive years  ^  for  the  annual  variation  in  a  star's 
right  ascension  is  seldom  greater  than  three  or  four 
seconds,  and  this  in  forty  years  will  not  cause  a  differ- 
ence in  time  of  more  than  two  or  three  minutes. 

175.  Prob.  XVIII.  To  Jind  xvhat  fixed  atar  zciU 
be  on  the  meridiafi  at  a  given  time. 

Add  the  sun*s  right  ascension,  corrected  for  the 
day  and  hour,  to  the  time  of  the  day  given,  the  sum  is 
the  right  ascension  of  the  mid-heaven  (note,  Art.  155.); 
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if  the  sum  be  more  than  24  hours,  deduct  24;  the 
remainder  being  sought  among  the  right  ascensions 
of  the  fixed  stars,  will  ascertain  what  star  will  be  on 
or  near  the  meridian  at  the  time  proposed. 

Ex.  I.  What  star  will  be  on  the  meridian  of  Cam* 
bridge  at  9  o*clock,  P.M.  February  20,  i8oi  ? 

b.       tn.       s. 

Given  time,  Feb.  20  .  .  1  9  o  o 
Sun's  right  ascension  :  noon  .  22  13  54 
Variation  in  9  h.  .     .     .     .     .     a     1  49 


3»   15  43 


The  sum  lessened  by  24  hours,  gives  7**  15'"  43s, 
for  the  star's  A  R.  This  corresponds  nearly  with 
the  A  R  of  |3  cams  m'uiarls,  a  star  of  the  third  mag- 
nitude ;  which  will  therefore  be  on  the  meridian 
about  the  given  time. 

Ex.  2.'  What  fixed  star  will  be  on  the  meridian  of 
Nirigpo  in  China,  longitude  120"  23'  E.  on  April  14, 
1 80 1,  when  the  clock  there  is  at  10'^  P.M.  ? 

h.      m.      s. 

Sun's  right  ascension,  Apr.  14      1   29     2 

Given  time iq     o     o 

Longitude  in  time,  add     .     .       8     i   32 

19  30  34 


This  right  ascension  corresponds  nearly  with  that 
of  3-  ci/gni,  a  star  of  the  4th  magnitude. 

17('.  Had  it  been  required  to  find  on  what  day  of 
the  year  any  fixed  star  will  culminate  on  a  given 
hour  J  the  hour  given  must  then  be  taken  from  the 
star's  right  ascension,  the  remainder  would  be  the 
right  ascension  of  the  sun  on  the  day  required. 

Ex.  On  what  day  of  the  year  1801  will  the  star 
aldebaran  be  on  the  meridian  of  Greenwich  at 
8^  14""  30^  P.M.? 


Tojind  a  Star's  Risings  Azimuth^  S^c*      1  IS 

h.      m.      8. 

Aldebaran's  A.R.  1801,  increased  by  24,  28  34  31 
Subtract  the  given  time      .     •     .     .     .       8   14  3d 

Remainder  is  the  sun's  A.R.        ...     20  10     j 


This  agrees  very  nearly  with  the  sun^s  /»,R.  at  the 
given  hour  on  January  20,  which  is  therefore  the 
day  sought. 

177.  P  ROB.  XIX.  To  Jind  the  time  on  which  (^ 
known  fixed  star  rises  and  sets,  also  its  azimuth  at 
rising  and  settings  at  any  place  of  known  latitude^ 
on  a  given  day. 

The  latitude  of  the  place  and  the  star's  declina- 
tion being  known,  the  hour  an^le  from  rising  to 
culminating  may  be  found,  as  in  Prob.  i,  and  the 
azimuth,  as  in  Prob.  2.  The  time  on  which  the  star 
culminates  maybe  found  by  Prob.  17,  from  which 
the  time  of  rising  and  setting  may  readily  be  ob- 
tained. 

Ex.  On  January  i,  1801,  at  what  times  Aidi  castor 
rise  and  set  at  Cambridge,  and  what  was  the  azimuth 
at  rising  and  setting  ? 

h.      m.      s. 

Castor's  A.R.  Jan.  I,  1 8oi    .     .     .     7  21  52 
Sun's  A.R.  noon,       ditto      .     .     .   18  46  31 

Approx.  time  culmin 12  35  21 

24^  :  4""  22"  : :  12-^''  :  2^'  16'  add        o     2.16 

True  time  of  culminating     .     .     .     12  33'    5 

Castor's  deelinatioA  is  32°  19'  N.  therefore,  Prob.  i, 

and  2, 

Radius       ........     lo'coooooo 

Tang.  lat.  52°- 12^  35'''       .     .     1     io*i  104697 
Tang,  dec. '32^  19'        ;    .     .     .       9*801 1 161 

Co-sine 35^  ly  59'''',orof  its  sup.  144^49^  i"  9'9i  15858 


114     Altitude  of  a  Star  on  the  Priine-'eeriicaL 

Arith.  comp.  co-sine  lat.    .     .     .       0*2127004 

Radius .     10*0000000 

Sine  declination        9*7280275 

Co-sine  29°  1 5^30'' azim.  from  north  .       9*9407279 

In  the  present  instance,  the  declination  being  of 
the  sajne  kind  as  the  latitude,  the  hour  angle  from 
culminating  to  rising  or  setting,  or  the  semi-diurnal 
arc,  is  greater  than  90°:  the  calculation  gives  144° 
49'  i"^  or  9*^  3 9^  16'!  in  time;  this  subtracted  from 
fhe  time  of  culminating,  gives  2*^  53™  49'  P.M.  for 
the  time  of  castor's  rising  ;  and,  added  to  the  time 
of  culminating,  gives  lo*^  12™  iv  A.M.  Jan.  2^  for 
the  time  of  setting. 

178.  Pkob.  XX.  Given  the  latitude  and  day  of 
the  month  ;  to  find  xvhen  any  knoxvn  star  will  he  on 
the  prime  vertical,  and  its  altitude  at  that  time. 

In  this  problem,  the  declination  of  the  star  and  the 
latitude  of  the  place  must  evidently  be  of  the  same 
name  :  then  the  time  of  culminating  may  be  found 
by  Prob.  1 7  ;  the  hour  angle  froni  culminating  to 
being  on  the  prime  vertical,  and  the  altitude  on  the 
prime  vertical,  by  the  rule  given  in  Prob.  3. 

Ex.  At  what  times,  on  Jan.  i,  1801,  was  castor 
due  east  and  west  at  Cambridge,  and  what  was  the 
altitude  at  those  times  ? 

Radius lo'ooooooo 

Tang.  dec.  32*^  19' o''''  .     .     .     .       9*8011161 
Co-tang.  lat.  52°  12' 35''''  .     .     .      9*8895736 

Co-sine  of  60^37^22'^  hour  ang.  fromculm.  9.6906897 

Arith.  comp.  sine  lat 0*1022306 

Radius  •     •     • 10*0000000 

Sine  dec. 9*7280275 

Sine  alt.  42^  34'.  10^      ^    .    .     .     9*8302581 


Given  a  Slav's  Altitude!,  to  find  the  Tmc*    1 15 

The  hour  angle  converted  into  time  gives  4^^  2'"  29*, 
which  taken  from  1 2^  33'"  5^,  the  time  of  cuhninating^ 
leaves  Sn  30  '  36 ,  time  when  castor  is  due  east  ^ 
and  added  to  12''  33'"  5%  gives  4^  35'*  34*  A.M. 
Jan.  2,  time  w^hen  that  star  is  due  west* 

\7h*  Pros.  XXI.  Given  the  time  of  the  year.^  the 
latitude  of  the  place,  and  the  altitude  or  a%nnuth  of 
a  known  fxed  star;  to  find  the  hour  xchen  the  ohser- 
*vation  zvas  made, 

In  fig.  4,  PI.  II.  where  H  R  represents  the  hori- 
zon, Z  the  zenith,  N  the  pole,  and  m  the  place  of 
the  sta  ;  if  the  altitade  be  given,  we  have  in  the 
oblique  spherical  triangle  Z  N  :ii,  Z  N  the  co-latitude^ 
Z  m  the  co-altitude  and  m  N  either  the  co-declina- 
tion or  90°  4-  declination,  according  as  the  latitude 
and  declination  are  of  like  or  different  kinds,  to  find 
2  N  ?/?,  the  hour  angle  from  the  meridian.  Or,  if 
the  azimuth  is  given,  we  have  the  sides  Z  N  and  m  N 
(the  co-latitude  and  co-declination),  and  the  angle 
m  Z  N  (the  azimuth),  opposite  to  one  of  the  given 
sides,  to  find  the  angle  between  the  two  given  sides ; 
for  which  there  are  various  rules  given  by  the  writers 
on  trigonometry. 

Ex.  At  Cambridge,  on  January  i,  1801,  in  the 
evening,  the  altitude  of  the  star  castor  was  found  to 
be  45°  ;  what  was  the  time  of  the  observation  ? 

Here  Z  N  is  =:  37^4/  is",  7.  m  —  45^3  and 
wz  N  =1  57°  41';  whence  Z  N  m,  the  hour  angle,  is 
found  to  be  ^6^  39^  28^',  or,  in  time,  3''  46=^'  38, 
which  taken  from  12*^  33™  .5%. the  time  of  culminat- 
ing, leaves  8'^  46^  27^  P.M.,  time  when  the  obser- 
vation was  made. 

180.  PiioB.  XXII.  Given  the  latitude  of  the  place f 
and  the  day  of  the  month  ;  tofnd  the  time  when  the 
apparent  motion  of  a  known  fijced  star  is  perpcndi' 
cular  to  the  horizon^  also  the  altitude  and  azimuth 
of  th^  star^  at  that  time^ 


\l6  When  a  Stars  Mot'isn  is  vertical. 

All  those  stars  whose  declinations  are  greater  than 
the  latitude  of  the  place,  and  of  the  same  name  with 
it  (for  to  such  only  this  problem  is  applicrble),  per- 
form some  part  of  the  motion  in  their  respective 
semi-diurnal  arcs,  in  a  vertical  direction  ;  which  may 
be  thus  ascertained  :  Let  1/  z  (fig.  7,  PI.  I.)  be  the 
parallel  described  by  such  a  star,  draw  the  vertical 
circle  Z  V  to  touch  it  at  p,  and  when  the  star  ar- 
rives at  /?,  as  y  z  and  Z  V  then  nearly  coincide  dur- 
ing a  small  part  of  the  motion  of  the  star,  its  motion 
will  appear  perpendicular  to  the  horizon.  Here  the 
angle  XpN  will  be  90°,  and  therefore  radius  :  tang, 
p  N  :  :  co-tang.  Z  N  :  co-sine  Z  N  /)  ;  or,  radius  :  co- 
tang,  declination  : :  tang,  latitude :  co-sine,  hour  angle 
from  culminating.  Then,  by  the  proportions  of 
opposite  sides  and  angles,  we  find  Xp  the  co -altitude, 
and  /?  Z  N  the  azimuth. 

Ex.  At  Peterborough,  latitude  52°  32'  N.  on  Fe- 
bruary 21,  1801,  at  what  time  will  the  apparent 
motion  of  chibhe,  or  a  una  majoris,  he  vertical ; 
and  what  will  be  the  altitude  and  azimuth  of  the 
star  at  that  time  ? 

The  right  ascension  of  duhhc  is  10^  51"^  ig*,  and 
on  February  21,  at  noon,  the  sun*s  right  ascension 
is  22^  17"™  44%  and  the  diurnal  variation  3"^  49^ ; 
whence,  by  Prob.  17,  the  true  time  of  the  star's 
coming  to  the  meridian,  is  12^  31'^.     Then, 

Radius     .     .     ►     , lo'ooooooa 

Co-tang,  star's  dec.  62^  50' .     .     .     .       97102824 
Tang.  lat.  52°  32' 10-1155428 

Co-sineof47°57'4^''hourang.frommer.   9-8258252 

Radius     ...»,.....,     lo-ooooooc 

S.ZN.  37^28^'' '.     .       9-7841177 

S.  Z  N/;,  47°  57' 46''' 9-8708193 

Sine  of  26*  5 1'3 1^',  or  co-si.  alt.  63°  8'  29''''    9-6549379 
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And,  as  sine  Z  N  :  radius  : :  sine  N  p  :  sine  />  Z  N 
=48°  38'  28'/.  Therefore  6f  8'  2g''  is  the  altitude 
of  duhlie  when  its  motion  is  vertical  j  48"  38'  28'''  its 
azimuth  from  the  north  ;  and,  by  taking  3"  ii""  51?, 
the  hour  angle  in  time,  from  the  instant  of  culmi- 
nating, we  have  9''  ig""  9*  P.M.  the  time  required. 

1 8  J .  This  problem  is,  in  some  measure,  analogous 
to  Prob.  6 ;  and  by  comparing  the  two  together,  these 
conclusions  will  be  deduced  : — Every  star  whose 
declination  is  of  the  same  name  as  the  latitude,  and 
greater  thim  it,  may  be  twice  on  the  same  azimuth, 
in  the  interval  between  its  rising  and  culminating  ; 
and  it  may  be  twice  on  another  azimuth,  between  its 
culminating  and  setting  : — when  such  a  star  is  at  its 
greatest  azimuth,  its  apparent  motion  is  vertical :-— • 
also,  when  the  sun's  declination  exceeds  the  latitude 
of  the  place,  and  is  of  the  same  name,  its  apparent 
motion  is  vertical  when  its  azimuth  is  a  maxujiuw, 

\^^»  Prod.  XXIII.  Given  the  latitude,  and  day 
of  the  month  ;  to  find  when  two  known  stains  are  or 
the  same  azhnuth, 

Ex.  At  London,  on  the  ist  of  January,  1800, 
^Yhat  was  the  time  of  night  when  the  stars  aldebaran 
and  r'lgel  were  on  the  same  azimuth  ? 

In  fig.  14,  PI.  II.  which  is  a  stereographic  pro- 
jection on  the  plane  of  the  equinoctial,  A  and  B  are 
the  supposed  situations  of  aldebaran^  on  the  same 
azimuth  circle  BAQj  a  circle  described  about  P 
the  pole,  at  the  distance  of  the  co-latitude  of  London, 
will  intersect  the  azimuth  circle  BAQ^in  Z  or  3^, 
the  nearest  of  which  to  the  stars  is  the  zenith  ;  for 
as  both  the  stars  are  above  the  horizon,  the  zenith 
distance  of  each  is  less  than  90  degrees. 

We  have  given,  sun*s  right  ascension  18''  47™  36'; 
latitude  of  London  51°  32';  aldebaran*s  declination 
16*^  5'  N.  A.R.  4h  24'"  27%  rigel's  declination 
8°  27'  S.  A.R.  5''  4"^  ^^^ :  difference  of  the  stars* 
right  ascensions  o**  40'"  28%  or  10*^  8'.    Hence,  in 
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the  triangle  APB,  are  known  pB~98°  27',  rigel's 
co-declination  ;  P'A=73°  $^',  aldebaran's  co-declina- 
tion ;  and  APB  —  10^  8',  difference  of  right  ascen* 
^ions:  whence  BAP  is  found  156*^54'.  Then,  in 
the  triangle  A  P  Z  are  given  A  P,  as  before,  P  Z  zr 
38^  28',  co-latitude  of  London,  and  PAZ  zi  sup^. 
plement  of  B  A  P  ;  to  find  A  P  Z  n  24°,  aldebaran's 
flour  angle  from  the  meridian,  which  reduced  to  time 
is  j^  36'".  Now,  aldebaran  culminates  at  9^  35""  10'  j 
from  which  i*'  36''  being  taken,  we  have  j^  59'"  10% 
pr  8  o'clock  P.M.  nearly,  for  the  time  required, 

18:j.  Prob.  XXIV.  Given  the  latitude  and  day 
(yf  the  ifionth;  tojind  the  time  wheri  tzvQ  kri&wn  stars- 
are  at  the  same  altitude, 

Ex.  At  London,  on  the  ist  of  January,  i8oo,  the 
stars  betelguese  and  pollux  were  observed  to  have 
the  same  altitude ;  what  wais  the  time  of  the  even-f 
jng? 

In  fig.  15,  PI,  II,  P  is  the  pole  of  the  equinoctial, 
A  is  the  place  of  betelguese,  and  B  of  pollux  ;  Z  the 
zenith,  being  equally  distant  from  each.  The  right 
ascension  of  betelguese  is  5''  44"'  20%  its  declination 
7°  21'  N. ;  pollux's  right  ascension  is  7''  33™  3%  its 
declination  28°  30' :  the  difierence  of  their  right  asr 
tensions  is  i''  48""  43',  or  27°  10'  nearly.  The  sun*s 
%.  A.  and  the  latitude  of  the  place,  as  in  the  last  proi. 
blem.  Then,  in  the  triangle  A  B  P,  we  know  P  A  == 
82^39' betelguese*s  cordeclination,  PB-6i°3o'  pol- 
lux s  co-dechnation,  and  APB  ;:=  27°  10'  difference 
of  right-ascensions ;  whence  we  get  BAP  1=47°,  and 
AB  zz  33°  14'.  Again,  ZA  and  ZB  being  equal  to 
each  other,  a  great  circle  c  ,s,  passing  perpendicularly 
through  A  B,  will  bisect  it  in  C  :  wherefore,  in  the 
triangle  A  CD  are  given  DC  A  =90%  B  A  P  zz  47% 
and  AC  1=1603/5  to  find  CD  A  -  45°  30',  and  AD 
zr  23°  38'.  Lastly,  in  the  triangle  P  D  Z,  are  knowil 
PZ  :=  38°  28'  the  cp-latitude,  PD  zz  PA  — AD 
=59°  i',  andPDZ  ==  C  D  A  =  45°  30' j  whence i| 
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found  Z  P  D  zi  48°  SS'^  the  hour  angle  of  betelguese 
from  the  meridian.  But  betelguese  culminates  at 
I  o^  54™  45* ;  and  consequently  as  the  stars  are  on  the 
east  side  of  the  meridian,  3''  15"^  40'  the  hour  angle 
in  time,  taken  from  10^  54'"  45%  leaves  7^  2>9"' S% 
P.  M.  for  the  time  of  observation. 
■  184.  Prob.  XXV.  Given  the  latitude  of  a  place 9 
to  find  when  a  knozcn  fixed  star  rises  cosmicallif^ 
or  with  the  sta?,  and  likeccise  when  it  sets  cosmi- 
cally,  that  is,  when  the  sun  rises. 

The  first  thing  to  be  determined  is  the  ascensional 
difference  {Art.  44.),  which  may  be  thus  found :  Let 
«  6  (fig.  4,  PI.  2.)  be  the  parallel  in  which  the  star 
appears  to  move,  E  Q^  the  equinoctial,  N  c;  a  meri- 
dian passing  through  the  star  when  rising  at  i ;  then 
O  c^  is  the  ascensional  difference  :  in  the  right-angled 
spherical  triangle  O  /'  z,  are  known  the  angle  O  =i 
the  co-latitude,  and  side  i  z  ziz  the  declination  of  the 
star,  to  find  O  :r ;  for  which  we  have  this  proportion  ; 
as  radius  :  co-tang.  O,  or  tang,  latitude : :  tang,  declin. 
i  z  :  sine  O  z,  ascensional  difference  :  this  must  be 
either  added  to,  or  taken  from,  the  right  ascension 
of  the  star,  according  as  its  declination  is  of  the  same 
name  as  the  latitude,  or  a  different  name ;  the  sum 
or  difference  is  the  oblique  ascension. 

Let  H  R  (fig.  13,  PI.  2.)  be  the  horizon,  HD  R 
the  ma-idian,  D  Q^the  equinoctial,  MAC  the  eclip- 
tic, s  the  star :  then  in  the  oblique  triangle  E  O  A, 
there  are  given  the  oblique  ascension  E  O,  the  angle 
A  E  O  the  obhquity  of  the  ecliptic,  and  E  O  A  equal 
to  either  the  co-latitude  or  its  supplement,  according 
as  E  is  below  or  above  the  horizon  ;  to  find  the  side 
EA,  and  consequently  the  point  A  of  the  ecliptic 
which  rises  with  the  star.  Find  on  what  day  the  sun 
ifi  in  that  point  of  the  ecliptic  ;  for  that  is  the  day  on 
which  the  star  rises  cosmically. 

Again,  add  or  subtract  the  ascensional  difference, 
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to  or  from  the  right  ascension,  according  is  th^  star's 
declination  and  the  latitude  of  the  place  are  of  the 
same  or  different  kinds  j  the  sum  or  difference  is 
the  oblujue  desccnsion.  Then  there  are  given  the 
same  parts  of 'the  triangle  E  O  A  as  before,  to  find 
E  A ;  and  A  in  this  case  is  the  point  setting  with  the 
star  :  consequently  the  point  opposite  to  A  in  the  eclip- 
tic, is  the  place  of  the  sun  when  he  rises  just  as  the  star 
sets ;  and  by  finding  the  time  the  sun  is  in  that  part 
of  the  ecliptic  we  know  when  the  star  sets  cosmic 
call}}. 

Ex,  On  what  days  in  the  year  i8oi,  does  the 
star  arcturiis  rise  and  set  cosmically,  at  Dover,  la- 
titude 51*  7^  N.? 

Answer:  rises  cosmically,  September  26 j  sets  cos- 
mically,  June  22. 

N.B.  The  calculations  of  this  and  the  next  problem, 
are  left  for  the  exercise  of  the  young  student. 

I80.  pROB.  XXVI.  Given  the  latitude  oj  the  place y 
to  fold  zrhen  a  known  fixed  star  rises  or  sets  achroni-* 
colli/,  that  is,  at  sunset. 

Find  the  point  of  the  ecliptic  in  which  the  sun  is^ 
when  the  star  rises  cosmically,  by  the  directions  in 
the  last  problem ;  then  it  is  obvious  that  when  the 
sun  is  in  the  opposite  point  of  the  ecHptic,  he  sets 
when  the  star  rises  :  therefore,  find  the  day  m  which 
he  is  in  such  opposite  point ;  for  on  that  day  he 
rises  achronicallif*  Again,  find  by  means  of  the 
last  problem,  the  place  the  sun  is  in  when  he  sets 
with  the  star ;  for  the  day  corresponding  to  that 
place  is  that  on  which  the  star  sets  achronically^ 

'Ex.  On  what  days  in  the  year  1801,  does  the  star 
procijon,  in  cams-mhwr,  rise  and  set  achronically, 
at  Elsineur  in  Denmark,  latitude  ^^"^  N.  ? 

Answer ;  rises  achronically,  January  aSj  sets 
^chronically,  June  13, 

J86.  pROB.  XXVII.   Given  the  latitude  of  ths 
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place,  to  find  when  a  hiozvn  star  .rises  or  sets  he- 
tiacalii/. 

The  term  heluical  has  been  used  by  astronomers 
according  to  rather  different  acceptations ;  but  in 
every  acceptation  it  relates  to  the  sun.  A  star  may 
be  said  to  rise  hdiaadhj  when  it  rises  in  the  morn- 
ing just  so  long  before  the  sun,  as  not  to  be  ren- 
dered invisible  by  the  strength  of  his  rays  ;  and  a 
star  sets  lidiacally  when  it  sets  in  the  evening,  when 
the  sun  has  just  sunk  so  far  below  the  horizon  as  not 
to  obscure  the  setting  star  by  his  beams :  thus  are 
the  term   to  be  understood  in  this  problem. 

1  h7.  it  is  found  by  experience,  that  the  number 
of  degrees  which  the  sun  must  be  depressed  below 
the  horizon,  that  the  stars  may  just  be  visible  above 
it,  are  as  follow:  for  the  first  magnitude  12°',  for 
the  second,  13°;  the  third,  14°;  the  fourth,  15**; 
the  fifth,   16°;  and  the  6th,  17°. 

!8  •.  Let  S  (fig.  13,  PL  2.  be  the  place  of  the  sun 
below  the  horizon  when  the  star  at  s  rises  helia- 
cal ly  :  through  the  zenith  Z  suppose  the  vertical 
circle  Z  G  S  to  be  drawn ;  then  in  the  right-angled 
triangle  AGS,  G  S  is  known,  being  12*^,  13°,  &;c. 
according  as  the  star  is  of  the  first,  second,  he.  mag- 
nitude, and  GAS  may  be  found  by  Art.  174; 
hence  A  S  will  be  had  :  and  as  E  A,  the  distance  from 
the  equinoctial  point  to  the  horizon,  may  be  deter- 
mined by  Prob.  16,  we  readily  get  the  sun^s  distance 
from  the  equinoctial  point :  wherefore  the  sun's  place 
becomes  known,  and,  of  course,  the  day  of  the 
iQonth. 

In  like  manner,  if  S  be  the  place  of  the  sun  when 
the  star  s  sets  lieliacallij,  it  may  be  found  by  an 
operation  nearly  similar.  But  as  the  problem  is  not 
of  great  utility,  and  may  be  pei  formed  with  tolerable 
accuracy  by  a  good  celestial  globe,  there  are  pro- 
bably but  few  who  will  undertake  the  calculation. 


ISC  Dog-star  and  Dog-days. 

1 89.  When  sinus,  the  dog-star,  rose  heliacan)^  the 
ancients  imagined  it  caused  the  sultry  weather  usually 
felt  in  the  latter  part  of  the  summer.  Traces  of  this 
opinion  may  be  found  in  the  works  of  Homer,  Hip-' 
pocn/W--;  iirgil,  and  Pliny.  Some  ancient  authors 
say,  that  on  the  day  this  star  thus  rises  in  the  morn-^ 
mg,  the  sea  boils,  wine  turns  sour,  dogs  begin  to 
grow  mad,  the  bile  increases  and  irritates,  all  ani- 
mals become  languid,  and  burning  fevers  with  phren- 
sies  rage  amongst  men.  All  this  was  ascribed  to  the 
dog-star ;  and  about  twenty  days  both  before  and  af- 
ter the  star's  rising  in  this  manner  were  called  cani- 
cular^ or  do<i-(lays  :  a  brown  dog  was,  in  consistence 
with  this  opinion,  sacrificed  to  sirius  yearly,  to  ap- 
pease his  rage  *,  But  the  idea  that  the  star's  rising 
thus  was  the  cause  of  the  hot  weather,  and  the 
diseases  of  the  season,  could  not  prevail  very  long ; 
for  the  star  not  only  varies  in  its  heliacal  rising,  in 
any  one  year,  as  the  latitude  varies,  but,  on  account 
of  the  precession  of  the  equinoxes,  it  is  later  and 
later  every  year  in  all  latitudes  ;  so  that  in  process  of 
time,  the  star  might,  by  a  similar  rule,  be  charged 
with  producing  frost  and  snow,  instead  of  scorching 
heats  and  burning  fevers. 

,   The  dog^'.lays  in  our  almanacs  are  now  put  earlier 
by  more  than  a  month,  than  they  would  be  if  they 

*  It  is  worthy  of  observation,  that  customs  and  opinions,  which 
at  first  sight  appear  very  absurd  and  ridiculous,  may  frequently 
be  traced  up  to  something  neither  unreasonable  nor  useless. 
Thus,  in  the  present  instance,  the  Pigyptians,  as  an  ingenious- 
foreigner  remarks,  having  observed  that  the  return  of  the  perio- 
<iical  inundation  answered  constantly,  for  a  series  of  years,  to 
the  heliacal  appearance  of  3  beautiful  star  towards  the  source  of 
the  Nile,  which  seemed  to  warn  the  husbandman  against  being 
surprised  by  the  waters,  were  naturally  led  to  compare  this  cir- 
cumstance with  the  conduct  of  the  domestic  animal,  which  by 
larking  gives  notice  of  danger,  and  therefore  called  this  star  the 
do^,  or  the  barker.  From  which  opinion,  in  itself  both  rflftfon- 
able  and  ingenious,  in  process  of  time  sprung  the  absurdities 
above  mentioned. 
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w^re  still  regulated  by  the  rising  of  sirius  before  the 
sun  :  and  thus  they  are  made  to  correspond  with  the 
hot  weather,  as  they  did  formerly. 

190.  Prob.  \XVIIi.  Given  tlie  altitudes  of  tzco 
known  Ji.vcd  starny  and  the  attitude  of  another  star 
or  planet,  zvktn  in  the  same  azimuth  with  one  of 
those  stars ;  to  find  the  place  of  that  star  or  planet. 

Ex.  Observed  the  }}won  and  cor  leonis  on  the 
same  azimuth,  when  the  moon's  zenith  distance 
was  36^  37';  cor  litoni.s*  zenith  distance  45°  o'; 
and  at  the  same  time  the  zenith  distance  of  cor 
hydra  was  49°  16'      Quere,  the  place  of  the  moon? 

The  declination  of  cor  leo)us  is  12°  ^y'  N.  its 
right  ascension  p''  z,']'''  42' ;  the  declination  of  cor 
hydr  •)  7^  47'  S.  its  right  ascension  9^  17^  45'; 
the  difference  of  their  right  ascensions  39''  57%  or 
in  motion  9'-*  58',  Hence,  the  problem  might  be 
coustrucLcd  thus  :  On  the  plane  of  the  equinoctial,  the 
poleof  which  is  P  (fig.  17,  PI. 2. 1,  draw  the  colures  T  ^, 
]ff  g?,  and  in  the  solstitial  take  E  for  the  pole  of  the 
ecliptic  ;  put  the  given  stars  at  B  and  A  by  their  de- 
clinations and  right  ascensions  :  about  B  and  A  as 
poles,  with  their  respective  zenith  distances,  describe 
ci  cles  intersecting  in  Z  the  zenith;  through  Z  and 
B  describe  an  azimuth  circle,  and  making  Z  /;;.  equal 
to  the  moon*s  zenith  distance,  it  gives  her  place : 
then  describe  the  great  circles  Z  A,  A  B,  E  m  ;  and 
the  arc  E/;^  will  be  the  co-latitude,  and  PE/w  the  longi- 
tude from  the  first  point  of  cancer.  From  this  we 
deduce  the  following  method  of  computation  :  In  the 
triangle  A  B  P  are  known  P  A  iz  97°  47'  cor  hydra's 
co-declination,  PB  ~  77*^  3"*  cor  le:.nis'  co-declina- 
tion, and  BP  A  =  9°  58'  difference  of  their  right 
ascensions:  whence  are  found  ABPiz  153°  ^y^ 
and  AB  =  23°,  distance  of  the  stars.  Again,  in 
the  triangle  A  Z  B  are  given  Z  A  z:  49°  16',  Z  B  zz 
45°,  the  zenith  distances  of  the  two  stars,  and  A  B 
just  found  J  to  determine  ABZ  =  ^^^  38'.     Also, 
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in  the  triangle  B  7n  P,  we  knew  B  P  as  before,  B  iv  ±: 
BZ-^'Lm  ~  8^23',andPB7w  =  ZBP-ABP  — 
ABZ=  640  19';  to  fiiidP  «2  =  73^26' and  BPw=s 
7^  53'  >  ihe  first  of  these  is  the  moon's  co-declina- 
tion,  the  last  her  right  ascension  from  B.  Then  90^ 
-f  -  P  B  -f  B  P  ;/^  iz  1 28^  271'  :z  E  P  m.  Lastly, 
in  the  triangle  P  ;/z  E,  we  have  PE  zz  23^  28''  obli- 
quity of  the  ecliptic,.  F  m  zz  y^^  26',  and  EP^/i  ;;= 
128°  2 7 1';  whence  are  found  wE  iz  SS'^  40'  the 
moon's  co-latitude,  and  PE  ?// zz  48°  41'  moon's 
longitude  from  s  ;  tier  absolute  longitude  is,  there- 
fore, 18'^  41'  of  leo.  Or,  when  the  right  ascension 
and  declination  were  determined^  the  longitude  might 
have  been  found  by  the  rule  in  Art.  66. 

19  J.  PrV)b.  XXIX.  Observed  a  planet ,  or  other 
celestial  bodj/,  in  the  point  of  intersection  of  two  lines 
connecting  J  oar  known  fixed  stars  ;  to  find  the  right 
ascension  and  declination  of  tlmt  celestial  body\' 

Suppose  A,  B,  C,  D,  the  places  of  the  four  fixed 
stars,  the  right  ascension  and  declination  of  each  of 
which  are  known  ;  also  S  (fig.  i6,  PI.  II.)  the  ap- 
parent place  of  the  heavenly  body.  Then  in  the 
triangle  A  P  B,  where  P  is  the  pole  of  the  equa- 
tor, are  known  P  A  and  P  B,  the  co-declinations 
of  the  stars  A  and  B,  and  the  angle  A  P  B  the 
difference  of  their  right  ascensions  ;  to  find  the  angle 
P  A  B.  In  the  triangle  P  A  C,  we  have  A  P,  PC, 
and  the  angle  A  P  C  ;  whence  are  found  AC,  P  A  C, 
and  P  C  A.  Then  PAC— PABziCAB.  Again, 
jn  the  triangle  C  P  D  are  known,  C  P,  D  P,  and  the 
angle  C  P  D,  to  find  PCD;  which  added  to  A  C  P 
gives  A  C  D.  Also,  in  the  triangle  ACS  we  have 
AC,  ACS,  and  CAS;  whence  we  get  A  S.  And 
lastly,  in  the  triangle  APS,  are  known  A  P,  AS, 
and  "P  A  S,  to  find  APS  and  PS;  the  former  of 
which  is  the  difference  of  right  ascension  of  A  and  S ; 
and  the  latter  the  complement  of  the  declination  of  S. 
Had  the  longitudes  and  latitudes  of  the  four  star^ 
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been  known,  then  P  being  the  pole  of  the  ech'ptic,  a 
similar  process  would  have  determined  the  longi- 
tude and  latitude  of  S. 

ly'i.  Or  this  may  be  done  with  tolerable  accuracy, 
in  a  mechanical  manner,  by  means  of  a  good  celes- 
tial globe,  on  the  surface  of  which  the  stars  are  very 
carefully  placed.  Thus,  take  a  thread  and  extend  on 
the  globe,  between  the  stars  represented  by  A  and  B  j 
and  let  another  be  extended  from  C  to  D  ;  the  inter- 
section of  these  two  threads  will  point  out  the  place 
of  the  body.  If  at  the  same  hour  every  evening, 
for  nine  or  ten  successive  days,  the  place  of  the  body- 
be  thus  observed  at  the  intersecting  points  between 
any  four  knov/n  stars,  we  shall  manifestly  obtain  the 
apparent  course  of  the  body  in  the  heavens,  by  draw- 
ing a  line  on  the  globe  through  the  various  intersect- 
ing points.  And  this  will  be  a  very  easy,  practicable 
way  of  finding  the  path  of  any  new  celestial  pheno- 
menon. 

]y3.  Prob.  XXX.  Given  the  altitude  of  a  l}w:cn 
■stary  to  jind  the  altitude  of  the  culminating  point  of 
the  ecliptic,  at  any  place  the  latitude  of  ichichis 
given. 

In  this  problem,  we  first,  from  the  declination  of 
the  star,  its  altitude,  and  the  latitude  of  the  place, 
find  the  hour  angle  fri)m  the  star's  time  of  cul- 
minating,  as  in  Art.  179.  Then  either  add  or 
subtract  this  hour  angle,  to  or  from  the  right  as- 
cension of  the  star  in  degrees,  according  as  the  ol  - 
servation  was  made  after  or  before  the  star  was  on 
the  meridian  ;  the  sum  or  difference  is  the  right  as*- 
cension  of  the  culminating  point  of  the  ecliptic. 
This  right  ascension,  or  its  supplement  if  it  be 
greater  than  90°,  is  one  leg  of  a  right-angled  sphe- 
rical triangle,  and  23°  28',  the  obliquity  of  the  eclip- 
tic, is  the  acute  angle  opposite  the  required  leg, 
which  when  found  is  the  distance  of  the  ecliptic 
from  the  equator,  at  the  culnjinating  pointy  or  the 
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decVmation  of  that  point.  Finally,  if  the  right  as- 
cension of  the  culminating  point  be  less  than  r8o°, 
add  its  declination  just  found  to  the  complement 
of  the  latitude  supposing  it  to  be  north);  or  if  the 
A.  R  be  greater  than  i8o%  subtract  the  declination 
from  the  co-latitude ;  the  sum  or  difference  lespec- 
tively,  will  be  the  altitude  of  that  point,  as  required. 
All  which  will  appear  very  evident  after  comparing 
it  with  what  was  done  in  Problem  15. 
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On  the  most  7iotcd  Systems  hivetitcd  to  c.ipiciin  the 
Flanetary  Alotioas, 


Art»  ]  94.  THE  preceding  Chapters  contain  that 
part  of  astronomy  relating  to  the  sun  and  fixed  stars, 
most  of  which  would  be  obvious  even  to  such  ob- 
servers as  did  not  examine  the  heavens  with  much 
minuteness  and  attention  :  but  it  is  time  to  direct  our 
consideration  to  the  moon,  and  those  other  bodies 
which,  though  the  least  remarkable  objects  in  the 
heavens  to  a  careless  and  cursory  observer,  have 
occupied  much  the  greater  share  of  the  industry  and 
ingenuity  of  astronomers,  and  have  led  to  the  noblest 
inventions  and  discoveries  which  have  been  enrolled 
in  the  annals  of  science.  The  bodies  we  now  al- 
lude to  are  the  planets,  or  wandering  stars,  as  their 
name  imports ;  and  indeed  their  appearances,  with 
respect  to  an  inhabitant  of  the  earth,  dev'ate  so  far 
from  all  our  ideas  of  regularity  and  order,  as  to 
render  the  epithet  xcandcruig  strictly  applicable,  and 
lead  us  to  infer,  did  not  the  language  of  experien. e 
contradict  the  inference,  that  the  reduction  of  their 
motions  to  any  fixed  and  regular  rules,  would  lid 
defiance  to  the  utmost  effoits  of  human  sag  .city. 
But  almost  insuperable  obstacles  vanish  when  ap* 
proached  with  constant  assiduity  and  skill ;  and  the 
history  of  astronomy  furnishes  us  v/ith  indubitable 
evidence  of  the  astonishing  success  which  has  uni-* 
f»rmly  followed  in  the  train  of  persevering  diligence 
and  ingenuity. 

195.  The  names  of  the  planets,  with  their  astro- 
nomical characters,  are  thus  given :  moxuri)  5 , 
nenus  $ ,  mars  $ ,  jiipiter  % ,  and  saturn  t^,  ; 
these  were  known  to  the  ancient  astronomers.     The 
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indefatigable  attention  and  care  of  Dr.  Ilerschel 
have  added  another  to  the  number  of  planets^  called 
by  him  georgium  .sidu-<,  or  the  gcorgum  planet: 
by  some  astronomers  it  is  called  Herschel^  in  ho- 
nour of  the  discoverer  ;  though  among  almost  all  fo- 
reigners, it  has  acquired  the  name  of  i/n://>ufi,  which 
it  is  likely  to  retain.  Its  astronomical  character 
is  ]^  *. 

196.  In  our  enquiry  into  the  natures,  distances, 
magnitudes,  and  motions,  of  these  bodies,  we  shall 
first  state  the  most  usual  and  striking  appearances 
they  exhibit ;  then  describe  the  most  celebrated 
schemes  or  systems  which  have  been  invented  to  ac- 
count for  these  appearances ;  and  assign  the  reasons 
which  have  induced  the  modern  astronomers  to  reject 
all  these  systems,  except  what  is  now  distinguished  by 
the  title  Nczctonian^  and  those  wdiich  are  manifestly 
included  in  it,  or  might  lead  to  its  invention. 

197.  V/ith  respect  to  the  woo;?,  we  naturally 
conclude  that  she  is  constantly  at  nearly  the  same  dis- 
tance from  the  earth  ;  for,  since  there  is  no  reason 
to  suppose  her  magnitude  varies,  as  her  apparent  dia- 
meter at  the  same  altitude  never  varies  considerably 
(being  at  the  greatest  33',  and  at  the  least  29'  3o''0> 
we  may  fairly  infer  that  her  distance  from  us  is  not 
subject  to  very  great  changes.  As  to  her  nhape^  we 
readily  conceive  it  to  be  nearly  spherical ;  for,  al- 
though her  appearance  to  a  common  observer  is  that 
of  a  flat  circle,  called  the  diae^  yet,  the  assistance  of 
telescopes,  in  union  with  just  analogical  reasoning, 
would  induce  us  at  once  to  reject  the  opinion  of  her 
being  flat,  should  our  hasty  observations  lead  us  to 
adopt  it.  If  an  opake  globe  be  at  a  moderate  dis- 
tance from  the  eye,  the  picture  of  it  upon  the  retina 

*  Since  this  was  written,  it  is  just  reported,  that  another  new  pri- 
m-iry  planet  has  been  discovered,  viz.  by  M.  Piazzi  an  Italian 
astronomer,  on  Jan.  i,  1801,  or  the  first  day  of  the  19th  century. 
It  appears  only  as  a  star  of  the  8th  magnitude,  and  moves  in  an 
orbit  between  mars  and  jupiter,  at  2|  times  the  earth's  distance 
from  the  sun. 
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U  i.  circle  properly  diversified  with  light  and  shades 
so  as  to  excite  in  the  mind  the  idea  of  a  globe  j  if  a 
globe  be  at  a  great  distance  from  the  eye,  the  differ- 
ence  between  the  lights  and  shades,  "which  form  the 
picture  of  a  globe^  will  be  imperceptible^  and  then 
the  body  will  appear  like  a  circular  plane.  A  lumi- 
nous globe,  though  but  at  a  moderate  distance  from 
the  eye,  appears  like  a  luminous  plane,  as  will  be 
evident  to  any  one  who  makes  the  experiment  with  a 
globe  of  iron  heated  red-hot.  So  that  whether  the 
itioon  be  luminous  or  opake,  her  distance  from  us 
causes  her  to  appear  flat,  though  she  be  in  reality 
nearly  globular. 

198.  The  mbon  comes  to  the  meridian  later  every 
day  than  the  preceding^  and  the  differences  of  the 
times  of  her  culminating  are  very  unequal ;  she  also 
has  vei'y  different  altitudes  when  on  the  meridian. 
She,  besides  this,  is  very  mutable  in  her  figure,  con- 
stantly putting  on  different  phases.  Sometimes  she 
increases,  from  little  more  than  an  arc  of  a  circle,  to 
a  full  circular  form ;  then  she  wanes  and  diminishes 
as  it  were  in  old  age ;  sometimes  she  is  bent  into 
horns,  then  she  appears  like  a  half  circle ;  then  she 
becomes  gibbous  or  hunchbacked,  and  next  assumes 
a  full  round  face ;  after  this  she  gradually  declinesr 
and  loses  all  her  lustre*  Sometimes  she  enlightens 
us  the  whole  night ;  at  other  times  she  does  not  ap- 
pear till  late  at  night,  or  early  in  the  morning.  Some* 
times  she  keeps  in  the  southern  regions  of  the  hea- 
vens ;  at  others  she  rises  higher  and  higher,  and 
visits  the  northern  hemisphere.  Changes  like  these 
occurring  so  frequently,  the  whole  of  them  being 
gone  through  in  less  than  thirty  days,  naturally  at- 
tracted attention ;  and  thus  the  periods  of  these  mu- 
tations soon  became  known ;  though  Endymlon^  the 
first  among  the  Greeks  who  carefully  studied  her 
motions,  by  his  regular  attention,  -gave  rise  to  th« 
fable  that  he  had  fallen  in  love  with  her. 
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19P.  The -planet  Venus,  when  viewed  through  a 
telescope,  appears  to  undergo  changes  in  her  phases, 
similar  to  those  of  the  moon  :  sometimes  her  full 
disc  appears,  at  other  times  she  appears  gibbous,  at 
others  horned.  Her  apparent  diameter  also,  as  mea- 
sured at  the  same  altitude,  is  subject  to  considerable 
variation,  being  at  some  periods  five  of  six  times 
greater  than  ^t  others.  She  sometimes  is  found  to 
come  to  the  meridian  with  the  sun,  then  to  precede 
that  luminary  in  coming  to  the  meridian,  and  so  have 
an  apparent  motion  from  east  to  west,  until  her  time 
of  arriving  at  the  meridian  precedes  that  of  the  sun 
by  about  3^  lo'",  when  she  seems  to  be  stationary 
for  a  short  time ;  then  her  coming  to  the  meridian, 
precedes  that  of  the  sun  by  less  and  less  degrees, 
until  they  are  again  on  the  meridian  together.  From 
this  period  she  culminates  later  than  the  sun,  and 
continues  her  apparent  motion  from  west  to  east  in 
a  retrograde  order,  till  her  culminating  is  about 
3^  10"™  after  that  of  the  sun;  at  this  period  she 
again  appears  stationary  for  a  short  time,  after  which 
her  apparent  motion  is  from  east  to  west,  as  it  was 
previous  to  her  being  stationary  in  the  former  in- 
stance. Her  dechnation  too  is  found  to  vary  much, 
being  sometimes  more  than  27°  north,  and  occupy- 
ing all  the  intermediate  degrees,  till  it  becomes  as 
great  toward  the  south.  All  the  time  when  Venus 
appears  easterly  of  the  sun  she  sets  after  him,  and  is 
called  the  evening  star ;  when  she  is  westward  of 
that  luminary,  she  sets  before  him  in  the  evening, 
but  shines  before  he  rises  in  the  mornings  and  is  then 
called  the  moiming  star. 

200.  Observations  can  but  seldom  be  made  on  the 
planet  Mercury ;  but  it  has  been  observed  suffi- 
ciently to  determine  that  his  motions,  appearances, 
and  mutations,  are  very  similar  to  those  of  venus, 
with  the  exceptions  that  they  are  performed  in  a  far 
less  space  of  time,  and  that  the  distance  of  jjiereury 
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from  the  sun  is  never  greater  than  about   ih  50™  in 
time,  or  nearly  27!°. 

9.0\*  Mars  is  found  sometimes  to  come  to  the 
meridian  with  the  sun,  sometimes  to  precede  him^  at 
others  to  follow  him,  and  at  some  to  be  directly  op* 
posite  to  that  luminary,  so  as  to  rise  when  he  sets, 
and  set  when  he  rises.  When  mars  is  thus  opposite 
to  the  sun,  his  apparent  diameter  is  the  greatest :  be- 
ing about  five  times  as  large  as  at  those  periods  when 
he  comes  to  the  meridian  with  the  sun.  The  appa- 
rent motion  of  this  planet^  like  that  of  mercury  and 
Venus,  is  sometimes  direct,  or  from  east  to  west;  at 
others  retrograde,  or  from  west  to  east  j  and  some-* 
times  the  appearance  is  stationary*  Mars  also  has 
dijEferent  phases,  appearing,  when  viewed  through  a 
telescope,  either  full  and  round,  or  gibbous,  but 
never  horned. 

202.  The  motions  of  Jupiter  and  Saturn^  com- 
pared with  those  of  the  suti,  are  found  to  be  at  times 
direct,  at  others  retrograde,  and  at  others  stationary, 
like  those  of  the  other  planets.  These  two  bodies 
are  also  sometimes  in  opposition  to  the  sun,  as  above 
mentioned  respecting  mars ;  and  they,  as  well  as  the 
other  planets,  are  sometimes  to  the  north  of  the 
ecliptic,  and  sometimes  to  the  south,  but  very  sel- 
dom upon  it. 

203.  To  explain  and  account  for  these  apparent 
motions  of  the  moon  and  planets,  together  with 
those  of  the  sun,  various  hypotheses  or  systems 
have  been  invented,  some  complex  and  confused, 
others  on  simple  and  general  principles.  "  Systems," 
as  Dr.  Adarti  Smith  ingeniously  observes,  "  in  many 
*'  respects  resemble  machines.  A  machine  is  a  little 
^*  system  created  to  perform,  as  well  as  to  connect 
*'  together  in  reality,  those  different  movements  and 
•'  effects  which  the  artist  has  occasion  for.  A  system 
*'  is  an  imaginary  machine  invented  to  connect  to- 
*'  gether  in  the  fancy  those  different  ra.av€i?ients  ^indi 
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"  effects  which  are  already  in  reality  performed. 
"  The  machines  that  are  first  invented  to  perforrti 
"  any  particular  movement  are  always  the  most  com- 
*'  plex ;  arid  succeeding  artists  generally  discover 
*'  that  with  fewer  wheels,  with  fewer  principles  of 
'*  motion  than  had  originally  been  employed,  the 
**  same  effects  may  be  more  easily  produced.  The 
**  first  systems^  in  the  same  manner,  are  always  the 
*'  most  complex,  and  a  particular  connecting  chain 
**  or  principle  is  generally  thought  necessary  to  unite 
**  every  two  seemingly  disjointed  appearances ;  but 
**  it  often  happens,  that  one  great  connecting  principle 
*'  is  afterwards  found  to  be  sufficient  to  bind  together 
*'  all  the  discordant  phenomena  that  occur  in  a  whole 
*'  species  of  things.'*  Nay,  with  respect  to  the  mo^ 
lions  and  appearances  in  astronomy,  a  system  has  at 
length  been  invented  which  corresponds  so  accurately 
with  the  phenomena  of  nature,  and  explains  them  so 
satisfactorily,  that  even  Dr.  Smith  himself,  whilst 
endeavouring  to  represent  all  philosophical  systems 
as  mere  inventions  of  the  imagination,  was  insensi- 
bly drawn  in  "  to  make  use  of  language  expressing 
"  the  connecting  principles  of  this  one,  as  if  they 
''  were  the  real  chains  which  Nature  makes  use  of 
"  to  bind  together  her  several  operations." 

204.  That  such  has  been  the  progressive  improve- 
ment of  the  systems  of  astronomers,  the  following 
brief  account  of  the  chief  of  them  will  serve  in  some 
jneasure  to  shew.  Ptolemy^  an  Egyptian  philoso- 
pher, who  lived  in  the  time  of  the  Roman  emperor 
Adrian,  was  the  author  of  an  hypothesis  in  which  it 
was  attempted  to  reconcile  the  appearances  of  the 
heavenly  bodies  with  the  prevailing  philosophy  of  the 
times.  He  supposed  that  the  earth  was  fixed  im- 
moveably  in  the  centre  of  the  universe,  and  that  the 
moon,  mercury,  venus,  the  sun,  mars,  jupiter,  and 
Saturn,  revolved  about  it  in  the  order  here  meritioned^r 
Above  these  he  supposed  the  firmament  of  the  fixed 
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stars,  the  crystalline  orbs,  the  primum  mohile  and 
ccelum  ejnpyrnim^  or  heaven  of  heavens,  were  sitUf 
ated.     All   these  immense  orbs  were   imagined   to 
move  round  the  earth  once  in  twenty-four  hours  ; 
and  to  move  also  in  certain  periodical  times,   agred- 
ably  to  their  annual  changes  and  appearances.    Every 
star  was  supposed  to  be  fixed  in  a  soHd  transparent 
sphere,  Hke  crystal ;  and  to  account  for  their  differ- 
ent motions,  he  was  obliged  to  conceive  a  number 
of  circles  called  eccentrics  and  epicycles,  like  littlq 
wheels  attached  to  the  circumference  of  larger,  and 
intersecting  one  another  in  almost  every  possible  direc-» 
tion  :  so  that  every  motion  which  became  newly  disco- 
vered by  the  industry  of  observers,  required  the  addition 
of  a  new  wheel  or  epicycle  to  carry  the  centre  of  its 
eccentric  round  the  centre  of  the  earth.     In  conse- 
quence, therefore,  of  the  increasing  accuracy  of  the 
observations,  which  called  for  fresh  epicycles  and  ec- 
centrics,   this  system   became    at   length   so   much 
clogged  with  incumbrance  after  incumbrance,  that  the 
imagination  could  no  longer  sustain  it  with  tranquil- 
lity and  satisfaction.     And,  besides    this,  after   the 
lapse  of  a  few  centuries,  it  was  found  that  this  hy- 
pothesis was  far  from  consistent  with  all  the  pheno- 
mena of  the  heavenly  bodies  ;  and  the  tables  of  Pto- 
lemy gave  the  places  of  those  bodies  altogether  differ- 
ent from  what  their  real  situations  were  found   to 
be;  so  that  the  world  became  persuaded  that  this 
long-established  system  needed  a  thorough  revisal, 
and  then  it  required  no  painful  efforts  to  induce  thcni 
to  reject  it  entirely. 

205.  The  confusion  In  which  the  above  hypothesis 
represented  the  planetary  motions,  suggested  to 
Copeiviicus,  a  native  of  Thorn  in  Prussia,  the  idea 
of  forming  a  new  system,  that,  as  himself  tells  us, 
«  the  noblest  works  of  Nature  might  no  longer  ap- 
'*  pear  devoid  of  that  harmony  and  proportion  which 
^«  discover  themselves  in  her  meanest  productions.** 
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He  fo\nid  in  Plutarch  that  some  old  Pythagoreans 
had  represented  the  earth  as  revolving  in  the  centre 
of  the  universe,  like  a  wheel  round  its  own  axis  ;  and 
that  others  of  the  same  sect  had  removed  it  from  the 
centre,  and  represented  it  as  revolving  in  the  ecliptic, 
like  a  star  round  the  central  fire.  The  authority  of 
these  old  philosophers  might  not  originally  suggest 
to  him  his  system,  but  it  seems  to  have  confirmed 
him  in  it,  He  concluded  "  that  if  the  earth  was 
supposed  to  revolve  every  day  round  its  axis,  frojii 
west  to  east,  all  the  heavenly  bodies  would  appear 
to  revolve  in  a  contrary  direction,  from  east  to  west. 
The  diurnal  revolution  of  the  heavens,  upon  this  hy- 
pothesis, might  be  only  apparent ;  the  firmament, 
which  has  no  other  sensible  motion,  might  be  per- 
fectly at  rest ;  while  the  sun,  the  moon,  and  the  five 
planets,  might  have  no  other  movement  beside  that 
eastward  revolution  which  is  peculiar  to  themselves. 
By  supposing  the  earth  to  revolve  with  the  planet? 
round  the  sun  in  an  orbit,  which  comprehended 
within  it  the  orbits  of  venus  and  mercury,  but  was 
comprehended  within  those  of  mars,  jupiter,  and  Sa- 
turn, he  could,  without  the  embarrassment  of  epi- 
cycles connect  together  the  apparent  annual  revo- 
lutions of  the  sun,  and  the  direct,  retrograde,  and 
stationary  appearances  of  the  planets  ;  that  while  the 
earth  really  revolved  round  the  sun  on  one  side  of 
fhe  heavens,  the  sun  would  appear  to  revolve  round 
the  earth  on  the  other  ;  that  while  she  really  ad- 
vanced in  her  annual  course,  he  would  appear  to  ad- 
vance eastward  in  that  movement  which  is  peculiar 
to  himself ;  and,  by  supposing  the  axis  of  the  earth 
to  be  always  parallel  to  itself,  not  to  be  quite  per- 
pendicular, but  somewhat  inclined  to  the  plane  of 
her  orbit,  and  consequently  to  present  to  the  sun 
the  one  pole  when  on  the  one  side  of  him,*  and  the 
other  when  on  the  other,  he  would  account  for  the 
pbliquity  of  the  ecliptic,  the  sun's  seemingly  altert 
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tate  pfogression  from  north  to  south  and  from  south 
to  north,  the  consequent  change  of  the  seasons,  and 
different  lengths  of  days  and  nights  in  the  different 
seasons.**     This   new  account  of  things  manifestly- 
rendered  the  appearances  of  the  heavens  more  cohe- 
rent than  had  been  done  by  any  of  the  additions  to 
the  Ptolemaic  system ;   and  this  it  did  by  a  more 
simple,    intelligible,    and   beautiful  machinery.      It 
represented  the  sun,  the  great  enlightener  of  the  uni- 
verse, whose  body  was  allowed  to  be  alone  larger 
than  all  the  planets  taken  together^  as  estabhshed  in  the 
centre,  shedding  light  and  heat  on   all  the  worlds 
that  circulated  around  him  in  one  uniform  direction, 
but  in  longer  or  shorter  periods,  according  to  their 
different  distances.     The  planets  too,  which  formerly 
seemed  to  be  objects  unlike  to  every  thing  in  nature, 
when   supposed   to   revolve  along   with   the    earth 
about  the  sun,  were  naturally  apprehended  to  be 
objects  of  the  same  kind  with  the  earth,  habitable, 
opake,  and  enlightened  only  by  the  solar  rays :  and 
thus  this  hypothesis,  by  classing  them  in  the  same 
species  of  things  with  an  object  which  is  the  most 
familiar  to  us,  took  off  much  of  that  wonder  and 
uncertainty  which  the  strangeness  of  their  appearance 
had  excited.     Yet,  after  all,  this   system  at  its  first 
entrance  into  the  world  was  almost  universally  dis- 
approved of;  and  the  learned  in  the  sciences  treated 
it   with   contempt :    objection    after    objection   was 
brought  against  it ;  and  it  must  be  confessed  that  on 
account  of  the  ignorance  respecting  the  real  laws  of 
motion  which  then  reigned,  the  answers  to  these  ob- 
jections,  though  they  displayed   considerable   skill, 
were  by  no  means  satisfactory. 

20f).  This  led  Tijciio  Brahe,  who  had  spent  his 
life  and  his  fortune  upon  the  science  of  astronomy, 
to  invent  another  hypothesis,  in  which  the  earth  was 
supposed  fixed  in  the  centre  of  the  universe,  and  all 
th^  Stars  and  planets  vvere  imagined  to  revolve  round 
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it  in  twenty-four  hours  ;  yet  he  allowed  a  menstrua^ 
motion  to  the  moon,  round  the  earth ;  and  he  supy 
posed  that  the  sun  was  the  centre  of  the  orbits  of  th^ 
planetSj  in  which  they  were  carried  round  him  in 
their  respective  years,  while  the  sun  revolved  about 
the  earth  in  a  solar  year ;  and  all  these,  as  well  as 
the  sun,  he  still  supposed  to  move  round  the  earth  in 
fwenty-four  hours.  Such  was  the  system  of  Tycho, 
evidently  compounded  out  of  those  of  Ptolemy  and 
Copernicus ;  in  some  respects  more  complex  than 
that  of  Ptolemy,  as  it  supposed  the  different  revolu* 
jtions  of  the  planets  to  be  performed  round  two  cenr 
tres ;  the  diurnal  round  the  earth,  the  periodical 
found  the  sun.  It  was  not  to  be  expected  that  a 
gystem  so  perplexed  and  unnatural  as  this  could  long 
^maintain  any  reputation  in  the  world  ;  but  it  fell  in 
with  deep-rooted  prejudices,  and  therefore,  as  it  hat 
been  remarked,  while  "  those  who  considered  th^ 
heavens  only,  favoured  the  system  of  Copernicus, 
which  connected  so  happily  all  the  appearances  which 
presented  themselves  here,'*  and  which  even  met 
with  Gojifirmation  from  the  astronomical  observations 
of  Tycho  himself;  still  "  those  who  looked  upon 
the  earth,  adopted  the  account  of  Tycho,  which  leav- 
ing it  at  rest  in  the  centre  of  the  universe,  djd  lesif 
violence  to  the  usual  habitg  of  the  imagination.*' 
However,  this  system  being  very  embarrassing  to  the 
mipds  of  ingenuous  persons,  and  being  in  many  re? 
spects  in  direct  contradiction  to  the  phenomena  which 
began  then  to  be  observed  with  greater  accuracy  than 
&t  any  preceding  period,  an  attempt  was  made  to 
amend  it,  \if  L<)}igcmonta}U(s  and  others,  who  al- 
lowed the  diurnal  motion  of  the  earth  on  its  axis, 
but  denied  its  annual  motion  about  the  sun  :  this 
hypothesis  was  called  the  Semi-'Vychonk,  But  even 
i.his  system  could  not,  with  all  the  ingenuity  of  its 
pdvpcates,  be  made  to  correspond  with  the  heavenly 
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phenomena,  and  of  course  \i  remained  but  a  short 
period  before  it  was  completely  abandoned. 

9.07.  Abput  this  period,  the  important  invention 
of  telescopes,  together  with  the  admirable  sagacity 
and  assiduity  of  GalUeo,  tended  considerably  to  ob- 
viate the  objections  which  had  been  urged  against  the 
Copernican  system.  This  great,  though  unfortunate 
philosopher,  removed  an  objection  to  the  hypothesis 
of  Copernicus,  drawn  from  the  nature  of  motion,  by 
explaining  the  effects  of  the  composition  of  motion, 
on  principles  now  generally  laid  down  in  Avorks  on 
mechanics  ;  and  from  which  it  naturally  results  that 
a  ball  dropt  from  the  mast  of  a  ship  under  sail  would 
fall  precisely  at  the  foot  of  the  mast ;  and,  on  a  si- 
milar account,  that  the  phenomena  of  falling  bodies 
pn  the  earth  would  be  the  same,  whether  it  were 
at  rest  or  actually  in  motion.  It  had  been  also  ob- 
jected to  Copernigus,  that  his  supposition  of  the 
moon  moving  round  the  earth,  could  not  be 
admitted  on  the  hypothesis  of  the  earth  revolv- 
ing about  the  sun  j  unless  it  could  be  shewn  that 
the  other  planets,  or  some  of  them,  had  moons 
revolving  about  them  also :  Galileo,  by  applying 
the  telescope  to  astronomy,  soon  removed  this  ob- 
jection J  for  he  discovered  that  jupiter  had  satellites 
moving  about  him  in  a  manner  similar  to  the  motion 
of  the  moon  round  the  earth ;  and  the  subsequent 
discovery  of  the  satelHtes  of  saturn,  served  completely 
to  shew  that  the  connection  of  the  moon  with  the 
earth,  was  perfectly  consistent  with  the  analogy  of 
nature.  Another  objection  brought  against  the  sys- 
tem of  Copernicus  was,  that  if  venus  and  mercury 
revolved  round  the  sun,  in  an  orbit  comprehended 
within  the  orbit  of  the  earth,  they  would  shew  a  va- 
iriety  of  phases  as  the  moon  did.  He  answered,  titat 
they  undoubtcdlij  did  all  tliis^  and  that  some  time  or 
other  their  rtseinhlance  to  the  moon,  in  this  respect^ 
U'ouid  be  found  out :  this  very  bold  assertipn  was  coxi- 
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firmed  by  Galileo.  He  discovered  the  phases  of 
Venus,  and  sent  an  account  of  the  discovery  in  a 
letter  written  from  Florence,  in  1 6 1 1 ,  to  the  Duke 
of  Tuscany's  embassador  a!  Prague.  From  a  trans- 
lation of  this  letter  the  following  passage  is  ex- 
tracted :  "  We  have  hence  the  most  certain,  sensible 
"  decision  and  demonstration  of  two  grand  ques- 
"  tions,  which  to  this  day  have  been  doubtful  and 
"  disputed  among  the  greatest  masters  of  reason  in 
* '  the  world.  One  is,  that  the  planets  in  their  own 
*'  nature  are  opake  bodies,  attributing  to  mercury 
"  what  we  have  seen  in  venus  ;  and  the  other  is, 
**  that  venus  necessarily  moves  round  the  sun,  as 
"  also  mercury  and  the  other  planets :  a  thing  in- 
*'  deed  well  believed  by  Pythagoras,  Copernicus, 
*'  Kepler,  and  myself;  but  never  yet  proved,  as 
"  now  it  is,  by  ocular  inspection  upon  venus.*' 

Galileo  likewise  discovered  spots  in  the  sun,  and 
demonstrated  by  their  motion  (since  he  could  easily 
shew  that  they  adhered  to  the  sun's  surface)  the 
revolution  of  that  luminary  round  its  axis ;  and  this 
rendered  it  less  improbable  that  the  earth,  a  body  so 
much  smaller  than  the  sun,  should  revolve  round  its 
axis  in  the  same  manner. 

SOS.  While  Galileo  in  Italy  was  by  his  discoveries 
paving  the  way  for  the  universal  reception  of  the  sys- 
tem of  Copernicus,  Kepler,  a  German  philosopher  of 
great  genius,  and  greater  industry,  was  employing 
himself  to  ascertain,  correct,  and  improve  it.  A 
circle,  as  the  degree  of  its  curvature  is  every-where 
the  same,  is  the  simplest  of  all  curves,  and  most 
easily  to  be  conceived ;  it  was  therefore  natural  to 
conclude  that  a  circular  motion  was  the  most  perfect 
of  all  motions,  and,  since  the  universe  was  a  perfect 
work,  that  the  motions  of  the  heavenly  bodies  were 
performed  in  circles :  but  Kepler  saw  reason  to  reject 
this  opinion,  which,  though  not  exceedingly  errone^ 
ous,  was  not  (|uite  consistent  with  the  true  statq  qJ 
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things.  Having,  pursuant  to  the  invitation  of  the 
generous  and  noble  Tycho  Brahe,  gone  to  reside  with 
him  at  his  observatory  on  a  little  island  on  the  Baltic, 
the  Danish  astronomer  communicated  to  him  his  ob- 
servations upon  mars,  in  the  arranging  and  me- 
thodising of  which  his  disciples  were  at  that  time 
employed.  Kepler,  on  comparing  them  with  one 
another,  found  that  the  orbit  of  that  planet  was  not 
a  perfect  circle,  that  one  of  its  diameters  was  some- 
what longer  than  the  other ;  and  that  it  approached 
to  an  ellipsis,  which  had  the  sun  in  one  of  its  foci. 
He  found  too  that  the  motion  of  the  planet  was  not 
equable ;  that  it  was  swiftest  when  nearest  th^  sun, 
and  slowest  when  farthest  from  him ;  and  that  its 
velocity  gradually  increased  or  diminished  according 
as  it  approached  to  or  receded  from  him.  Other  ob- 
servations of  Tycho  enabled  Kepler  to  conclude, 
that  the  same  things  also,  though  in  different  degrees, 
were  true  of  all  the  other  planets.  They  exhibited 
the  same  things  too  of  the  sun,  if  supposed  to  move 
round  the  earth,  and  consequently  of  the  earth  if 
supposed  to  revolve  round  the  sun. 

i^oy.  This  indefatigable  astronomer,  after  many 
trials,  at  length  found  out  a  rule,  which  obtained  in  the 
real  motions  of  the  planets,  A  cording  to  him,  if  a 
straight  line  was  drawn  from  the  centre  of  each 
planet  to  the  sun,  and  carried  along  by  the  periodi- 
cal motion  of  the  planet,  it  would  describe  equal 
trilineal  areas  in  equal  times,  though  the  planet  did 
not  pass  over  equal  spaces :  the  same  rule  he  found 
to  take  place  nearly  with  regard  to  the  moon.  Kep- 
ler, besides  this,  introduced  another  new  analogy 
into  the  system,  and  first  discovered  that  there  was. 
one  uniform  relation  observed  betwixt  the  distances 
of  the  planets  from  the  sun,  and  the  times  employed 
in  their  periodical  motions.  He  found  that  their 
periodical  times  were  greater  than  in  proportion  to 
ii)eir  distances,  and  less  than  in  proportion  to  thesquare 
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of  their  distances.  After  committing  several  mis- 
takes in  determining  the  real  analogy,  he  discovered 
at  last,  on  the  15th  of  I^-Iay,  161 8,  for  he  is  so  exact 
ss  to  mention  the  precise  day  when  he  found,  that 
"  the  squares  of  the  periodical  times  are  always  in 
^'  the  same  proportion  as  the  cubes  of  the  mean  dis- 
"  tances  from  the  sun.'* 

210.  The  observations  oi  Cass'iui  fully  established 
the  truth  of  these  famous  analogies  of  Kepler  ;  for 
he  discovered  that  the  satellites  of  jupiter  and  sa- 
turn  revolved  round  their  primary  planets  in  confor- 
mity to  those  analogies.  And  when  it  was  deter- 
mined that  the  motions  of  the  four  satellites  of  ju-r 
piter,  and  the  five  of  saturn  about  their  respective 
primaries,  as  well  as  those  of  all  the  primary  planets 
(among  which  the  earth  is  now  included)  about  the 
sun,  agreed  with  these  analogies,  the  doctrine  of 
Kepler  was  greatly  confirmed,  and  his  improvement 
of  the  Copernican  systen^  soon  triumphed  over  every 
opposition. 

^211.  Still,  however,  there  remained  to  be  disco- 
vered some  extensive  and  general  principle*,  from 
which  the  analogies  which  obtained  in  the  motions  of 
the  heavenly  bodies  should  naturally  flow  ;  some  in- 
visible chain  which  should  bind  together  those  va- 
rious bodies,   and  yet  not  oblige  them  to  come  into 

*  "  The  mind  of  man  doth  wonderfully  endeavour,  and  extremely 
"  a>vet  this,  that  it  may  not  be  pensile  j  but  that  it  may  light 
*'  upon  something  fixt  and  immoveable,  on  which  as  on  a  firma- 
"  ment  it  may  support  itself  in  its  swift  motions  and  disquisitions. 
"■  Surely,  as  ^ristot/e  endeavoureth  to  prove,  that  in  all  motion 
"  of  bodies  there  is  some  point  quiescent,  and  very  elegantly  ex- 
*'  poundeth  the  ancient  fable  of  Ailas,  that  stood  fixt  and  bare  up 
"  the  heavens  from  falling,  to  be  meant  of  the  poles  of  the  world, 
"  whereupon  the  conversion  is  accomplished.  In  like  manner 
"  men  do  earnestly  seek  to  have  some  ^tlas  or  axletree  of  their 
"  cogitations  within  themselves,  which  may,  in  some  measure, 
"  moderate  the  fluctuations  and  wheelings  of  the  imderstanding  j 
•'  fearin<j^,  it  may  be,  the  falling  of  their  heaven." — -Bacon's  J^i^i 
tia^ictment  ef  Learnings  lib.  5.  G.  Wats's  edition,  1674. 
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immediate  contact.  This  was  eagerly  sought  aftert 
Kepler  attempted,  as  was  usual  with  hira,  to  dis- 
cover it  by  some  lucky  guess :  Des  Cartea  endea- 
voured to  ascertain  wherein  this  invisible  principle 
consisted,  and  formed  an  hypothesis  which  will  ever 
remain  a  monument  of  his  admirable  genius  and  lofty 
conception :  Spinosa  added  largely,  from  the  store 
of  a  rich  imagination,  to  what  he  learned  from  Dcs 
Carter :  and  the  learned  Leibnitz^  after  maturing 
his  speculations,  made  the  result  of  them  known  to 
the  world.  But  these  and  others,  though  of  great 
utility  in  striking  out  some  particular  and  isolated 
principles,  could  only  display,  as  general  laws,  such 
as  merely  had  their  origin  in  their  own  lively  fancies. 
Sir  Isaac  Nlwtox  was  the  first  who  successfully 
attempted  to  give  a  physical  account  of  the  motions 
of  the  planets,  which  should  accommodate  itself  to 
all  the  constant  irregularities  ever  observed  by  astro- 
nomers to  take  place  in  those  motions.  He  adopted 
the  maxim  of  his  great  precursor  Lord  Bacon, 
"  that  ail  theory  wa^  to  he  laid  aside  which  was  not 
*^  founded  on  experiment ;''  and  by  a  train  of  well- 
directed  observations,  aided  by  an  excellent  analysis, 
assailed  Nature,  as  it  vvere,  with  unwearied  importu- 
nity, until  he  extorted  from  her  the  secret  which 
regulated  all  her  operations. 

i21£'.  The  superior  genius  and  sagacity  of  this  most 
eminent  philosopher  made  the  most  happy,  and  we 
may  now  say,  without  fear  of  contradiction,  the 
greatest  improvement  that  was  ever  made  in  philo- 
sophy, when  he  discovered  that  he  could  connect 
together  the  motions  of  the  planets  by  so  familiar 
a  principle  as  that  of  the  gravitation  of  matter. 
*'  He  demonstrated  that,  if  the  planets  were  sup- 
posed to  gravitate  towards  the  sun  and  to  one 
another,  and  at  the  same  time  to  have  had 
a  projecting  force  originally  impressed  upon  them, 
the  primary  ones  might  all  describe  ellipses,  in 
one  of  the  foci  of  which  that  great  luminary  was 
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placed;  and  the  secondary  ones  might  describe  fi< 
gures  of  the  same  kind  round  their  respective  pri- 
maries, without  being  disturbed  by  the  continual 
motion  of  the  centres  of  their  revolutions.  That  if 
the  force  which  retained  each  of  them  in  their  orbits 
was  Hke  that  of  gravity,  and  directed  towards  the 
sun,  they  would  each  of  them  describe  equal  areas 
in  equal  times.  That  if  this  attractive  power  of  the 
sun,  Hke  all  other  qualities  which  are  diffused  in  rays 
from  a  centre,  diminished  in  the  same  proportion 
as  the  squares  of  the  distances  increased,  their  mo- 
tions would  be  swiftest  when  nearest  the  sun,  and 
slowest  when  farthest  off  from  him,  in  the  same  pro-* 
portion  in  which  by  observation  they  are  discovered 
to  be ;  and  that,  upon  the  same  supposition  of  this 
gradual  diminution  of  their  respective  gravities,  their 
periodic  times  would  bear  the  same  proportion  to' 
their  distances  which  Kepler  and  Cassini  had  esta* 
blished  betwixt  them*." 

^  1 3.  Nor  was  this  all ;  for  he  not  only  endea-* 
voured  to  shew  that  gravity  might  be  the  connecting 
principle  of  the  planetary  tnovements,  but  he  proved 
that  it  really  was  so.  Galileo  had  shewn  that  when 
a  stone  is  projected,  it  is  deflected  from  the  recti- 
linear parh  into  a  parabola,  in  consequence  of  the 
gravity  of  the  stone  towards  the  earth.  To  shew  that 
the  moon  is  retained  in  its  orbit  by  the  force  of  gra- 
vity, Newton  shewed  that  it  was  continually  bent 
from  the  tangent  of  its  orbit,  in  the  same  manner  as^ 
Gahleo  shewed  the  deflection  of  the  path  of  the 
stone,  projected  near  the  surface  of  the  earth  :  that 
both  these  motions  are  directed  to  the  same  pointy 
and  agree  in  quantity ;  that,  if  the  moon  were  to 
approach  to  the  surface  of  the  earth,  the  force  by 
which  it  is  retained  in  its  orbit,  would  make  it  de- 
scend through  the  same  space  towards  the  centre  of 
the  earth,  as  an  heavy  body  would  fall  through  by 
its  gravity  in  the  same  time  j  and  that  if  a  stone 

*  Dr.  Adam  Smith's  History  of  Astronomy, 


Ketv toman  Si/ stem,  143 

could  be  carried  to  the  distance  of  the  mooii,  and 
there  projected  with  a  sufficient  velocity,  it  would 
revolve  round  the  earth  like  a  moon,  in  consequence 
of  the  same  cause  which  bends  its  motion  into  a 
curve  when  projected  near  the  earth's  surface.  Si- 
milar methods  of  reasoning  were  applied  to  all  the 
planets ;  and  as  it  appeared  that  the  revolutions  of 
the  primary  planets  round  the  sun,  and  those  of  the 
satellites  of  jupiter  and  saturn  round  their  primaries, 
are  phenomena  of  the  same  kind  with  the  revolu- 
tion of  the  moon  about  the  earth ;  likewise,  as 
the  centripetal  powers  of  the  primary  are  directed 
towards  the  centre  of  the  sun,  and  those  of  the  sa- 
tellites towards  the  centre  of  their  respective  pri- 
maries ;  and  lastly,  as  all  these  powers  are  recipro- 
cally as  the  squares  of  the  distances  from  the  centres  ; 
it  was  safely  concluded  that  the  cause  was  the  same 
in  all,  and  therefore  that  the  gravitation  of  matter 
is  universally  extended. 

2  J  4.  This  system  of  Neicton  is  the  only  one 
which  accounts,  in  a  satisfactory  manner,  for  the  va- 
rious irregularities  which  astronomers  have  observed 
in  the  heavens.  It  assigns  a  reason  why  the  centres 
of  the  revolutions  of  the  planets  are  not  precisely  in 
the  centre  of  the  sun,  but  in  the  common  centre  of 
grax>ity  of  the  sun  and  the  planets  :  it  is  applied  with 
peculiar  success  to  the  solution  of  the  irregularities 
in  the  motion  of  the  moon,  andio  the  deviations  from 
regularity  in  the  motions  and  orbits  of  the  various 
primaries  and  secondaries :  that  which  had  puzzled 
all  preceding  philosophers  even  to  guess  at  the  cause, 
namely,  the  precession  of  the  equinoxes,  has  been 
explained  on  the  principles  of  Newton,  and  talcula- 
tions  applied  to  the  theory,  the  conclusions  resulting 
from  which  correspond  very  accurately  with  the  ob- 
servations of  astronomers  :  and  other  phenomena 
which  have  been  discovered  since  the  time  of  New- 
ton, have  met  with  a  ready  solution  by  a  just  appli- 
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cation  of  his  principles;  So  that,  alttiough  graVif^ 
be  an  occult  cause,  as  was  at  firll  objected  against  it^ 
yet,  as  in  all  the  consequences  deduced  from  it,  tha 
reasoning  flowed  from  its  effects  without  entering 
into  the  contemplation  of  causes,  it  must  be  ac- 
knowledged, that  by  making  the  phenomena  of 
gravity  the  subject  of  physical  consideration,  New- 
ton performed  the  most  essential  service  to  philo^ 
sophy  :  and  as  his  system  has  now  acquired  the  most 
universal  empire  that  was  ever  established  in  philo- 
sophy, we  shall  conceive  ourselves  fully  justifiable 
in  adopting  his  principles  in  every  subsequent  pars 
of  this  work,  where  they  will  assist  us  in  our  en-" 
quirieSo 
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CHAPTER  VIII. 


On  the  Truth  of  the  Copernican  System,  as  iniproted 
by  Kepler  a?id  Newton. 


Art.  215.  IN  deducing  the  laws  by  which  the 
motions  of  the  celestial  bodies  were  regulated,  as  at- 
tempted to  be  shewn  in  the  faint  sketch  given  at  the 
end  of  the  last  chapter,  it  is  manifest  that  Newton 
must  have  directed  his  enquiries  agreeably  to  the 
principles  of  the  soundest  reasoning.  His  rules  of 
philosophising  are,  indeed,  excellent;  and,  as  they 
may  often  be  of  considerable  utility  in  developing 
the  causes  of  many  natural  appearances,  they  are 
here  inserted. 

216.  Rule  I.  More  causes  of  natural  things  are. 
not  to  be  admitted,  than  are  both  true  and  sujficient 
to  explain  the  phoinomena. 

Rule  II.  Therefore  to  the  same  natural  effects 
we  must  alzvays  assign,  as  Jar  as  possible,  the  sam& 
causes. 

Rule  III.  The  qualities  of  bodies  which  admit 
neither  retention  nor  'remission  of  degrees,  and  which 
are  found  to  belong  to  all  bodies  within  the  reach  of 
our  experime7its,  are  to  be  esteemed  the  universal 
qualities  of  all  bodies  whatsoever. 

Rule  IV.  In  Experimental  Philosophy,  proposi* 
tions  collected  from  the  phcenomena  by  induction  are 
to  be  deemed  (notzvithstanding  contrary  hypotheses) 
either  exactly  or  "^^ity  nearly  true,  till  other  phcenomena 
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occur\  by  which  they  tnay  be  rendered  either  niori 
accurate,  or  liabk  to  exceptiojis, 

2  ]  7.  The  first  of  these  rules  is  founded  upon  thtf 
principle,  that  in  Nature  nothing  is  done  in  vain,  but 
all  is  simple,  and  there  are  no  traces  of  superfluous 
causes  of  things.  The  second  naturally  results  from 
U ;  for  no  person  who  allowed  that  simplicity  reigned 
in  the  operations  of  Nature,  would  ascribe  respiration 
in  man  and  in  animals  to  different  causes  ;  or  would 
feel  a  difficulty  in  adinitting  that  the  cause  of  the 
descent  of  stones  was  the  same  in  America  as  in  Eu- 
rope. The  third  is  consistent  with  the  principle  of 
analogy,  agreeably  to  which  the  far  greater  part  of 
human  actions  are  regulated  :  by  this  rule,  because 
extension,  divisibility,  hardness,  mobility,  gravity, 
the  vis  inertias,  &c.  are  found  in  all  bodies  which  fall 
under  our  cognizance,  we  conclude  that  they  are 
original  aad  universal  properties  of  all  bodies  what- 
ever. The  fourth  rule  must,  of  necessity,  be  admitted, 
otherwise  arguments  by  induction  might  at  any  time 
be  destroyed  by  mere  hypotheses,  and  reason  would 
be  subdued  by  fancy. 

1218.  If  the  truth  of  the  general  laws  of  motion 
and  gravity  (as  laid  down  by  the  authors  on  mecha- 
nics) be  granted,  and  their  truth  has  repeatedly  been 
demonstrated  both  by  theory  and  by  actual  experi- 
ments ;  we  may,  by  a  natural  combination  of  these 
laws  of  motion,  with  the  rules  just  given,  be  nearly 
as  fully  persuaded  of  the  truth  of  the  Copernican. 
System,  with  the  improvements  of  Kepler  and  Nezv- 
ton,  as  we  should  be  by  the  most  direct  demonstra- 
tion. Perhaps  the  only  objection  which  can  now  be 
urged  with  any  force,  against  this  system,  is  drawn 
from  the  supposed  impossibility  of  the  earth's  mo- 
tion *,  for  if  once  it  be  admitted  that  the  earth  is  not 
fixed  and  immoveable,  the  mind  will  readily  assent 
to  evety  other  part  of  this  system.  Now,  it  is  ma-, 
nifest  from  constant  observation,  that  either  the  earth 
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IS  at  rest,  and  all  the  heavenly  bodies  perform 
their  revolutions  daily  in  circles  parallel  to  each 
other,  their  several  centres  falling  in  the  axis  of  the 
earth  or  heavens ;  or,  that  these  celestial  bodies,  or 
the  greater  part  of  them,  are  at  rest,  and  the  earth 
revolves  daily  about  one  of  its  diameters  as  an  axis. 
But  that  the  first  of  these  is  highly  improbable,  may 
be  thus  shewn  :  Both  the  theory  and  practice  of  me- 
chanics teach  us,  that  forces  are  directed  to  some  cen- 
tral body  on  which  they  physically  depend;  that  the 
force  of  gravity  decreases  inversely  as  the  square  of 
the  distances  from  its  centre;  and  that  when  various 
bodies  in  a  system  revolve,  their  motions  are  perform- 
ed about  their  common  centre  of  gravity :  the 
heavenly  bodies  are  at  widely  different  distances 
from  the  earth  (varying  from  about  forty  millions 
of  miles,  to  an  almost  infinitely  greater  distance,  as 
will  be  hereafter  shewn) ;  and  all  these  bodies,  on 
this  supposition,  must  m.ove  round  the  earth,  or  its 
axis  produced,  in  twenty-four  hours;  and,  besides  this, 
the  fixed  stars,  as  appears  by  the  precession  of  the 
f  quinoxes,  have  another  motion  round  the  axis  of  the 
ecliptic  in  about  25920  years  :  so  that,  if  the  earth 
be  fixed,  an  innumerable  multitude  of  bodies  (for 
such,  telescopic  observations  shew  the  stars  to  be) 
are  daily  moved  with  wonderful  rapidity  by  forces  di- 
rected to  innumerable  imaginary  points  on  which  they 
cannot  possibly  depend;  and  those  forces  must  increase 
exactly  in  proportion  to  the  distance  from  the  ima- 
ginary centres,  or  they  cannot  all  revolve  in  the  same 
time;  this  is  directly  contradictory  to  the  established  law$ 
of  motion  and  gravity,  and  is,  therefore,  inadmissible 
by  Rules  I  and  II.  Again,  to  come  to  a  particular  case, 
either  the  earth  turns  round  its  axis,  or  the  sun  re- 
volves round  the  earth  in  twenty^four  hours.  Now, 
when  one  body  revolves  about  another  as  its  centre, 
it  is  necessary  that  the  central  body  be  always  in  thq 
plane  in  which  the  revolving  body  moves ;  otherwise 
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it  cannot  be  said  to  revolve  about  that  body,   but 
some  other  point :  therefore,  if  the  sun  moves  about 
the  earth  in  a  day,  the  earth  must  be  in  the  plane 
in  which  the  sun*s  motion  is  described,  during  the 
whole  day.      But  at  all  times  of  the  year,  except 
when  the  sun  is  in  the  equinoxes,  the  sun  describes 
circles  which  have  not  the  earth  for  their  centre ;  and 
therefore,  according  to  the  rules  here  laid  down,  can 
no  more  be  said  to  revolve  about  the  earth,  than  a 
body  moving  round  the  base  of  a  cone  can  be  said 
to  revolve  about  the  vertex.     From  these  remarks 
it  appears,  that  if  we  are  at  all   able  to  determine 
what  is  impossible,  respecting  the  different  bodies  in 
the  universe,  we  must  conclude  against  the  possibi- 
lity of  the  earth  being  at  rest.     On  the  contrary,  if 
the  rotation  of  the  earth  be  admitted,  we  are  furnish- 
ed with  an  easy  solution  of  various  facts,  which  can- 
not otherwise  be  accounted  for :  thus,  the  figure  of 
the   earth  is   not  spherical,   but  spheroidical  (Art. 
lo.  ^ ;  but  experiments  prove  that  all  the  parts  of  the 
earth  have  a  gravitation  towards  each  other,  and 
as  a  considerable  portion  of  its  surface  is  spherical, 
it  would,    if   at  rest,  in  consequence  of  the  equal 
gravitation  of  its  parts,  be  spherical.     "What  then 
causes  it  to  be  spheroidical  ?     We  know  that  if  an 
iron  hoop  be  made  to  revolve  swiftly  round  a  fixed 
axis,  the  diameter  corresponding  with  the  axis  about 
which  it  revolves  will  be  shortened,  and  the  diame- 
ter   perpendicular  to  this  will    be    lengthened,  the 
hoop  varying  from  a  circular  to  an  elliptical  form : 
this  we,  without  hesitation,  attiibute  to  the  rotation 
of  the  hoop.    In  hke  manner,  reasoning  according  to 
Newton*s  first  and  second  rules,  we  may  infer,  that 
in  consequence  of  the  rotation  of  the  earth,  the  parts 
jiiDSt  distant  from  its  fixed  axis  have  a  greater  ten- 
dency to  fly  off"  than  those  which  are  nearer,  and 
therefore  the  diameter   perpendicular   to   that   axis 
njust  be  the  greatest.     And  this  is  proved  (we  may 
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venture  to  say)  to  demonstration,  by  the  consideration 
that  the  diameter,  about  which  the  earth  must  revolve 
to  correspond  with  the  phasnomena  of  the  heavenly 
bodies,  is  exactly  that  which,  from  actual  mensura- 
tion, is  found  to  be  the  shortest. 

219.  The  diurnal  rotation  of  the  earth  being  as- 
sented to,  its  annual  motion  is  readily  admitted  :  for 
since  the  planetary  bodies  are  found  to  revolve  on 
their  axes,  and  the  equatoreal  diameters  of  some  of 
them  are  known  to  be  greater  than  the  polar,  they 
agree  with  the  earth  in  these  respects ;  and  since  they 
evidently  have  periodical  revolutions  from  west  to 
east,  we  are  almost  constrained  to  imagine  the  earth 
has  such  a  revolution  also,  in  order  to  render  the 
analogy  between  it  and  the  planets  general  and  com- 
plete.    But  all  the  planetary  revolutions,  it  is  most 
natural  to  conclude,  are  performed  about  some  com- 
mon centre  ;  and  every  phaenomenon  being  easily  and 
satisfactorily  explained  on  the  supposition  that  the  sun 
is  in,  or  near,  that  centre,  we  assume  the  sun  as  the 
centre  of  the  planetary,  or,  as  it  is  often  called,  the 
solar  system.     To  this  it  may  be  objected,  that  if  the 
motions  of   a  system  of  revolving  bodies   are  per- 
formed round  their  common  centre  of  gravity,    as 
the  sun  is  one  of  the  bodies  in  the  system  under  con- 
sideration, he,  as  well  as  they,  will  move  round  the 
common  centre  of  gravity,  and  will  therefore  appear 
to  an  inhabitant  of  the  earth  to  have  direct  and  re- 
trograde motions,  and  to  be  sometimes  stationary,  as 
the  planets  are  ;  whereas  nothing  of  this  kind  is  ob- 
served.    We  answer,  without  denying  the  principle 
on  which  this  objection  is  founded,  that  the  observar 
tions  of  astronomers  have  now  determined  with  to- 
lerable accuracy  the  dimensions  of  the  sun  (Art. 
387.) ;  and  from  a  proper  comparison  of  the  dimen- 
sions and  distances  of  the  sun  and  planets,  it  results, 
^Jiat  the  common  centre  of  gravity  of  the  whole  is  aU 
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most  always  within  the  body  of  the  sun,  and  cait 
never  be  at  the  distance  of  its  semi-diameter  from 
it ;  so  that,  instead  of  the  sun's  motion  round  the 
common  centre  of  gravity  being  obvious  to  common 
observers,  it  must  require  a  considerable  degree  of 
care  and  patience  to  discover  it  at  all,  only  as  it  is 
deduced  from  physical  principles.  On  the  wh(?le, 
we  think,  the  candid  enquirer  after  truth  will  see  much 
In  the  system  here  explained  to  recommend  it  to  his 
notice :  we  therefore  proceed  to  give  the  theory  of 
apparent  motions,  and  then  to  determine  the  dis- 
tances, dimensions,  &c.  of  the  planets ;  in  the  course 
of  which  other  evidences  of  the  truth  of  this  hypo-* 
thesis  will  frequently  present  themselves. 


C     151     ) 


CHAPTER    IX. 


On  the  Theory  of  apparent  Motions^  with  its  Ap^ 
plication  to  the  Phcenomena  of  the  Planets* 
MotionSf 


Art.  £20.  THE  earth  partaking  of  a  twofold 
motion,  one  about  its  axis  in  the  compass  of  a  na- 
tural day,  the  other  in  an  eUiptical  orbit  about  the  sun, 
in  a  year,  an  observer  of  the  heavens  will  be  liable 
to  optic  illusions  arising  from  the  idea  of  the  earth's 
being  immoveable.  We  now  propose  to  consider  the 
circumstances  of  those  illusions  which  are  caused  by 
the  annua/  motion  of  the  earth,  and  in  order  thereto, 
give  the  following  theory  of  apparent  and  relative 
motions. 

221.  That  which  an  observer,  who  is  in  n^otion, 
find  fancies  himself  at  rest  in  some  fixed  point,  at- 
tributes to  an  object  really  at  rest,  is  called  the  appa-^ 
rent  motion  of  such  object ;  and  that  motion  which 
is  attributed  to  an  object  in  motion,  by  an  observer 
also  in  motion  who  thinks  himself  at  rest,  is  called 
relative  mutioiu 

222.  By  the  eyt^s  true  place  is  meant,  that  point 
of  the  universe  where  the  eye  of  the  observer  really 
is  at  a  given  time  ;  and  that  point  where  the  observer 
conceives  himself  to  be  at  rest,  we  call  the  eyes  ima- 
ginary place.  Whether  we  suppose  the  real  mo- 
tions to  be  circular  or  elliptical,  \ye  call  the  path  de- 
scribed by  the  observer  the  eye's  orbit ;  and  the  path 
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which  the  object  appears  to  describe  in  the  heavens, 
the  optic  orbit. 

223.  The  visual  rays  drawn  from  the  eye's  imagi- 
nary place,  to  every  point  of  the  optic  orbit,  will 
form,  on  a  plane  beyond  it,  a  figure  which  may  be 
called  the  projection  of  the  optic  orbit :  oi",  to 
strengthen  the  idea,  the  projection  of  the  optic  or- 
hit  is  that  figure  which  would  be  formed  on  a  plane 
by  the  boundary  of  the  shadow  of  the  orbit  made  by 
a  light  placed  at  the  eye's  imaginary  place.  If  the 
visual  rays  intercepted  by  the  plane  are  perpendi- 
cular to  it,  then,  as  is  well  known,  the  projection  is 
called  orthographic. 

224.  A  plane  passing  through  the  object  and  the 
eye's  imaginary  place  perpendicular  to  the  plane  of 
the  eye's  orbit,  is  called  the  plane  of  comparison. 
Consequently,  if  the  object  be  fixed,  the  plane  of 
comparison  is  also  fixed  ;  if  it  be  moveable,  that  plane 
is  likewise  moveable,  and  with  an  angular  velocity 
equal  to  that  of  the  object. 

225.  If  we  have  given  in  position  the  eye's  ima- 
ginary place  S  (fig.  I,  PI.  III.),  and  any  number  of 
points  A,  B,  C,  in  the  path  of  a  moving  body  in 
any  plane ;  with  the  points  D,  E,  F,  the  eye's  true 
places  at  those  instants ;  and  the  optic  path  of  the 
moving  body  be  required :  then,  the  lines  A  D, 
BE,  C  F,  being  drawn,  from  S  draw  S a,  parallel 
and  equal  to  AD,  Sb  parallel  and  equal  to  BE, 
and  S  c  parallel  and  equal  to  C  F ;  a^  b,  c,  will  then 
be  the  corresponding  points  of  the  optic  path.  For, 
the  right  S  a  being  equal  and  parallel  to  A  D,  the 
point  a  is  situate  in  the  same  manner  to  S,  both  with 
respect  to  position  and  distance,  as  A  is  to  D.  The 
observer,  therefore,  conceiving  his  eye  placed  in  S, 
will  imagine  he  sees  the  object  in  a.  For  the  same 
reason,  when  the  observer  is  at  E  and  F,  supposing 
himself  at  S,  the  points  B  and  C  appear  to  be  at  b 
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and  c.     Hence  may  be  deduced  the  following  corol- 
laries : 

2;<j6.  CoROL.  I.  The  true  and  imaginary  places  of 
the  eye,  and  the  true  place  of  the  object,  with  its 
place  in  the  optic  orbit,  always  form  a  parallelogram. 
The  object's  true  place,  and  the  eye's  imaginary  place, 
are  at  the  extremities  of  one  diagonal ;  the  object's 
place  in  the  optic  orbit,  and  the  eye's  true  place,  are 
at  the  extremities  of  the  other  diagonal. 

227.  CoROL.  II.  Consequently,  the  situation  of  the 
optic  place  of  the  object  is  always  opposite  to  that 
of  the  eye's  true  place. 

228.  CoROL.  III.  When  the  object  is  immoveable 
in  O  fig.  2,  PI.  III.),  the  optic  orbit  a  />  c  is  a  Hne 
similar  and  equal  to  the  eye's  real  orbit  D  E  F,  and  is 
in  a  parallel  plane.  For,  as  the  parallelograms  D  Oy 
E  h,  F  r,  have  the  diagonal  S  O  common,  which  is 
also  the  common  intersection  of  their  planes ;  and, 
as  their  bases  SD,  SE,  SF,  are  situated  in  one 
plane,  namely,  the  plane  of  the  eye's  orbit  j  their 
parallels  and  equals  O a^  Ob,  Or,  must  also  be  in 
one  plane  parallel  to  that  of  the  eye's  orbit ;  making 
the  angles  aO  d,  bO  c  equal  respectively  to  the 
angles  DSE,  ESF.  Consequently,  the  points  ^,  b,  c, 
must  be  in  a  line  equal  to  the  line  D  E  F,  and  in  a 
parallel  plane,  but  in  an  opposite  situation.  If  the 
eye's  path  be  supposed  a  circle,  with  the  imaginary 
place  at  the  centre ;  and  the  object  is  immoveable 
either  within  or  without  that  path  ;  it  is  evident  frorn 
this  corollary  that  the  optic  path  will  also  be  a  circle : 
this,  by  way  of  distinction,  we  call  the  epicj/cle  of  the 
object. 

229.  CoROL.  IV.  When  the  object  is  immove- 
able, and  in  the  plane  of  the  eye,  its  optic  orbit  will 
also  be  in  that  plane. 

230.  CoROL.  V.  When  the  object  is  immoveable, 
and  situated  in  the  eye's  imaginary  place,  it  appears 
to  be  at  the  extremity  of  a  radius,  equal,  and  in  the 
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same  direction,  with  that  drav/n  from  the  eye*s  tru(? 
place  to  the  centre.  Hence,  if  the  eye  describe  a 
circle  or  an  ellipsis,  the  centre  of  which  is  the  eye's 
imaginary  place,  as  well  as  the  real  place  of  the 
object,  the  object  will  appear  at  the  extremity  of  a 
diameter  passing  through  the  eye,  and  consequently 
it  will  seem  to  describe  the  same  orbit  with  the 
eye. 

231.  CoROL.  VI.  When  the  object  is  immove- 
able, its  apparent  velocity  in  its  optic  orbit  is  equal 
to  the  eye's  real  velocity  in  its  orbit. 

232.  Lemma  I.  Let  QJ  (fig.  3,  PI.  III.)  he  the 
flane  of  a  great  circle  of  the  .sphere ;  FG  a  plane 
touching  the  sphere  in  H  ;  H  L  the  plane  of  a  smaU 
circle  parallel  to  Q\,  and  passing  thj^ougkYi'  then 
the  inclination  oj  the  plane  H  L  2^0  the  plane  F  G, 
is  measured  by  the  complement  of  the  arc  QJS ; 
and  the  radius  of  H  L  is  to  the  radius  of  (^1,  as 
the  co-sine  of  QJ-I  is  to  radius.  For,  drawing 
from  the  centre  I,  the  radius  I H,  the  angle  M  H  L=? 
inclination  of  the  plane  F  G,  with  the  plane  of  the 
parallel  H  L,  is  the  complement  of  the  angle  L  H  J, 
or  it  is  the  complement  of  the  angle  H  I  Qj,  measured 
by  the  arc  QJi  :  and  H  L  is  manifestly  the  co-sine 
of  QJH,  QJ.  being  radius.  ' 

233.  Lemma  IL  /'/  Jrom  all  the  points  A,  M,  D, 
B,  C  (fig.  4,  PI.  III.),  oJ'  the  circumjerence  of  a 
circle  situated  in  a  plane  N  H  K  S,  inclined  to  an- 
other  plane  N  G  I H,  the  lines  A  a,  M  m,  D  d, 
B b,  Co,  <^T.  be  drawn  perpendicular  to  the  latter 
plane ;  they  zrill  terminate  in  the  circumference  of 
an  ellipsis  adbc,  7cliose  greater  a.vls  'a  b  nil  I  be 
equal  and  parallel  to  that  diameter  of  the  circle 
•which  is  parallel  to  the  plane  H  G,  or  to  its  inter- 
section H  N  ;  and  the  less  axis  c  d  xvill  answer  to 
the  diameter  C  D,  perpendicular  to  the  plane  H  G, 
or  its  intersection  H  N,  and  will  be  to  the  greater 
axis  a  b,    as  the  co-sine  of   the  inclination  of  the 
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planes  H  G,  H  K,  is  to  radius.     For,    since  A  B, 
the  diameter  of  the  circle,  is  parallel  to  the  plane 
H  G,  and  the  perpendiculars   A  6^,  B  /',  are  parallel 
to  each  other,    the  figure  Aab'B  is  a  right-angled 
parallelogram,  and  consequently   A  B  =  «  />.     The 
diameter   C  D,  perpendicular  to  H  N  and  to  A  B, 
bisects  these  two  lines  ;  also  the  plane  c  V  C  contain- 
ing the  perpendiculars  C  c,  D*^/,  is  therefore  perpen- 
dicular to  the  plane  H  G,  and  equally  distant  from  the 
parallel  planes   «  H  A,    />  N  B.     Consequently,  c  d^ 
perpendicularly  bisects  a  b,  the  angle  c  V  C  is  equal 
to  the  inclination  of  the  planes  H  G,  H  K,  and,  be- 
cause  of  the  similar  right-angled  triangles   c  V  C, 
/  V  F,  J  V  D,  the  parts  cj',  f  d,  of  the  right  line  c  d, 
are  equal  to  one  another,  since  E  F  is  evidently  equal 
to  F  D.     The  same  triangles  shew  that  c  d  :  C  D  or 
a  b  :  :  cY  :  V  C  :  :  co-sine  c  V  C  :  radius,  because 
C  c  V  is  a  right  angle.     Hence,  c  d,  a  b,  are  to  one 
another,    as  the  co-sine  of  the  inclination  of   the 
planes   to  radius.     We  have  now  to  shew  that  the 
curve  a  c  ^  ^/  is  an  ellipsis,  of  which  a  b,  c  d,  already 
shewn  to  bisect  each  other  perpendicularly,  are  the 
axes  •,  in  order  to  which,   draw  any  ordinate  M  P  to 
the  circle,  and  draw  M  ?«,  P  /?,  perpendicular  to  the 
plane  H  G.     The  point  P  being  in  the  diameter  A  B, 
the  perpendicular  Pp  is  parallel  to  A  a,  B  b,  and  in 
the  plane  of  the  rectangle  AaB  b ;  it  consequently 
falls  upon  the  line  a  b,  making  a  p,  p  b,  respectively 
equal  to  A  P,  P  B.     But  P  M  being  perpendicular  to 
A  B  and  to  H  N,  and   parallel  to  D  C,  the  plane 
PX/;   containing  the  perpendiculars  P/;,    M.?n,  is 
parallel  to  the  plane  C  V  c  ;  therefore  p  m  is  perpen- 
dicular to  a  b,  and  is  an  ordinate  to  the  curve  acbd ; 
alfo  the  triangles  p  X  P,  W2  X  M,  r  V  C,  dY  D,  arc 
similar;  hence  p  m  :  PM  : :  c  d  :CD  or  a  b;  or  by  the 
nature  of  proportion  /;  m*  :  P  M*  : :  c  </^  :  a  b'^.  Now 
PM*  =  APXPB==r7/)X/?^.    Substitute  this  in- 
st^d  of  P  M*  in  the  foregoing  analogy,  and  there 
arises  vm*  i  apy,pb  \  ',  cd^ '.  ab^:  this  h  a  well- 
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known  proportion  between  the  abscissse  and  ordinates 
of  an  ellipsis  ;  and  as  the  same  might  be  shewn  of  any 
other  ordinate  m  a  c  b  d,  that  curve  is  an  ellipsis. 
The  truth  of  this  lemma  is,  therefore,  manifest. 

1234.  From  this  lemma  we  might  deduce  as  corol- 
laries, the  method  of  dividing  any  arc  of  the  ellipsis 
into  degrees  corresponding  with  the  degrees  in  an  arc 
of  the  primitive  circle ;  a  method  of  describing  an 
ellipsis  on  two  given  axes,  which  should  at  the  same 
time  be  divided  at  pleasure  ;  a  way  of  marking  the 
degrees  on  an  ellipsis  infinitely  narrow,  which  is  al- 
ways the  case  when  the  eye  is  in  the  place  of  the  pro-, 
jecting  circles ;  with  other  things  generally  shewn  in 
the  treatises  on  Orthographic  Projection  *. 

23.').  Theorem  I.  If  the  eye\s  true  orbit  is  a 
circle,  and  the  object^  placed  at  an  immense  distance 
from  the  eye,  be  immoieable ;  the  part  H  N  G 1 
oj  a  great  circle  in  the  heavens^  occupied  by  the  py^o-i 
jection  of  the  optic  orbit  A  C  B  D  (fig.  4,  PI.  III.) 
is  so  small,  that  it  may  be  considered  as  a  plane  ; 
this  projection  is  an  ellipsis  acbd,  rchose  greater  axis 
ab  is  in  a  parallel  position  to  the  plane  QJR.  of  the 
eye's  orbit,  and  equal  to  the  celeHial  arc  a  b  inter-> 
cepted  between  the  j\idii  S  a,  S  b,  draxvnfrom  S,  the 
imaginary  place  of  the  eye,  to  the  extremities  of  the 
diameter  a  b,  which  is  in  a  parallel  position  to  the 
plane  HNGI ;  its  less  axis  c  d  is  in  the  plane  of  com-, 
parison,  or  in  a  plane  pejpendicular  to  the  plane  of  the 
eye* s  orbit:  also,  the  less  axis  is  to  the  greater,  as  the 
sine  of  the  arc  Q_H,  measuring  the  distance  of  the 
plane  Q^R  of  the  eye's  orbit  from  the  plane  H  K 
of  the  optic  o)-bit,  is  to  radius. 

Demon.  The  circle  ACBD  being  supposed  at 

*  It  gives  the  Authour  j)leasure  to  have  an  opportunity  of  re- 
eommending  to  the  notice  of  the  reader,  a  piece  on  the  Projecfioft; 
of  the  Sphere,  so  original,  perspicuous,  truly  geometrical,  and  ia 
every  respect  so  worthy  of  attention,  as  that  given  in  Bishop  HoiS' 
leys  Elcmeniari/  JVcatises  on  the  fundamental  Principles  of  Practicsji 
Mathe7nutk!i, 


Theory  of  apparent  Motions*  157 

almost  an  infinite  distance  from  the  eye  S,  and  the 
radii  drawn  from  the  centre  to  the  surface  of  a  sphere 
being  perpendicular  to  it ;  then  the  right  hnes  A  </, 
B/*,  Cr,  Dr/,  &c.  parallel  to  each  other,  are  considered 
as  perpendicular  to,  and  terminating  at,  the  plane 
H  N  G  I,  inclined  to  the  plane  HK.  Therefore  (Art. 
233.)  the  curve  a  c  hd  is  an  ellipsis,  the  greater  axis  a  h 
of  which  is  equal  to  the  diameter  A  B  of  the  circle 
A  C  B  D  ;  its  less  axis  c  d  is  perpendicular  to  the 
plane  of  the  eye's  orbit,  and  is  to  the  greater  axis 
a  b,  as  the  sine  of  the  arc  Q  H  to  radius. 

236.  C0R0.L.  I.  The  projection  acb  oi  that  part 
of  the  circle  A  C  B  nearest  the  eye,  is  the  part  of  the 
ellipsis  raised  most  above  the  plane  of  the  eye,  or  the 
part  most  distant  from  that  plane :  on  the  contrary, 
the  projection  b  da  oi  that  part  of  the  circle  B  D  A 
opposite  to  the  eye^  or  most  distant  from  it,  is  the  in- 
teriour  part  of  the  ellipsis,  that  is,  the  part  nearest  to 
the  plane  of  the  eye's  orbit. 

257.  CouoL.  II.  The  more  perpendicular  the  plane 
of  the  optic  orbit  is  to  the  eye's  true  orbit,  the  more 
its  elliptic  projection  approaches  to  a  circle ;  and  rice 
nersa  :  so  that,  if  the  optic  orbit  answered  to  the 
pole  Z  of  a  great  circle  in  whose  plane  the  eye's  or- 
bit is  placed,  its  projection  would  then  be  a  circle, 
because  both  axes  of  the  ellipsis  would  be  equal:  but 
if  the  optic  orbit  were  in  the  same  plane  with  the 
eye's  orbit  (the  less  axis  being  then  indefinitely 
small),  the  elliptic  projection  would  become  a  right 
line  equal  to  the  greater  axis  of  the  ellipsis,  or  to  the 
diameter  of  the  optic  orbit. 

238.  CoHOL.  III.  Hence,  when  a  celestial  object, 
F,  is  immoveable  in  the  heavens,  and  at  a  very  great 
distance  from  the  eye  of  the  observer,  who  conceives 
himself  at  rest  in  S,  the  centre  of  the  circle  he  really 
desciibes — ist.  The  object  is  never  seen  at  the  true 
place,  /,  where  the  visual  ray  terminates,  but  appears 
to  describe  an  ellipsis,  acb  d,  about  the  true  place,  f-. 
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at  each  revolution  of  the  eve  in  its  orbit;  andcofl-* 
sequently  appears  going  sometimes  in  one  direction, 
a  c  b^m  describing  one  semi-ellipsis,  when  it  is  said  to 
be  direct;  and  then  in  a  contrary  direction,  b  d  a,  when 
it  describes  the  other  semi-ellipsis,  which  apparent 
motion  is  called  retrograde  :  2dly,  Its  velocities  must 
also  be  very  unequal :  for  when  the  object  in  its  ap- 
parent motion  is  near  one  end,  c  or  d^  of  the  less  axis, 
the  space  it  runs  through  being  in  full  view,  it  then 
seems  to  move  very  fast ;  but,  as  it  gradually  ap* 
proaches  the  ends  a  or  h  of  the  ellipsis,  it  then'  seems 
to  slacken  its  pace,  because  the  arc  that  it  describes 
is  more  oblique  to  the  visual  rays ;  and  when  the 
object  is  at  either  extremity  of  the  greater  axis  of  the 
ellipsis,  it  seems  for  some  time  stationary  or  im- 
moveable ;  after  that,  changing  its  direction,  it  revolves 
under  different  circumstances,  as  just  described. 

239»  Lemma  III.  If  on  the  circumference  and  ia 
the  plane  of  a  circle,  A  B  C  (fig.  ji,  PI.  III.),  another 
circle,  AMD  P,  be  supposed,  that  at  first  has  no  other 
motion  than  to  turn  on  its  centre  O,  in  the  direction 
of  the  letters  A,M,  D,  P  ;  it  is  obvious  that  although 
any  point.  A,  of  its  circumference,  in  turning,  has  all 
kinds  of  directions,  yet  with  respect  to  the  centre  S 
it  has  properly  but  two  opposite  directions,  the  one 
direct^  in  describing  the  supcr'iour  .^auicircle  M D P, 
the  other  retrograde^  when  it  describes  the  inj'eriour 
aemieircle  P  A  M. 

But,  if  the  centre  O  of  the  circle  A  M  D  P  be 
supposed  to  move  in  the  direction  O I N,  so  that  it 
roll  as  a  wheel  on  the  circumference  A  B  C  j  then  it 
is  evident, 

240.  I  St,  That  the  track  of  this  centre  is  a  con^ 
centric  circle  OIN  greater  than  the  circle  ABC. 

2dly,  That  the  point  A  returns  to  the  circumfe- 
rence of  the  circle  ABC,  when  it  has  described,  be- 
sides a  whole  rotation  on  its  centre  O,  an  arc  BL  of 
its  circle  similar  to  the  arc  AB,  comprehended  between 
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thfe  point  A  departed  from,  and  the  point  B  returned 
to :  for,  the  point  A  being  at  its  departure  relative 
to  a  fixed  point  infinitely  distant  in  the  direction  of 
the  radius  O  H,  its  whole  rotation  on  its  centre  19 
finished  when  it  returns  to  the  radius  directed  to  that 
fixed  point :  when,  therefore,  the  point  A  is  arrived 
at  B  on  the  circle  ABC,  if  through  the  centre  I, 
1 L  A  be  drawn  parallel  to  A  H,  these  two  right 
lines  will  coincide  at  that  infinitely  distant  fixed 
point,  and  the  point  L  is  the  relative  situation  of  the 
point  A  ;  and  the  centre  being  in  B,  it  has  described 
its  whole  circle  +  the  arc  B  L,  containing  a  number 
of  degrees  equal  to  O  I  or  A  B,  because  of  the  paral- 
lels I  //,  AH;  though  respectively  to  S  the  point  A 
seems  to  have  made  but  one  rotation  about  its 
centre* 

3dly,  Marking  the  track  A  e  (^^  B  K  C  described 
by  the  point  A  at  each  return  to  the  circle  ABC; 
by  the  first  return  is  described  a  curve  A e Og  B, 
called  an  Epicycloid ;  the  second  forms  another  epi- 
cycloid B  K  C,  and  so  on.  Now  there  may  occur 
three  cases. 

^41.  Case  I.  If  the  circle  ABC  remain  immove- 
aUe,  while  AMD P  (Fig.  5,  PL  III.)  runs  on  its  cir- 
cumference, then  every  epicycloid,  as  A  e  O  if  B,  is 
called  mnple  or  ordinarily  and  the  following  proper- 
ties respecting  it  are  evident : 

I  St,  Though  the  velocities  of  the  circle  be  ever  so 
unequalj  the  arc  AB  (called  the  base  of  the  epicy- 
cloid) is  equal  to  the  circumference  AMDP. 

2dly,  If  the  arc  OI,  similar  to  the  arc  AB,  be  di- 
vided into  four  equal  parts  at  the  points  E,  F,  G  ; 
the  centre  O  will  have  arrived  at  the  point  E,  when 
the  point  A  has  described  a  fourth  part  of  its  track 
in  returning  to  the  circle  ABC:  the  same  happens 
at  the  points  F,  G,  1,  where  the  centre  of  the  circle 
AM  DP  is  found  at  the  end  of  each  fourth  part 
of  its  return  to  the  circumference  ABC.   Therefore, 
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if  through  the  point  F  be  drawn  a  radius  SF, 
prolonged  till  Q^F  =  F  T,  it  will  give  the  point  Q^ 
for  the  vertex  of  the  epicycloid ;  and  the  part  Q^T 
will  be  its  axis,  being  equal  to  the  diameter  of  the 
circle  AMD  P.  And  if  from  the  point  E  as  a 
centre,  with  a  radius  equal  to  O  A,  an  arc  of  a  circle 
be  described  towards  A,  it  will  intersect  the  epicy- 
cloid in  e,  the  situation  of  the  point  A  when  the  point 
O  was  at  E.  In  the  same  manner  the  point  A  will 
also  be  found  to  have  been  in  g,  when  the  centre 
was  in  G ;  whence  it  follows,  that  the  arc  A  e  was 
described  while  the  point  A  was  retrograde  in  de- 
scribing a  part  A  M  of  its  inferiour  semicircle ;  and 
the  arc  e  (^g  was  described  while  the  point  described 
its  upper  semicircle  M  D  P  with  a  direct  motion  : 
lastly,  the  arc  ,«,'•  B  was  described  while  the  point  A 
was  retrograde  in  the  other  part  P  A  of  its  inferiour 
semicircle. 

3dly,  The  epicycloid  is  bisected  in  the  vertex  Q^; 
and  the  legs  C^e  A,  Q^o-  B,  of  the  curve  are  equal, 
and  similarly  posited  with  respect  to  the  axis  TQ^ 

4thly,  The  arcs  A  e,  g  B,  bend  towards  the  axis 
T  Q,  because  the  retrograde  motion  of  the  point  A 
carries  them  in  that  direction  :  but  they  do  not  re- 
turn into  themselves  (as  in  fig.  8,  PI.  III.);  because  the 
path  O I  of  the  centre  A  being,  in  every  revolution, 
greater  than  the  arc  A  B,  which  is  equal  to  the  cir- 
cumference AM  DP,  the  motion  of  that  centre  in 
the  direction  O  I N  draws  the  point  A  towards  K, 
more  than  its  retrograde  motion  about  the  centre  O 
carries  it  in  an  opposite  direction. 

5thly,  The  describing  point  A,  in  passing  from 
the  leg  Q^^-  B  into  the  leg  B  K  of  the  next  epicycloid, 
makes  an  angle  at  B:  for  the  point  describing  the 
last  leg  of  the  epicycloid  A  QJB,  the  instant  it  comes 
to  B,  begins  to  rise  again  into  the  first  leg  of  the  other 
epicycloid  B  K  C,  and  describes  no  space  between 
those  legs. 
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6tlily,  Th^  ppirit  A  always  appears  direct  when 
viewed  from  S  ;  but  the  velocity  seeijis  to  be  accele- 
rated all  along  the  leg  A  e  Q^  to  be  greatest  at  the 
vertex  Q^  and  then  to  be  retarded  along  the  leg 
(y^  B,  so  as  to  become  nothing  in  the  point  B : 
after  this  it  undergoes  the  same  changes  in  the  second 
ajid  subsequent  epicycloids,  as  in  the  first. 

242.  Case  II.  If,  while  the  circle  A  M  D  P  rolls 
on  AB  C  (fig.  7,  PI.  III.)  the  latter  should  also  turn 
on  its  centre  S,  in  the  same  direction  ABC;  or,  in 
general,  if  the  centre  of  tl)e  circle  A  M  D  P  advances 
in  the  circle  O  F I^  with  a  greater  velocity  than  the 
point  A  has  in  revolving  in  the  cxrple  A  M  D  P ;  then 
the  epicycloid  described  during  the  revolution  of  the 
point  A,  would  be  lengthened^  and  evidently  have 
the  following  properties  : 

is.t.  Since  all  fhe  points  of  ^he  simple  epicycloid 
would  advance  towards  C,  although  the  circle  ABC 
were  at  rest ;  therefore,  if  A  B  C  advance  also  \n  the 
^ame  direction,  the  velocity  of  the  describing  point 
;nust  be  greater  in  that  direction,  and  consequently 
jnake  the  spaces  longer  in  ^  given  time ;  so  that  the 
J)ase  A  B  of  the  epicycloid  inust  be  equal  to  the  sum 
of  the  circumference  A  M  D  P,  and  that  arc  which  the 
prcle  ABC  Ijas  described  during  the  interval  occu- 
pied by  the  point  A  in  leaving  ABC,  and  returning 
\o  it  again? 

2dly,  If  the  motions  of  the  two  circles  are  uni- 
form, the  points  G,  F,  E,  dividing  O  I  into  four 
pqual  parts,  will  determine,  by  the  same  method  a^ 
in  Case  I.  the  epicycloidal  arcs  Ae,  e  (^,  Qj>;  g  B« 
corresponding  with  the  motion  of  the  pojnt  A  in  the 
infer  jour  and  superiour  parts  of  it§  circle;  the  axis 
T  Q^wiil  here  also  be  equal  to  the  diameter  AD,  ^nd 
the  legs  Qj  A,  flj  B,  will  be  equal,  and  similarly 
posited  with  respect  to  \he  axis. 

3dly,  The  greater  the  velocity  of  the  circle  A  B  C^ 
the  less  the  arcs  A  e,  g  B,  bend  towards  T  (^ 

M 
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4thly,  The  describing  point  does  not  form  an 
angle  in  passing  from  the  leg  Q^«"  B  into  the  leg  BK, 
but  makes  a  curve  in  B,  which  is  more  obtuse  as  the 
velocity  of  the  circle  A  B  C  is  greater ;  for  this  velo- 
city makes  the  point  A  descend  more  obliquely  along 
the  leg  Q^^"  B  ;  and  ^^  hen  arrived  at  B^  causes  it  to 
describe  a  small  space  on  A  C  B  before  it  ascends 
into  the  leg  B  K,  so  that  the  passage  is  through  a 
curve  ^'BK. 

jthly,  The  point  A  is  always  direct  when  viewed 
from  the  point  S ;  and  its  velocity  is  accelerated  from 
A  to  Q^,  from  B  to  K,  &c.  but  is  retarded  from  Q^ 
toB,  where  it  appears  to  be  only  equal  to  the  velocity 
of  the  circle  ABC. 

243.  Case  III.  If  during  the  interval  between  A*s 
leaving  the  circle  ABC  and  returning  to  it  again, 
^hat  circle  should  also  turn  on  its  centre,  but  in  an 
Opposite  direction ;  or,  in  general,  if  the  centre  of 
the  circle  A  M  D  P  advances  in  the  circle  O  F  I,  with 
less  velocity  than  that  with  which  the  point  A  moves 
in  the  circle  AM  DP,  then  the  epicycloid  will  be 
shortened.  This  case  might  be  subdivided  into  seve- 
ral others,  but  as  it  is  not  desirable  to  render  this 
theory  very  complex,  we  shall  only  consider  that  in 
which  the  retrograde  velocity  of  the  circle  ABC  is 
supposed  less  than  that  of  the  point  A  in  its  circle 
AMDP.  Now  on  this  hypothesis  it  may  be  re- 
marked ; 

I  St,  If  the  circle  ABC  (fig.  8,  PL  III.)  had  re- 
mained immoveable,  none  of  the  points  of  the  epicy- 
cloid would  have  become  retrograde  ;  but,  as  the 
motion  of  A  B  C  is  retrograde,  it  must  augment  the 
velocity  of  the  point  A  in  the  inferior  semicircle 
where  it  is  retrograde,  and  diminish  it  in  the  superior 
semicircle  where  it  is  direct.  Hence  it  follows,  that 
the  extent  of  the  epicycloid  will  be  contracted  in  the 
direction  A  B  C,  its  base  becoming  equal  to  the  dif- 
ference between    the  circumference   of  the  circle 
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AMDP,  and  the  arc  which  the  circle  ABC  has  de- 
scribed in  the  intervening  time  between  A*s  leaving 
and  returning  to  that  circle. 

2dly,  The  motions  of  the  two  circles  being  uni- 
form, the  arcs  A  ^,  e  Q^,  Q^i> ,  g  B,  answering  to 
the  upper  and  lower  parts  of  the  circle  AMDP, 
will  be  found  as  in  the  former  cases ;  here  also  the 
axis  TQjziAD,  and  the  legs  Q^e  A,  Q^^B,  are 
equal,  and  in  similar  positions  relatively  to  T  Q^ 

3dly,  The  arcs  A  e,  g  B,  corresponding  to  the  re- 
trograde motion  of  the  point  A,  are  more  curved 
towards  the  axis  TQ^,  in  proportion  as  the  velo- 
city of  the  circle  ABC  is  greater ;  and  at  the  point 
B  the  arc  must  turn  inwards;  because  then  the  point 
A  moves  contrary  to  the  tendency  towards  C  by  the 
sum  of  both  motions. 

4thly,  The  passage  of  the  point  A  through  the 
point  B  is  made  by  a  curve  g  B  771  returning  towards 
itself:  for  when  A  has  described  the  leg  Q_^^  ^^^ 
arrives  at  B,  the  retrograde  velocity  of  the  circle 
ABC  causes  it  to  describe  a  small  space  before  A 
ascends  by  the  leg  B  in  K. 

5thly,  The  point  A  viewed  from  S,  appears  some- 
times direct,  sometimes  retrograde,  and  sometimes 
immoveable  or  stationary.  For  the  tangents  S ;?, 
S  w?,  S  if,  S  j/,  &c.  being  drawn  from  the  point  S, 
shew  that  A  appears  direct  in  describing  the  arc 
w  Qj,  all  the  parts  of  that  aft  being  passed  over  by 
an  angular  motion  of  S  n  produced  from  the  posi- 
tion S  n  to  S  ^  .-  when  the  generating  point  A  is  in 
the  tangent  S  t^  it  must  appear  stationary,  since  it 
tends  towards  neither  C  nor  A  during  the  time  of 
describing  the  arc  of  the  curve  coinciding  with  the 
tangent ;  afterwards  while  the  arc  t  B  m  is  described, 
the  generating  point  seems  to  have  a  retrograde  mo- 
tion between  the  tangents  S  ^,  S  wz ;  in  the  point  m  it 
again  appears  stationary,  for  the  same  reason  as  at  the 
point  ^;  it  seems  direct  in  the  arc  mJLy,  stationary  at 
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y,  retrograde  in  y  C,  and  so  on.  Hence,  the  point  A. 
appears  to  be  twice  retrograde,  twice  stationary,  and 
once  direct. 

6thly,  The  velocity  of  the  point  A  must  appear 
equal  to  nothing  in  the  stationary  points ;  then  it  ap- 
pears accelerated  until  A  arrives  at  the  vertex  of  the 
curve,  where  the  velocity  seems  greatest ;  afterwards 
it  is  retarded  from  the  vertex  to  the  next  stationary 
point :  the  retrograde  velocity  increases  from  t  to  B, 
then  diminishes  from  B  to  m,  the  following  stationary 
point. 

ythly.  The  greater  the  velocity  of  the  circle  ABC, 
the  greater  is  the  arc  of  retrogradation,  t  B  m.—- 
From  all  this  it  appears  that,  in  these  kinds  of  mo- 
tions, the  nature  of  the  epicycloid  generally  depends 
upon  the  relation  of  its  base  A  B  to  the  circumfe- 
rence of  the  circle  in  which  is  the  generating  point. 

244.  Scholium.  If  in  the  second  and  third  cases, 
the  motions  of  the  circles  had  not  been  uniform,  or 
had  not  accelerated  and  retarded  in  a  constant  ratio 
to  each  other,  the  epicycloid  would  have  been  less 
regular,  and  the  axis  TQ^not  in  the  middle  be- 
tween the  legs  Qc  A,  Q^i^  B  ;  nor  would  the  legs 
be  equal,  or  in  like  positions ;  for  one  would  be 
longer  than  the  other,  according  as  the  combination 
of  the  velocities  urged  more  on  one  side  than  on  the 
other.  But  still  the  epicycloid  would  retain  nearly 
the  same  general  figure  ;  that  is,  it  would  always 
have  a  curvature  towards  B,  disposed  as  pointed 
out  in  the  respective  cases. 

245.  Theorem  II.  If  an  ohjeci  and  the  ci/e  turn 
in  the  same  direction  with  uniform  angular  veloci- 
ties V,  u,  in  two  concentric  circles  whose  radii  are 
R,  r,  the  ei/e's  imaginari/  place  being  at  the  centre  ; 
the  optic  orbit  of  the  object  is  a  curve  compounded  of 
a  number  of  epici/cloids,  equal  to  the  number  of 
times  the  eye  is  found  in  the  plane  of  comparison 
(Art,  224. J  on  the  same  side;  and  if  the  eye  ritif' 
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through  the  inner  circle^  these  epicycloids  are  simple^ 
lengthened^  or  shortened^  according  «,s  V  R  —  V  r  is 
equals  greater y  or  less  than  u  r  —  V  r ;  hut  if  the 
eye  run  through  the  outer  circle,  the  nature  of  these 
epicycloids  will  be  ascertained  by  the  relation  (fur  — 
u  R  /o  V  R  —  u  R. 

Demon.  When  the  object  is  immoveable,  and  the 
eye  revolves  in  a  circle,  the  observer,  who  thinks 
himself  immoveable  at  the  centre  of  his  orbit,  never 
sees  the  object  in  its  true  place,  but  it  appears  to 
him  as  describing  a  circle  about  its  true  place,  equal 
to  the  circle  described  by  the  eye,  and  v/ith  equal 
velocity  (Art.  230.)  Therefore  if  the  object  and  the 
eye  both  move  at  the  same  time  in  concentric  circles, 
the  motion  of  the  object  will  appear,  with  respect  to 
the  eye's  imaginary  place,  as  compounded  of  a  mo- 
tion revolving  in  an  epicycle  (Art.  228.)  about  the 
object's  true  place,  and  of  a  real  motion  of  the  cen- 
tre of  that  epicycle  in  the  object's  orbit.  The  object 
is, '  therefore,  relatively  to  the  eye's  imaginary  place, 
in  a  similar  case  to  that  of  the  point  A  (figs.  5,  7,  8, 
PI.  III.)  with  respect  to  the  point  S.  The  optic  path 
of  the  object  must  then  be  a  series  of  epicycloids 
equal  to  the  number  of  times  the  eye  returns  to 
the  same  side  in  the  plane  of  comparison  (for  by 
these  returns  only  the  object  appears  to  have  made 
a  revolution  in  its  epicycle,  with  regard  to  the  point 
S)  ;  the  nature  of  these  epicycloids  depends  on  the 
relation  between  the  circumference  of  the  epicycle, 
or  of  the  eye's  orbit,  and  the  magnitude  of  the  arc 
AB,  similar  to  the  arc  OI,  which  the  object  de- 
scribes during  the  interval  of  the  eye's  quitting  and 
returnuig  to  the  plane  of  comparison, 

246.  I.  To  find  the  expressions  for  this  relation, 
it  must  be  observed  that,  as  the  eye  and  the  object 
move  in  the  same  direction,  the  eye  advances  towards 
the  plane  of  comparison  only  by  the  excess  of  the 
«ye's  velocity  over  that  of  the  object.    Therefore,  as 
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the  excess,  u  —  V,  of  the  eye's  angular  velocity 
above  that  of  the  object  for  any  time,  is  to  V,  the 
object's  velocity  during  the  same  time  ;  so  is  360°, 
the  sum  of  the  excesses  of  the  angular  velocities 
gained  by  the  eye  upon  the  object  in  returning  to  the 
plane  of  comparison,  to  the  sum  of  the  angular  velo- 
cities during  the  interval  of  that  return :  this  produces 

^  °_?^     for  the  expression  of  the   angle  OSI  or 

ASB  (figs!  5,  7,  8,  PI.  III.)  equal  to  that  sum. 
Now  the  radius  of  the  arc  A  B  is  SO  —  A  O  = 
R  —  r ;  and  as  the  arc  varies  in  proportion  to  the  pro- 
duct of  the  angle  into  the  radius,  therefore  the  arc 

A  B  -^^fj"^  X  R^^.    The  epicycle  A  P  D  M  is 

by  the  same  reason   560°  X  ?'•     Consequently  the 

«6o°  X  V 
arc  AB,  is  to  the  epicycle  APDM,  as  ^^  _  y  - 

X  R  —  r,  to  360''  X  r;  or,  as  ^^^^  X  R  —  rtor; 
or,  as  V  R  —  V  r  to  u  r — V  r;  or  lastly,  as to 

V    • 

247.  II.  When  the  orbit  MDP  of  the  object  (fig, 
6,  Plate  III.)  is  included  in  that  of  the  eye;  as  when 
the  eye  really  describes  the  arc  ab  in  the  time 
it  returns  to  the  plane  of  comparison  on  the  same 
side  ;  then  the  centre  S  of  the  object's  orbit  will  seem 
(Art.  231.)  to  describe  the  equal  arc  OI ;  and  since 
the  object  makes  at  the  same  time  a  revolution  in  its 
circle  MDP,  therefore  to  an  eye  situate  in  the  ima- 
ginary place  S,  the  object  appears  to  move  in  a 
circle  equal  to  MDP,  while  the  centre  of  that  circle 
describes  the  arc  O  I.  Hence  the  optic  orbit  of  the 
object  must,  in  this  case  also,  be  a  curve  A  QJ3  KC 
composed  of  epicycloids,  whose  nature  depends  upon 
the  relation  between  the  arcAB,  and  the  circum- 
ference of  the  circle  MDP.  Now  the  arc  A B  is 
the  sura  of  the  angular  velocities  of  the  eyej  the 


J 


Theory  of  apparent  Motmis,  I67 

radius  of  that  arc  Is  r  —  R ;  and  M  D  P  is  mani- 
festly represented  by  360°  X  Rj    the  arc  ABz: 

^  °    ^"X^' —  R'     Consequently,  the  nature  of  these 

epicycloids  depends  upon  the  relation  of "  m  r  —  m  R 

TTT»  T»  r'"  —  R  V  —  U 

to  V  R  —  tcK:  or  or    —77—  to  . 

248.  CoROL.  I.  Whether  the  velocities  of  the 
eye  and  the  object  be  uniform  or  not,  the  object's 
apparent  place  is  always  at  the  vertex  of  the  epicy- 
cloid, if  the  eye's  true  place  is  in  the  plane  of  com- 
parison, and  its  imaginary  place  between  the  object 
and  the  eye ;  likewise,  the  object's  apparent  place 
is  always  at  the  bottom  of  the  epicycloid,  when  the 
eye's  true  place  being  in  the  plane  of  comparison,  is 
between  the  object  and  the  eye's  imaginary  place, 
or  the  object  between  the  eye's  true  and  imaginary 
place.  For  the  vertex  of  the  epicycloid  is  the  far- 
thest point  from  the  centre  S,  and  its  base  the  nearest 
to  it.  Now  it  is  obvious  that  when  the  eye  is  in  the 
plane  of  comparison  and  beyond  the  eye's  imaginary 
place  relatively  to  the  object,  the  eye  is  then  at  its 
greatest  distance  from  the  object :  but  when  the  eye 
is  on  the  nearer  side,  or  the  object  is  between  the 
eye  and  its  imaginary  place  S,  then  the  eye  is  nearest 
to  the  object.  Therefore,  in  the  first  case  the  object's 
apparent  place  is  at  its  greatest  distance  from  the 
eye's  imaginary  place ;  and  in  the  two  other  cases  it 
is  nearest. 

249.  CoROL.  2.  The  projections  of  epicycloids  in 
the  concavity  of  the  heavens,  must  be  a  kind  of  el- 
liptic epicycloids,  whose  axes  T  C^are  to  one  another 
as  the  sines  of  the  celestial  arcs  measuring  the  dis- 
tance from  the  plane  of  the  eye  to  that  of  the 
object's  epicycle  (Art.  235.),  and  whose  vertices 
Qj  K,  must  appear  as  the  points  nearest  to  the 
eye's  plane ;  also  the  extremities  A,  B,  C,  must  ap- 
pear as  the  points  most  distant  from  the  eye's  orbit. 
(Art.  236.) 
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250.  In  apfilying   the    preceding  theory  to    thtf 
phehomena  arising  from  the  earth*  s  annual  motion, 
it  must  be  observed,  i.  That  what  has  been  called 
tlie  plane  of  the  eijt*s  orbit,  is  the  plane  of  the  eclip- 
tic.    2.  That  the  ei/e*s  orbit  is  the  ellipsis  described 
annually  by  the  earth  about  the  sun,  which  ellipsis 
differs  but  little  from  a  circle  (Art.  31 1.)*     3*  That 
9LS   the  sun  apparently  describes  this  ellipsis  about 
the  earth,  and  the  earth  appears  to  be  in  the  centre 
of  the  celestial  motions,  though  it  be  quite  the  con- 
trary, what  has  been  called  the  eije^s  imaginary  place, 
IS  the  ttue  place  of  the  sun's  centre.     4.  That  the 
plane  of  comparison  is  the  plane  of  a  great  circle 
perpendicular  to  the  ecliptic,  passing  through  both 
the  sun  and  the  heavenly  body  observed.     Therefore 
(Art.  46.)  when  the  eye  is  placed  in  the  plane  of  a 
circle  of  latitude,  if  it  sees  the  sun  and  a  star  or 
planet  on  the  same  slde>  the  star  or  planet  appears 
to  have  the  same  longitude  with  the  sun,  and  is  said 
to  be  in  conjunction  zvith  the  sun,  and  this  may  hap- 
pen in  two  cases  when  the  earth's  orbit  includes  that 
of  the  star  or  planet ;  but  in  only  one  case  when  the 
star  or  planet's  orbit  includes  that  of  the  earth.     For 
when  the  earth's  orbit  includes  that  of  a  planet,  it 
may  be  seen  on  the  same  circle  of  latitude  with  the  sun, 
but  beyond  him,  which  is  called  the  supcriour  co?ijufU' 
Hon  ;  or  it  may  be  seen  between  the  earth  and  sun, 
which  is  called  the  inferiour  conjunction.     But  when 
the  eye  is  in  the  plane  of  comparison  between  the  star 
and  the  sun,  and  they  appear  to  be  distant  from  each 
other  1 80  degrees  of  longitude,  the  star  is  then  said 
to.be  in  opposition  to  the  sun.     The  general  term 
Syzygies  refers  both  to  conjunction  and  opposition. 
When  the  eye  is  so  situated  that  the  arc  of  the  eclip- 
tic comprehended  between  the  sun  and  the  plane  of 
a  star's  circle  of  latitude,  is  90°,  s\ich  star  is  then 
said  to  be  in  quadrature  zvith  the  sun.     Leaving 
what  we  have  to  say  respecting  the  apparent  mo- 
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tion  of  the  fixed  stars,  to  be  given  under  the  head 
•oi  Aberration  in  a  subsequent  chapter  (Chap.  XXII.), 
tve  will  in  a  few  words  apply  this  theory  to  the  re- 
lative motions  of  the  planets. 

!i:>  I .  The  planets  having  a  proper  motion  in  orbits 
nearly  circular^  whose  planes  (as  will  soon  be  shewn) 
are  inclined  in  very  small  angles  to  that  of  the 
ecliptic,  they  must  appear  to  describe  in  the  heavens 
very  flat  elliptic  epicycloids.  But  the  earth's  orbit 
being  included  (Art.  205.  360.)  within  the  orbits  of 
<?5  %i  hi  ^'^d  ¥>  while  it  includes  those  of  ?  and 
§  ,;  it  becomes  necessary  to  distinguish  these  planets 
into  two  kinds,  relatively  to  the  earth.  The  former 
four,  ^,  %,  7?  5  and  ]^,  are  called  superiour  or  exte- 
riour  planets;  the  latter,  namely,  ?  and  $ ,  inferiour 
or  interiour  planets  :  of  these  the  terms  superiour  2x16. 
i/iferiour  are  in  most  general  use. 

'25 '2>  To  know  what  kind  of  epicycloid  each  of 
these  planets  describes,  take  for  the  superiour  the 
expression  of  the  proportion  of  R  V  —  r  V  to  r  11 
—  r  V ;  and  for  the  inj'eriour  that  oi  ru  —  R  m  to 
R  V  —  R  //,  in  which  V  must  express  the  planet's 
mean  angular  velocity  for  any  given  length  of  time, 
R  the  radius  of  its  orbit ;  u  the  earth's  angular  ve- 
locity for  the  same  time,  r  the  radius  of  its  orbit ; 
or  R  and  r  may  be  any  two  numbers  bearing  the 
same  ratio  to  each  other  as  the  semidiameter  of  the 
planet's  orbit  to  that  of  the  earth's  orbit.  The  mean 
angular  velocities  for  a  day  may  easily  be  found, 
when  the  times  of  the  periodical  revolutions  are 
known,  for  they  will  be  expressed  by  the  quotients 
of  360''  by  the  days  in  which  the  revolutions  are 
performed.  The  student  may,  therefore,  after  the 
mean  distances  and  periodical  times  of  the  planets 
are  determined,  find  the  relation  of  RV  —  rV  to 
ru  —  r  V,  or  of  r  2^  —  V^u  to  R  V  —  R  u^  and  he 
will  perceive  that  in  every  case  the  antecedent  will 
be  much  less  than  the  consequent.     But  without 
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entering  into  the  minutiaB  of  these  calculations,  since 
they  would  not  only  be  of  no  utility,  but  could  not 
possibly  be  inserted  here  without  assuming  too  much 
that  does  not  yet  appear,  we  shall  proceed  to  de- 
duce from  this  theory  a  few  inferences. 

^53»  L  iiince,  with  respect  to  all  thf  planets, 
R  V  —  r  V  is  less  than  r  u  —  r  V,  or  /'  u  —  R  ?/ 
less  than  RV  —  R//,  it  follows  (Arc.  245.)  that  the 
relative  motions  of  all  of  them  are  in  shortened  epi- 
cycloids. 

254.  IL  All  the  superiour  planets  are  direct  at  the 
fnne  of  their  conjunction  with  the  sun  (Art.  243."), 
retrograde  at  that  of  their  opposition,  and  station- 
ary some  time  before  and  after  their  opposition.  And 
as  the  inferiour  planets  cannot  be  in  opposition  to  the 
sun  (because  the  earth  cannot  pass  between  them  and 
the  sun},  but  must  have  two  conjunctions  (Art.  250.), 
it  follows  that  the  inferiour  planets  are  direct  in  their 
superiour  conjunctions,  retrograde  in  their  iitfeyiour 
conjunctions,  and  stationary  some  time  before  and 
after. 

255*  IIL  The  apparent  velocities  of  the  planets, 
whether  direct  or  retrogimde,  are  accelerated  from 
one  of  the  stationary  points  to  the  midway  betzveen 
that  and  the  fol hiving  stationary  pointy  from  the?2ce 
they  are  retarded  until  the  ncvt  station  (Art.  243.); 
their  greatest  direct  velocity  is  in  their  conjunctions^ 
and  their  greatest  retrograde  velocity  is  in  the  op' 
position  of  the  fuperiour planets,  and  in  the  lower  con-* 
junction  of  the  inferiour  planets*  ' 

256.  IV.  Since  (Art.  254.)  the  inferiour  planets 
are  always  direct  in  their  superiour  conjunctions, 
and  retrograde  in  the  inferiour,  they  appear  least 
•when  their  motion  is  direct,  and  greatest  when  the 
motion  is  retrograde. 

257.  V.  The  shorter  the  periodic  time  of  an  in" 
feriour  planet,  the  more  frequent  are  its  stations 
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and  retrograda-tions  (Art.  24505  the  shorter  time 
thei)  continue,  and  the  less  they  are  in  quantity. 

258.  VI.  Hie  longer  the  periodic  time  of  a  supe* 
rioicr  planet,  the  more  frequent  are  its  stations  and 
retrogradations ;  but  they  are  less,  yet  continue  a 
longer  time, 

259*  VII.  The  inferiour  planets  neter  go  farther 
from  the  sun  than  such  an  angle  as  measures  the 
apparent  semidiameters  of  their  orbits  as  see?!  from 
the  earth.  This  agrees  with  what  was  observed 
(Art.  199.  200.)  respecting  venus  and  mercury  ;  the 
former  of  which  never  comes  to  the  meridian  more 
than  3'^  I  o"*,  or  47*-'  sooner  or  later  than  the  sun,  and 
the  latter  never  more  than  i'^  50™,  or  27!°,  earlier  or 
later.  Hence,  when  the  semidiameter  of  the  earth's 
orbit  becomes  known,  we  may  by  means  of  this  angle 
under  which  the  semidiameter  of  an  inferiour  planet's 
orbit  appears  (called  its  greatest  elongation)  approxi- 
mate to  the  real  semidiameter  of  its  orbit.  But  this 
is  merely  mentioned  here. 

260.  VIII.  When  the  planets  are  in  their  syzy- 
gies,  their  longitude  seen  from  the  earth  is  the  same 
as  their  longitude  seen  from  the  sun ;  ejccept  in  the 
Icfwer  conjunction  of  an  inferiour  planet,  when  its 
longitude  seen  from  the  earth  differs  iSo°  f^om  its 
longitude  as  seen  from  the  sun.  For  then  the  sun, 
earth,  and  planet,  are  all  in  the  plane  of  the  same 
circle  of  latitude  (Art.  228.).  But  the  planets  mov- 
ing in  orbits  whose  planes  are  somewhat  inclined  to 
another,  and  consequently  always  have  some  latitude, 
except  when  they  are  in  the  intersection  of  the  plane 
of  their  orbit  with  that  of  the  ecliptic  ;  in  the  syzy- 
gies  the  parallax  of  the  annual  orbit  (that  is,  the  dif- 
ference between  a  star's  true  heliocentric  place  and 
its  apparent  geocentric  place^  is  "very  sensible  in  lati" 
tude  ;  and  out  of  the  syzygies,  the  parallax  is  sett- 
sible  both  in  longitude  and  latitude. 

261.  In  the  preceding  articles  the  motions  of  the 
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planets  are  supposed  uniform,  and  their  orbits  to  be 
circles,  with  the  sun  and  the  eye's  imaginary  place 
at  the  centre.  From  the  near  correspondence,  there- 
fore, of  the  last  eight  articles,  with  what  is  actually 
observed  to  take  place  with  respect  to  the  planets 
(Art.  199.  &c.^,  we  may  safely  conclude — In  the 
first:  place,  that  the  orbits  of  the  planets  are  nearly 
cira^/flrr;— and  in  the  next,  that  the  orbits  of  mer- 
cury and  *cenus  are  nearer  the  sun  than  the  orbit 
of  the  earth  is,  that  is,  that  they  are  inferiour  pla- 
nets;,  and  that  all  the  rest  are  superiour  planets, 
A  careful  comparison  of  the  stations,  retrogradations, 
and  direct  motions,  of  the  planets,  with  the  appear- 
ances which  ought  to  be  observed  as  resulting  from 
the  foregoing  theory,  furnishes  us,  therefore,  with 
an  additional  argument  in  favour  of  the  Copernican 
system  :  and  on  this  account  the  theory  has  been 
given  here ;  otherwise  it  would  have  been  deferred 
until  the  real  distances  and  motions  of  the  planets 
were  established  from  observation  *. 

*  Those  who  are  desirous  of  seeing  the  tracks  which  the  planets 
describe  for  a  considerable  time,  relatively  to  the  earth,  are  referred 
to  Ferguson* s  Astronomy,  Long's  Astronomy,  and  a  paper  of  CassinV^ 
in  MertJoires  d'Acad,  Ixoyale,  ann,  1 709.^ 
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CHAPTER  X. 


On  the  Law  by  which  the  Planets  are  retained  in 
their  Orbits, 


Art.  262.  PREVIOUS  to  determining  the  elements 
necessary  for  ascertaining  the  distances,  revolutions, 
magnitudes,  and  rotations,  of  the  planets,  it  may  be 
proper  to  employ  a  few  pages  in  shewing  the  con- 
formity of  the  opinion  that  the  orbits  of  the  planets 
are  elliptical,  with  the  present  received  principles  of 
mechanical  philosophy  ;  or  in  proving  that  the  mo- 
tions in  such  orbits  correspond  with  the  known  ef- 
fects of  the  law  of  gravity.  In  order  to  this,  we 
shall  just  recapitulate  a  few  of  such  principles  and 
theorems  (demonstrated  or  explained  in  every  scien- 
tific treatise  on  mechanics)  as  are  more  peculiarly 
applicable  to  the  object  of  our  present  enquiry. 

9,63.  Thus,  we  admit  the  Icrws  of  motion^  and  the 
doctrine  of  the  composition  and  resolution  of  forces, 
as  now  taught :  we  call  that  a  uniform  motion  which 
a  body  receives  by  an  instantaneous  action  of  any 
power  ;  or  rather  that  by  which  a  body  describes 
equal  spaces  in  equal  times  :  and  that,  a  motion  uni- 
formli)  accelerated^  which  is  produced  in  a  body  by 
a  continual  repetition  of  equal  actions,  uninterrupt- 
edly and  equally  augmenting  its  velocity  at  each  in- 
stant. 

a6'4.  We  take  it  as  proved,  that  in  a  motion 
uniformly  accelerated,  the  velocities  are  as  the  times. 
Also, 

265.  Thatj  the  space  s,  run  through  in  a  certain 
finite  time  t,  by  a  motion  uniformly  accelerated,  is 
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equal  to  half  the  space  run  through  in  the  same  time 
by  a  uniform  motion  with  a  velocity  u,  equal  to  that 
acquired  by  the  acceleration  at  the  end  of  the  time  t ; 

that  is,  in  a  motion  uniformly  accelerated,  s=  —'* 

whereas  in  a  uniform  motion  s  ==  tu, 

9.66.  That,  the  spaces  described  by  a  motion  uni- 
formly accelerated,  are  as  the  squares  of  the  times^ 
reckoned  from  the  beginning,  or  as  the  squares  of 
ike  "celocities  acquired  at  the  end  of  the  times. 

267.  That,  a  body  urged  by  two  force*  at  once, 
continues  in  the  plane  oj  the  directions  of  those  forces, 

268.  That,  a  body  urged  at  the  same  time  by  two 
powers  inclined  to  one  another,  describes  a  right  line 
if  the  poxvers  are  of  the  same  nature  ;  that  is,  both 
xmiform,  or  both  variable,  according  to  one  and  the 
same  law.  But  if  these  powers  are  of  a  different 
nature^  they  cause  the  body  to  describe  a  curce,  or 
trajectory,  whose  species  depends  upon  the  relation 
the  two  powers  have  to  each  other  at  each  instant. 

269.  That,  when  a  body  is  urged  by  two  forces, 
one  uniform^  and  consequently  tending  to  make  it 
move  uniformly  in  the  direction  it  has  at  the  end  of 
each  instant,  and  the  other  either  constant  or  varia^ 
hie,  but  always  directed  to  one  and  the  same  f  red 
point,  towards  which  the  body  is  continually  diiven; 
this  body  describes  a  curve  always  concave  tozcards 
the  f. red  point. 

270.  That,  a  trajectory  described  by  virtue  of 
two  forces,  one  unform,  the  other  central,  will 
have  no  point  of  contrary  flexure  j  but,  cceteris  pari- 
bus, its  curvature  is  greater  in  proportion  as  the 
central  force  e.vceeds  the  u7iifoiin ;  and  recipro- 
cally. 

271.  That,  if  two  right  lines  are  drawn  to  the 
extremities  of  any  arc  of  a  trajectory,  from  a  central 
point,  the  area  of  the  included  sector  is  always  pro- 
portional to  the  time  of  running  through  the  arc^ 
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This  is  analogous  to  Kepler's  law  (Art.  sop.)?  that  a 
line  drawn  from  the  centre  of  a  planet  to  the  sun, 
would,  when  carried  along  by  the  periodical  motion  of 
the  planet,  describe  equal  areas  in  equal  times. 

275^.  That,  the  velocity  of  a  body  in  any  point  of 
Its  trajectory  is  reciprocally  as  a  line  drawn  jrom  the 
central  point,  perpendicular  to  a  tangent  to  the  tra- 
jectory at  the  point  where  the  body  is. 

273.  That,  the  true  angular  velocity  of  a  body, 
describing  in  a  very  small  time  any  small  arc  of  its 
trajectory,  is  always  reciprocally  as  the  square  of  the 
distance  Jrom  the  point  in  whicli  the  central  f ores 
resides,  to  the  point  ivhere  the  body  isjound  at  the 
middle  of  the  time, 

274.  These  premises  being  considered  as  proved, 
we  proceed  to  the  motions  of  the  planets,  which,  as 
they  are  not  uniform,  must  be  affected  by  a  variable 
central  force  :  the  nature  of  the  law  causing  this 
variation  we  shall  now  attempt  to  determine. 

275.  Theorem  I.  Aiiy  variable  central  force,  is 
a  constant  accelerative  foi^ce  during  a  x/ery  short 
time.  This  will  be  demonstrated  by  shewing  that 
any  variable  central  force  causes  the  body  it  acts  upon 
to  describe  spaces  towards  the  centre,  which  are  to 
one  another  as  the  squares  of  the  number  of  instants 
contained  in  a  very  short  space  of  time  (Art.  266.). 
Let  P,  Q,  />  (fig.  9,  PI.  III.),  be  three  points  of  an  in* 
definitely  small  arc  of  any  trajectory,  A  P  D.  This 
arc  may  be  considered  as  uniformly  described  in  the 
exceedingly  small  time  t,  and  therefore  the  spaces 
P  C^  Vp,  are  to  each  other  as  the  parts  of  that  time 
t,  estimated  from  the  instant  the  body  was  in  P.  Let 
P  K  be  a  tangent  to  that  arc,  and  consequently  the 
path  that  body  would  describe,  if,  when  it  was  in  P, 
the  central  force  should  cease  to  act,  and  the  uniform 
force  only  remain.  From  the  centre  of  force  S, 
draw  through  the  three  points  P,  Q^  p,  the  rays  S  P, 
S  R,   S  Fj  prolonged  till  they  meet   the  tangent. 
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Then  it  is  manifest,  ist,  that  the  small  excesses  QR, 
p  F,  represent  the  effects  of  the  central  force  at  the 
points  Q,  p,  because  they  are  the  spaces  through 
which  the  central  force  has  drawn  the  body  from  its 
rectilinear  path  P  K,  towards  the  centre  S.  2dly. 
The  rays  S  P,  S  R,  S  F,  being  infinitely  near,  and 
the  point  S  at  an  immense  distance,  they  may  be 
taken  as  right  lines  parallel  to  each  other  ;  the  same 
may  be  said  of  the  excesses  Q^R,  p  F.  Through  the 
points  P,  (X  p,  describe  the  circumference  of  a  circle 
P  B  N,  with  which  the  arc  P  Qj5  of  the  trajectory 
AP  D  will  coincide:  the  diameter  PN,  drawn  from 
the  point  P,  will  be  perpendicular  to  P  K,  a  tangent 
common  to  both  the  circle  and  the  trajectory.  Then 
through  the  points  Qj),  draw  QJi^,/)  H,  perpendicu- 
lar to  the  diameter  P  N  ;  and  join  QjSF,  p  N.  Now 
the  triangles  P  QJST,  P/j  N,  P  qE,  P/>  H,  are  both 
rectilinear  and  right-angled,  since  P  Q,  V  p,  may 
safely  be  taken  as  right  lines.  Therefore,  E  P,  P  Q^ 
P  N,  are  continually  proportional,  as  are  also  P  H, 
P/;,  PN;  consequently  PQ;  =  EP  X  PN,  and 
P/)  =PH  X  PN.  Hence  Pqi:P/::EP  X 
PN  :PH  X  PN::EPotQ^I  :PH  or  ///.  But 
because  of  the  parallels  QJ,  p  /,  and  QJR.,  F  /?,  the 
triangles  QJl  I,  p  F  /,  are  similar  ;  therefore  QJ  ;  /? » 
:  :  QJR. :  />  F  :  :  P  Q^  •  P/^^-  ^^  ^^^^  ^  ^^^Y  describe 
any  trajectory  APD,  with  a  uniform  force,  and  9. 
central  force  combined,  the  effects  of  that  central 
force  are  in  any  very  small  arcs,  as  the  squares  of 
the  times  required  to  run  over  those  arcs. 

276".  CoROL.  I.  We  may  therefore  apply  the  for- 
mulae commonly  appHed  to  uniformly  accelerated 
forces,  to  central  forces  :  thus,  let  /  be  the  central 
force,  5  the  space  run  through  in  a  very  short  tinie  f, 

then/  =  -f  5  5  =/  tt,t^^   ^  ;  and    from    a 

comparison  of  these  formula,  others  might  be  de- 
duced.    But  in  the  present  case,  pY  expresses  th^ 
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space  whereby  the  central  force  has  drawn  the  body- 
to  wards  the  centre  S,  while  the  body  is  describing 
the  arc  P/; ;  therefore  the  first  formula  may  be  thus 

expressed,  f  =  -7.* 

277.  CoROL.  IL  If  the  times  t  are  equal,  /'=^ 
p  F,  that  is,  in  indejiniteli/  small  equal  times  the  ceu" 
t?Yd  forces  are  to  each  other  as  the  right  lines  pF, 
drazvnfrom  one  (if  the  eMreihities  p  of  each  arc  run, 
over^  parallel  to  the  ray  S  P,  passing  through  the 
other  extremity  P,  and  terminated  by  the  tangent 
to  the  trajectory  in  the  same  point  P. 

278.  CoROL.  III.  Then,  since   the  areas  compre- 
hended between  the  rays  (Art.  271.)  represent  those 
times,  the  indefinitely  small  time  t^  wherein  the  body,> 
runs  through  the  arc  P  Q/;,  may  be  expressed  by  th^; 
area  of  the  triangle  S  P  /; ;  hence  /=  |  S  P  X  /-^  M,'^ 

and  ^^  =  ^  SP^  X  pM.\     The  formula/ ==  ^/ 

therefore,  becomes  /=  tftt— ^ — rr  ;  or,  since  the  J 
constant  coefficient  ^  may  be  neglected  without 
changing  the  proportion,  /  =  gp  x^pAP' 

279*  Lemma  I.  If  from  the  extremity  P  (frg.^ 
12,  PI.  III.)  of  an  ellipsis,  P  D  be  drawn  perpendicular 
to  the  conjugate  diameter  N  w,  then  PD  :  CH  :  : 
C  B  :  C  N.  Or,  the  rectangle  B  C  H  L,  under  the' 
two  semi-axes  C  B.  C  H,  is  equal  to  the  parallelogram 
CNRP,  formed  by  any  two  conjugate  semidiani^- 
ters,  C  N,  C  P ;  for  then  CHXCB  =  CNX 
P  D,  and  consequently  PD:CH::CB:CN. 
It  is  shewn  by  the  writers  on  conies  (See  Huttons 
Conies,  p.  35 ;  Vi?ice\s-  Conies,  p.  15  ;  Hamilton's 
Conies,  &c.),  that  all  the  parallelograms  circumscribed 

*  In  this  and  some  of  the  following  articles,  the  sign  =:  does 
not  always  denote  equality,  but  often  proportionality,  for  which  the 
sign  cc  is  Sometimes  used. 

N 
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about  an  ellipsis  are  equal  to  one  another,  and  each 
equal  to  the  rectangle  of  the  two  axes.  But,  if  the 
pa:  allelograms  of  which  P  C  R  N,  B  C  H  L,  are  the 
fourth  parts,  are  equal,  those  fourth  parts  are  equal 
also  ;  whence  the  truth  of  the  lemma  is  manifesto 
Or  the  equality  of  the  parallelograms  B  C  H  L,  P  C 
N  R,  is  directly  proved,  both  with  respect  to  the 
ellipsis  and  hyperbola,  at  p.  74,  Newton  s  Conies^ 
and  the  same  analogy  deduced  as  given  in  the  enun- 
ciation of  the  lemma. 

280.  Lemma  II.  In  an  ellipsis  where  AH  is  the 
greater  axis,  and  B  L  the  less  (fig,  i  a,  PI.  III.),  if  from 
the  extremity,  P,  of  any  diameter,  P  K,  be  drawn  a 
right  line  P  S  to  either  focus,  as  to  S,  that  line  will 
be  intersected  in  E,  by  the  diameter  N  n  conjugate  to 
PK,  so  that  PE  =  C  A  or  C  H.  From  the  other 
focus  Qj  draw  QP,  and  Q^G  parallel  to  N  n,  ox  to 
the  tangent  T  V ;  then  the  triangle  P  <^lj^  is  isos- 
celes ;  for  the  angles  P  QjG-,  P  G  Q^  are  equal  to 
the  angles  V  P  Q^  T  P  G,  by  reason  of  the  parallels 
T  V,  G  Qj  and  the  latter  two  angles  are  equal  by 
conies  :  (see  Hiitton^  p.  25  ;  R,  Simson,  p.  92) : 
hence  P  Q^=  P  G.  Also,  since  the  triangles  QjG  S, 
C  E  S,  are  similar,  and  C  S  =  C  Q^,  S  and  Q^being 
the  foci,  therefore  E  S  =  G  E.  Hence  P  G  -{-  G  E 
==.P(^+  ES  ==PEj  andPE  +  ES  -i-  PQ^, 
being  equal  to  A  H  (Hutton,  p.  18),  also  equal  to 
2  P  E  ;  consequently  P  E,  or  P  O,  =  f  A  H  =  A  C. 
This  also  is  deduced  generally,  both  as  it  regards  the 
ellipsis  and  the  hyperbola,  in  a  Cord,  to  Prop.  47. 
Nezvton's  Conies. 

281.  Theorem  II.  The  central  force  urging  a 
planet^  P,  and  causing  it  to  describe  an  ellipsis,  in 
whose  focus,  S,  that  central  force  is  placed^  varies  in 
a  reciprocal  ratio  of  the  square  of  the  ray  S  P  j  that 
is,  inversely  as  the  square  of  the  planefs  distance 
from  that  focus. 

Demon.  Through  P,  the  planet's  place,  draw  the 
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tangent  PT  (fig.  lo,  Pl.lIL).  Suppose  Pp  an  inde- 
finitely small  arc  described  by  the  planet ;  draw  the 
lines  P  S,  p  S,  and  p  F,  which,  for  a  reason  assign- 
ed before  (Art.  275.},  we  imagine  parallel  to  S  P 
meeting  the  tangent  j  then  the  line  p  F  expresses  the 
planet's    central   force   (Art.    277.)    while    running 

through  the  arc  p  P,  and  p¥  ^^-^^»  Put  R  to  de- 
note the  latus-rectum  or  parameter  of  the  greater 
axis  A  H ;    then,    by  fconics,  R  =  — — --,  =  "    V>'  • 

Therefore  R  X  A  C  =  2  C  B".  From  p  draw  p  I, 
an  ordinate  to  the  diameter  P  K  (or  parallel  to  the 
tangent  TV),  meeting  S  P  in  /.  The  triangles  Pi/, 
P  C  E,  being  similar,  and  P  i  equal  and  parallel  to 
¥p,  we  have  P  /  or  F/j :  I P  :  :  PE  or  AC  (Art. 
280.)  :  P  C.     Consequently 

(«)  F/;  X  R  :  I  P  X  R  :  :  A  C  :  P  C ;  and,  for 
the  same  reason, 

(/;)  IP  X  R  :  IP  X  KI  :  :  R  :  KI  J  also,  by 
the  property  of  the  ellipsis, 

(c)  IP  X  KI  :  Ip^  :  :  PC*  :  C  N*.  From  the 
point  p  draw  p  M  perpendicular  to  S  P ;  then  the 
right-angled  triangles  p  iM,  P  E  D,  are  similar,  be- 
cause the  parallels  p  i,  E  D,  make  the  angles  ;j  '  M, 
PED,  equal  ;  therefore  ip  (or  because  of  the  prox* 
imity  of  the  points  I,  i),  I  /;  t  />  M  :  :  P  E  t  P  D. 
But  (Art.  279.)  C  A  or  P  E  :  P  D  :  :  C  N  :  C  B  J 
consequently  I  /;  :  /j  M  :  :  C  N  :  C  B  ;  and  therefore, 

(d)lp^:pM^  ::CW:CB\ 

Multiply  together  the  corresponding  terms  of  the 
four  proportions,  marked  a,  /;,  c,  d,  the  products 
give  F/;  X  R^X  IP  X  IP  X  KI  X  l/->*  :  IP  X 
RXIP  XKI  X  I//  X/>M^:  :  CA  X  RX  PC* 
X  C  N* :  P  C  X  K I  X  C  N^  X  C  B\  Now  the 
first  ratio  divided  by  I  P  X  R  X  I  P  X  K I  X  I/^% 
and  the  second  by  P  C  X  C  N%  gives  F/)  X  R  i 
;>  M» :  :  C  A  X  R  X  P  C  ^  KI  X  CB^  Or,  since 
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A  C  X  R  ==  2  C  B%  F/;  X  R  :  /'  M^ :  :  2  C  B^  X 

P  C  :  K  I  X  C  B- ;  and,  dividing  the  second  ratio 
by  CBS  we  get  Y p  X  R  :  /?  M" :  :  aP  C  :  KI. 
The  distance  P  I  being  indefinitely  small,  K  I  rr:  K  F 
~  2  P  C  ;  therefore  FP  X  R  =/;  M^  ;  for  if  the 
second  ratio  in  the  proportion  be  a  ratio  of  equality,, 
the  first  will  be  so  too.   This  last  equation  multiplied 

^r  a"PxVM'>  S^^^^  -ST^^^^^^ST^  5  or,  because 

XDf  the  constant  quantity  R,  ^-^^  ^^^  ^^^  =  ^.      But 

<rArt.  278.)  ^-p,  /^jvjl  is  a  general  expression  of  the 
central  force  in  any  trajectory,  therefore  in  the  ellip- 
sis the  central  force  is  always  as  ■^,.- 

282.  CoROL,.  The  force  which  retains  the  planets 
m  elliptical  orbits,  produces  similar  effects  with  the 
power  of  gravity  near  the  earth's  surface,  and  there- 
fore (Art.  216.)  is  of  the  same  nature^ 

283.  Theorem  IIL  If  acveral planets  rnoxe  each 
in  a  separate  eUipsisy  by  virtue  of  a  central  force 
that  is  aki'ays  reciprocally  as  the  square  of  each  pla- 
net'^s  distance  from  a  Jocus  common  to  all  those  el- 
lipscs,  andicherein  that  central  force  is  placed  ;  then, 

I.  The  areas  of  the  sectors  described  in  the  same 
Time,  are  to  one  another  as  the  square  roots  of  the 
parameters  of  the  greater  axes  of  the  ellipses^ 

II.  The  Telocity  of  each  body  in  its  ellipsis  is  as 
the  square  root  of  the  parameter  of  the  greater 
axisy  divided  by  a  line  draxcnfrom  the  focus perpen^ 
dicular  to  a  tangent  passing  through  the  place  of 
the  body.- 

III.  The  area  of  each  ellipsis  is-  in  a  ratio  com- 
pounded of  the  square-root  of  the  parameter  of  the 
greater  axis^  and  of  the  time  of  the  planet's  rexolu- 
tion^ 

Demon.  I.    In  every  elUpsis  Yp  X  R=/>M^ 

(Art^  281.)  -  but  by  the  hypothesis  F/)  =  g-^,  5 


I^aza  of  the  planetary  Molions^  181 

therefore,  R  =/>M^  X  SP%  and  \/R  =  j&M  X 
S  P.  But  y;  M  X  S  P  is  as  the  area  of  the  triangle 
-or  sector  S  V p  4  consequently  the  area  of  any  sector 
is  as-  y/  R. 

II.  The  velocity  in  an  indefinitely  small  time  is  as 
the  arc  described,  p  P  :  now  the  similar  right-angled 
triangles  S  P  T,  ;;  M  P,  give  S  T  :  S  P  :  :  /^  M  :  y^P; 

therefore  P/;  =  i*^^^.    But  (pr.  Dcm.  I.)  v/  R 

=  7)  M  X  S  P  ;  consequently  p  P,  or  the  velocity,  is 

v/  R 
as    g^.. 

HI.  The  greater  the  area  of  the  ellipsis,  and  the 
less  the  portion  of  it  described  by  the  planet  in  a 
given  time,  the  longer  also  is  the  time  t  of  the  pe- 
riodic revolution.  Therefore  the  time  of  the  revo- 
lution is  as  the  area  (<'/)  of  the  ellipsis,  divided  by 
the  area  (,s)  of  a  sector  described  in  a  given  time,  or 

if  =^  -.     But  6'  =  v/R,  as  just  shewn ;  therefore  t 

=  -7^,  and  d  =  t.s/  R, 

284".  Fiom  the  preceding  theofrems  we  readily  de» 
duce  the  second  of  Kepler's  famous  analogies  (Art. 
209.),  that  the  square  of  the  time  of  eaeli  planefs 
revolution  is  proportional  to  the  eube  of  the  principal 
axis  (f/)  of  its  ellipsis.  For  if  c  be*  the  less  axis,  and 
R  the  parameter  of  the  greater  axis,  then  (by  conies) 
J  R  =  c^,  and  J3  R  =  c^  d-,  by  multiplying  each 
«ide  of  the  equation  into  d'^.  But  the  whole  area 
(«)  of  the  ellipsis  is  as  the  product  of  the  axes,  or  a 
^=  c  d  =  ty/K  (Art.  283.  III.)  ;  consequently  rz  d^ 
^=  t"-  R :  and  as  c^  r/^  =  d'  R,  therefore  d  R  == 
/^  R,  and  d^  is  proportional  to  t-. 

285.  CoROL.  I.  If  the  ellipsis  change  into  a  circle, 
the  time  of  a  revolution  will  be  as  the  square  root  of 
the  cube  of  the  dia??ie^er,  or  of  the  radius. 

28(3.  C0R.0L.  II.  Hence  it  follows,  that,  the  times 
of  the  revolutions  of  the  planets  being  known,  the 
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relations  of  the  pr'mcipal  ajes  of  the  ellipses  they  de^ 
scribe  may  be  foinid.  Consequently,  if  the  relative 
dimensions  of  each  planetary  orbit  be  determined  by 
observation,  and  the  chief  axis  of  any  one  of  them 
be  ascertained,  the  respective  major  axes  of  the  others 
may  be  found  by  the  above  analogy  :  and  indeed 
they  are  generally  determined  in  this  manner  ;  though 
other  methods  are  in  seme  cases  had  recourse  to,  by 
which  the  accuracy  of  this  simple  method  is  clearly 
proved. 

287.  When  the  mutual  actions  of  the  sun  and 
primary  planets  upon  each  other  are  taken  into  con- 
sideration, the  process  is  thereby  rendered  more  te- 
dious ;  but  it  would  then  appear  that  the  orbit  of. 
each  planet  is  nearly  an  ellipsis,  whose  focus  is  in  the 
common  centre  of  gravity  of  the  sun  and  all  the 
planets  inferiour  to  it ;  and  this  centre  of  gravity 
(Art.  219)  is  always  either  in  the  body  of  the  sun, 
or  very  near  it. 

288.  The  celebrated  M.  John  Dominic  Cassini,  in 
a  Treatise  on  the  Origin  and  Progress  of  Astrono- 
wy,  proposed  a  curve  for  the  orbit  of  a  planet, 
somewhat  different  from  the  common  ellipsis :  in  the 
common  ellipsis,  the  sum  of  two  lines  drawn  from  the 
foci  to  any  point  of  the  curve  is  equal  to  the  trans- 
>cerse  diaineter ;  but  in  the  Cassinean  ellipsis,  the 
product  of  two  lines  from  the  foci  to  the  curve  is 
equal  to  a  constant  or  given  number.  In  this  figure, 
if  the  less  axis  exceeds  the  distance  of  the  foci,  the 
curve  is  every- where  concave  towards  the  centre  :  if, 
while  the  principal  axis  remains  the  same,  the  distance 
of  the  foci  is  lessened,  the  minor  axis  will  be  in- 
creased ;  and  when  the  foci  meet  in  the  centre,  the 
ellipses  will  become  a  circle  :  but  if,  on  the  con- 
tfary,  the  distance  of  the  foci  be  increased,  the  less 
axis  will  be  lessened,  and  the  curve  will  at  length 
have  a  point  of  contrary  flexure,  and  will,  at  the 
ends  of  the  minor  axis,    be  convex  towards  the 


^ 


CasshiVs  Ellipsis,  183 

■centre ;  and  when  the  distance  of  the  foci  is  so  far 
increased,  as  to  be  in  the  same  proportion  to  the 
major  axis  as  the  side  of  a  square  to  the  diagonal, 
that  is,  as  i  to  v/2,  the  less  axis  will  become  nothing, 
and  the  curve  extend  to  the  centre  on  each  side :  if 
the  distance  of  the  foci  be  greater  in  proportion  to 
the  major  axis,  than  in  the  above  ratio,  the  figure 
turns  into  two  -conjugate  ones  at  a  distance  from  each 
other ;  and  as  the  distance  of  the  foci  is  farther  in- 
creased, the  two  conjugate  figures  will  at  last  become 
merely  points.  It  must  be  evident,  after  thus  tracing 
a  few  of  the  properties  of  this  curve,  that  it  cannot 
possibly  be  the  orbit  of  a  planet :  for  it  is  certain, 
that  in  all  those  cases  where  it  passes  into  two  conju- 
gate figures,  it  deviates  from  what  is  essential  to  the 
nature  of  an  orbit,  namely,  continuity ;  and  in  all 
those  cases  where  it  is,  at  the  end  of  the  minor  axis, 
convex  towards  the  centre,  the  planet  would  need  a 
centrifugal  force  to  describe  such  parts  of  its  orbit  ; 
that  is,  it  would  require  at  equal  distances  from  the 
sun  sometimes  a  centrifugal,  and  sometimes  a  cen- 
tjvpetal  force  to  retain  it  in  its  orbit,  which  is  totally 
incompatible  with  all  the  laws  of  nature.  It  may 
fairly  be  concluded,  that  when  all  the  species  of  a 
figure  beyond  a  certain  limit  are  unfit  for  discharging 
any  office  of  nature,  the  remaining  species  on  the 
other  side  of  the  limit  should  be  rejected  also  :  and 
when,  in  addition  to  this,  it  is  considered  that  the  ce- 
lestial observations  are  not  consistent  with  this  curve, 
it  can  by  no  ii^ean?  be  admitted  into  astronomy*. 

*  4'verybea»tifule1ementary  treatise  of  Physical  Astronomy  may 
be  seen  in  the  learned  Dr.  Stewart's  Tracts,  Physical  and  Mathema' 
tical.  The  doctrine  of  centripetal  forces  is  there  laid  dowp  In  a  serie* 
of  twenty-eight  propositions,  demonstrated  (if  the  quadrature  of 
curves  be  admitted)  with  tke  utmost  rigour,  and  requiring  no  pre- 
vious knowledge  of  any  part  of  the  mathematics,  besides  the  ele- 
ments of  plane  geometry,  and  of  conic  sections.  But  the  most 
comprehensive,  elaborate,  and  profound  work',  on  Physical  Astro- 
cpmy,  in  0,11  its  brunches,  is  that  published  by  M,  La  i^igce,  iujd*r 
tbc  title  of  Traite  dc  Mecanique  Celeste. 
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CHAPTER    XI. 


0?i  the  Magnitude  a^id  Situation  of  the  Earth's 
Orbit, 


Art.  289*  IT  is  related  of  the  ancient  philoso- 
pher Archimedes,  that  when  Hiero  was  admiring  the 
^kill  and  judgment  displayed  in  his  machines,  he  re- 
plied to  the  monarch,  "  These  are  nothing;  hut 
"  gixe  me  another  place  to  stand  upon,  and  I  icill 
*'  move  the  earth  ;'*  with  much  more  truth  it  may  be 
said  by  a  modern  astronomer,  '  G^ire  me  a  proper 
'  basis  for  my  geometrical  operations,  and  I  will 
*  scale  the  heavens.'  This  basis  Nature  has  fur- 
nished us  with,  in  the  elliptical  orbit  of  the  earth  ; 
the  dimensions  of  which  we,  therefore,  now  proceed 
to  determine,  as  a  necessary  preliminary  in  ascer- 
taining the  magnitudes  and  distances  of  the  planets, 
and  the  dimensions  of  their  orbits  But  we  must 
first  premise  a  few  definitions  of  terms  used  in  this 
part  of  astronomy. 

lQO.  The  path  in  which  the  sun  appears  to  move, 
is  in  the  same  plane  as  that  in  which  the  earth  really 
moves;  therefore  (Art.  40.)  the  earth's  orbit  is  in  the 
plane  of  the  ecliptic  :  the  points  in  which  the  orbits  of 
the  planets  cut  the  orbit  of  the  earth,  or  the  ecliptic, 
are  called  the  nodes  ;  as  are  also  the  points  where  the 
orbits  of  the  secondary  planets,  or  satellites,  inter- 
sect their  respective  primaries.  That  node  is  called 
Gscemlu2g  where  the  planet  passes  from  the  south  to 
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the  north  side  of  the  ecliptic,  and  is  marked  thus  s  : 
the  other  node  is  called  descemli/zg,  and  is  denoted 
by  this  mark  Q.  An  imaginary  line  drawn  from 
onfe  node  to  the  other  is  called  i/tc  Hue  rf  the  ?ioc/ef\ 

991'  That  angle  which  the  plane  of  a  planet's 
orbit  makes  with  the  plane  of  the  earth's  orbit,  is 
called  the  inclincition  of  that  planet's  orbit. 

^yii.  if  a  perpendicular  be  let  fall  from  a  planet 
to  the  ecliptic,  the  angle  at  the  sun  between  two  lines, 
one  drawn  from  it  to  that  point  where  the  perpen-. 
dicular  falls,  and  another  to  the  earth,  is  called  the 
angle  of  counnutatiuJi.' 

293.  The  curtate  distance  of  a  planet  from  the 
sun  or  the  earth,  is  the  distance  from  the  sun  or  the 

.  earth  to  the  planet,  reduced  to  the  ecliptic  ;  or  the 
line  between  the  sun  or  the  earth,  and  that  point 
where  the  perpendicular  let  fall  from  the  planet 
meets  the  ecliptic. 

294.  The  meaji  distance  of  a  planet  is  the  line 
dravirn  from  that  focus  of  its  elliptical  orbit  in  which 
the  sun  is  placed,  to  either  end  of  the  conjugate  axis 
of  its  orbit ;  it  is  manifest  from  the  nature  of  the 
ellipsis  that  this  line  is  equal  to  half  the  transverse 
axis.  Some  authors  call  a  mean  proportional  be- 
tween the  two  axes,  the  mean  distance, 

S^J".  The  distance  from  the  centre  of  the  orbit 
to  either  focus  is  called  its  e.vcentriciti;, 

296.  The  apsides,  or  apses,  are  the  two  points  in  the 
orbit  of  a  planet,  where  it  is  at  its  greatest  and  least 
distances  from  the  sun.  The  point  at  the  greatest 
distance  is  called  the  higher  apsiy,  that  at  the  least 
distance,  the  lorn^er  apsis.  The  higher  apsis  is  also 
called  the  aphelion  ;  the  lower,  the  perihelion.  The 
diameter  which  joins  these  two  points  is  called  the 
line  of  the  apsides,  and  is  supposed  to  pass  through 
the  centre  of  the  sun.  But  it  is  not  true  that  the 
apsides  are  always  in  the  same  straight  line  passing 
through  the  sun ;  for  they  are  sometimes  out  of  a 
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right  line,  making  aa  angle  greater  or  less  than 
180*;  and  the  difference  from  180°  is  called  the 
motion  of  the  iiht  of  the  ap.sides.  When  the  angle 
IS  less  than  1 80°,  the  motion  is  said  to  be  in  antece- 
dentia^  or  contrary  to  the  order  of  the  signs  ;  wheq 
It  IS  greater  than  180*,  the  motion  is  in  consequential 
or  according  to  the  order  of  the  signs. 

Sy;.  The  sun  and  moon  are  in  perigee^  when  at 
their  nearest  distance  from  the  earth  ;  and  in  apooee, 
when  their  distance  from  the  earth  is  greatest.     ^ 

298.  The  argument  of  latitude  is  the  angle  at  the 
Sim  between  the  planet  and  its  ascending  node,  esti- 
mated in  the  planet*s  orbit. 

^  2i;9.  The  true  anomaly,  or  equated  anomaly,  as 
It  is  sometimes  called,  is  the  angle  at  the  sun  which 
K  formed  by  the  radius  xector^  or  line  drawn  from 
tile  sun  to  the  planet,  and  the  line  drawn  from  the 
sua  to  the  aphelion  of  the  planet :  the  mean  anomalu 
IS  the  angular  distance  of  a  planet  from  its  aphelion 
(taken  at  the  same  time  with  the  true  anomaly),  sup- 
posing it  to  move  uniformly  with  its  mean  angular 
veloaty.  The  difference  between  the  true  and  mean 
anomaly  is  called  the  equation  of  the  centre,  or  thq 
prosthapheresifu 

300.^  If  a  circle  be  supposed  drawn  on  the  line  of 
tlie  apsides  as  a  diameter,  and  through  the  place  of 
the  planet  a  perpendicular  to  the  line  of  the  apsides 
be  drawn  till  it  meet  the  circumference  of  the  circle  - 
th^n  the  angle  form.ed  by  two  lines,  one  drawn  from 
the  centre  of  the  planet's  orbit  to  the  aphelion,  and 
the  other  to  the  point  where  the  perpendicular 
through  the  planet's  place  intersects  the  circumfe- 
rence of  the  circle  is  called  the  ej:centric  anomaly, 
or  the  anomalij  oj  the  centre,  ^* 

301.  Prob.  I.  Tojifid  the  timeinzikich  the  earth 
perjorms  a  revolution  about  the  sun, 

A  solution  to  this  problem  may  be  found  in  Chap, 
m,  where  we  determined  the  length  of  the  sidereal 
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year  to  be  365*  6^  9"  12'  (Art.  ^6.).  For  the  sun 
passes  through  the  twelve  signs  of  the  ecHptic  in. 
the  space  of  a  solar  or  tropical  year  (Art.  55 J  :  but 
the  equinox  or  point  of  the  ecliptic  from  which  the 
sun  appeared  to  depart,  advances  as  it  were  to  meet 
the  sun,  over  an  arc  equal  to  the  annual  precession 
of  the  equinoxes  ;  therefore  the  time  required  for  the 
earth  (or  sun,  apparently)  to  pass  over  this  arc, 
must  be  added  to  the  solar  year  to  give  the  earth's 
complete  periodic  time,  which  is  consequently  equal 
to  the  sidereal  year. 

302.  Prob.  U.  To  determine  the  time  of  either 
solstice. 

In  fig.  11 ,  PI.  III.  imagine  T  R  to  represent  the 
tropic,  E  C  the  ecliptic,  touching  it  in  the  solstitial 
point  »S ;  then  the  lines  d  /,  d  /,  8^c,  perpendicular 
to  T  R,  will  represent  the  changes  of  declinations 
when  the  sun  appears  in  the  points  /,  /.  And  since 
the  part  of  the  curve  E  S  C  is  very  small,  the  right 
lines  dl,  dl,  are  as  the  squares  of  the  arcs  S  /,  S  I; 
or,  since  S  /,  S  /,  are  exceedingly  nearly  equal  to 
S  (.,  S  ^/,  ^//,  dl^  will  be  as  the  squares  of  S  d,  S  d. 
But  this  is  the  property  of  the  parabola ;  therefore  a 
small  portion  of  the  ecliptic  near  the  solstice,  when 
considered  relatively  to  the  tropic,  may  be  looked 
upon  as  part  of  a  parabola.  We  may  safely  suppose 
this  to  be  the  case  for  four  or  fi.ve  days  before,  and 
as  many  after,  the  solstice :  then  the  abscissae  S  P, 
S  P,  are  what  the  declination  of  the  sun  is  less  than 
the  greatest  declination ;  and  consequently  the  differ- 
ences P  P  are  as  the  differences  of  the  declinations ; 
that  is,  as  the  intervals  of  the  altitudes  of  the  sun 
above  the  horizon  (or  of  their  zenith  distances),  in 
the  meridian  or  any  other  vertical  circle :  and  the 
ordinates  P/,  P/,  are  respectively  as  the  times  where- 
in the  sun  acquires  those  declinations  ;  and  the  dif- 
ferences of  the  one,  are  a?  the  differences  of  the 
jQther, 
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These  things  being  admitted,  let  a  gnom-on,  AB 
(fig.  13,  PI  III.),  be  erected,  whose  shadow  caused 
by  the  sun,  when  near  either  solstice,  marks  out  the 
poin:  H  on  a  plane  CD,  to  which  the  line  BH, 
drawn  from  the  end  of  the  shadow  to  the  vertex  of 
the  gnomon,  is  nearly  perpendicular.  Three  or  four 
days  after  observe  the  point  F,  where  the  extremity 
of  the  shadow  of  the  gnomon  falls  when  the  sun  is 
on  the  same  vertical  circle.  Repeat  this  again  after 
two  or  three  days  more,  and  let  the  extremity  of  the 
shadow  mark  out  the  point  G.  The  lines  H  F,  G  F, 
are  proportional  to  the  distances  of  the  sun  in  the 
same  vertical  circle  from  the  horizon  (that  is,  by 
what  has  been  above  said,  to  the  change  of  declina- 
tion) ;  for,  because  of  the  minuteness  of  the  angles 
F  B  G,  H  B  G,  and  the  distance  from  the  top  of  the 
gnomon  to  the  plane,  the  Hne  F  G  H  will  not  differ 
sensibly  from  the  arc  of  a  circle  described  from  the 
centre  B,  with  either  the  radius  B  G,  B  F,  or  B  H,  as 
these  radii  will  be  very  nearly  equal.  And  if,  instead 
of  the  plane  C  D,  the  shadows  should  be  taken  upon 
the  plane  C  E,  inclined  to  C  D  by  an  angle  D  C  E 
not  very  large,  marking  the  extremities  in  the  points 
/,  g\  k  ;  then  the  right  lines  h  f\  g  /,  will  have  nearly 
the  same  ratio  as  H  F,  G  F ;  for  the  lines  /  F,  g  G, 
h  H,  meeting  at  the  point  B,  at  a  considerable  dis- 
tance with  respect  to  fg^  or  g  h,  may  be  considered 
as  very  nearly  parallel.  The  problem,  therefore,  for 
finding  the  solstice  from  the  points  F,  G,  H (or /,!,>•,//), 
given,  together  with  the  moments  of  time  in  which 
the  sun  casts  the  shadow  of  the  point  B  to  them,  is 
now  reduced  to  this  :  given,  i)i  the  parabola  K  V  M, 
the  parts  of  the  a.vis  FG,  GH  (fig.  14,  PI.  I.J,  and 
the  distances  AT,  TEy.  of  three  tines  AB,  TY,  ES, 
each  parallel  to  the  a.vis  C  D;  to  jind  the  distance  of 
any  one  of  them,  for  instance  TX ,  from  that  axis. 
Here  we  suppose  F  G,  and  G  H,  in  the  parabola,  to 
be  respectively  equal  to  F  G  and  G  H,  as  marked  by 


\ 
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the  extremities  of  the  shadow ;  and  A  T  and  T  E  ta 
represent  the  respective  intervals  between  the  obser- 
vations of  the  points  H  and  F,  and  between  those  of 
F  and  G.  Then  KH,  LF,  and  G  M  (ordinates  of 
the  parabola),  will  represent  the  times  between  the 
moments  the  shadow  was  observed  at  the  points 
H,  F,  G,  and  the  exact  instant  when  the  sun  was  in 
the  solstice.  Let  A  T  be  denoted  by  ^,  T  E  by  h^ 
F  H  by  f,  F  G  by  f/,  T  G  or  L  F  by  .r,  and  the  right 
parameter  of  the  parabola  by  /■ ;  then  A  C  or  K  H  zr 
a-^i',  and  C  E  or  GMzzZ. — a\     From  the  nature 

of  the  parabola  Vr^'izV  F  X /^  consequently  VFzi -_^ 
In  a  similar  manner  we  get  Y  G  "=:  - — ^— ^ — -^  and 
^^_a^-h2ax+x\^  whence  c  =  FH  =  VH—VFzz 

^-^^and'^  =  FG  =  VG-VF='^'A  By 
means  of  these  two  equations,  after  exterminating  r, 
wenave — =:  — ^ — - ;  and  from  this  we  readily 

I)*  c ^  a'-  d 

find  .V  zz  ^^^    — ^,  the  expression  for  the  space  of 

time  between  the  observation  of  the  shadow  at  F,  and 
the  instant  of  the  solstice  sought.  Had  the  point  G 
fcillen  above  or  beyond  the  point  F  with  respect  to  H, 
then  the  observations  would  all  have  been  made  on 
the  same  side  of  the  solstice,  G  M  would  have  been 
on  the  same  side  of  the  axis  as  L  F  and  K  H,  and  the 

final  equation  would  have  been  .v  iz  — -j r-.     If 

the  observations  be  made  at  the  end  of  equal  inter- 
vals, then  A  T  or  ^z  =  T  E  or  b,  and  the  equations 

Ml  be  more  simple :  s  will  be  found  =  —j-. —  ? 
sac  ■{■  ad         ,,  ac  -^  c>ad 
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303.  1  his  method  of  determining  the  solstices  wai 
first  given,  in  the  FluUmphkai  TransacUons  for 
^^9S-»  by  Dr.  H alley.  When  the  gnomon  is  properly- 
constructed,  and  the  observations  made  carefully,  the 
times  of  the  solstices  may  be  found  thereby,  with 
nearly  as  much  accuracy  as  the  times  of  the  equinoxes 
can  by  the  methods  already  given  (Art.  54.)  ;  there- 
fore, the  length  of  the  solar  year  may  be  ascertained 
nearly  as  well  by  means  of  the  solstices,  as  by  the 
equinoxes. 

304.  PiioB.  III.  To  determine^  by  observation ,  the 
ratio  of  the  axes  of  the  ellipsis  in  which  the  earth 
2?wves,  and  the  eccentricity  of  the  orbit. 

1st  Method,     It  is  an  established  law  in  optics,  that 
the  tangents  of  the  angles  under  which  the  diameter 
of  an  object  appears,  are  reciprocally  as  the  distances 
of  the  object  J  rom  the  eye;  or,  since  in  small  angles 
the  angles  are  nearly  as  their  tangents,  the  distances 
will  be  nearly  in  the  inverse  ratio  of  the  apparent 
angles.     Therefore,  the  earth  is  in  the  aphelion  when 
the  apparent  diameter  or  semidiameter  of  the  sun  is 
the  least,  and  in  the  perihelion,  when  the  apparent 
diameter,  or  semidiameter,  of  that  luminary,  is  the 
greatest.     The  apparent  semidiameters  of  the  sun 
being  accurately  taken,  when  the  earth  is  in  the  aphe- 
lion and  perihelion,  we  have  then  the  ratio  of  the 
perihelion  and  aphelion  distances;  that  is  (fig.  10, 
PI.  III.),  we  know  the  ratio  of  S  H  to  S  A,  S  being 
the  place  of  the  sun,  H  and  A  the  places  of  the  earth 
at  the  respective  times.     From  this,  by  composition 
and  division,  we  get  the  ratio  of  S  A  -f  S  H  to  S  H, 
and  of  S  Q^to  S  H ;  and,  consequently,  that  of  A  H 
to  S  (^     Or,  half  the  difference  between  the  ante- 
cedent and  consequent  of  the  ratio  of  S  H  to  S  A, 
will  give  S  C  or  C  Q,  in  terms  bearing  a  relation  to 
either  the  antecedent  or  consequent  of  that  ratio. 
Ex.  The  greatest  apparent  semidiameter  of  the 
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sun  is  16'  19""^,  the  least  15' 46'''' 9;  from  this  the 
proportion  of  the  major  axis,  to  the  excentricity  of 
the  earth's  orbit,  is  required. 

The  natural  tangents  of  the  semidiameters  are 
47477  and  45908  respectively  :  these  express  the 
ratio  of  S  A  to  S  H.  Half  the  sum  of  these  numbers 
»  46692-5,  and  half  the  difference  is  784*5;  these 
express  the  ratio  of  A  C  or  S  B  to  S  C ;  that  is,  A  C  : 
S  C  : :  46692*5  :  784*5  : :  1 00000  :  i68i,  the  ratio  of 
the  mean  distance  to  the  excentricity. 

305.  2d  Method,  Let  the  apparent  motion  of  the 
sun  be  observed  in  the  ecliptic  when  he  is  swiftest, 
that  is,  when  in  a  given  space  of  time  he  describes  the 
greatest  arc  towards  the  east,  for  in  that  case  the  earth 
is  in  the  perihelion  H  ;  also  observe  his  apparent 
motion  when  slowest,  at  which  time  the  earth  is  in 
the  aphelion  A.  Then  the  apparent  motion  of  the 
«un,  or  the  real  motion  of  the  earth  in  perihelion,  is 
to  the  motion  in  aphelion  (Art.  273.)  as  S  A' :  S  H' ; 
whence  S  A  and  S  H  become  known,  and  the  rest  as 
in  the  former  method. 

Ex.  The  sun's  greatest  daily  motion  in  the  ecliptic 
is  1°  i'  12",  the  least  motion  ^j'  11^^ ;  what  is  die 
excentricity  of  the  earth's  orbit  to  the  mean  distance 
1 00000  ? 

The  square  roots  of  the  respective  daily  motions,  in 
seconds,  are  60*597  ^'^^  5^*57475  which  are  in  the 
ratio  of  S  A  to  S  H  ;  whence,  by  proceeding  as  in 
the  example  to  the  last  article,  we  get  1691*3  for  the 
excentricity  to  the  mean  distance  1 00000. 

i)06.  3^  Method.  The  above  methods  require 
such  exceedingly  accurate  observations,  that  they 
cannot  be  relied  upon  in  practice,  although  they  are 
jtrictly  true  in  theory ;  we,  theiefore,  add  another 
method,  better  fitted  for  astronomical  purposes. 
Here  we  only  require  three  places  of  the  sun  in 
'the  ecliptic,  or  the  opposite  points  to  these,  which 
are  the  places  of  the  sun  at  the  same  times^  and  the 
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intervals  between  the  observations.  Then  let  ADPB 
(fig.  15,  PL  III.)  represent  the  earth's  orbit,  S  the 
sun  in  one  of  the  foci,  F  the  other  focus,  A  P  the 
line  of  the  apsides,  B,  C,  D,  the  three  observed 
places  of  the  earth  :  then  we  have  to  solve  this 
problem — to  describe  such  an  ellipsis^  having  a  gitien 
Jocus  S,  as  that  its  whole  area  may  be  to  its  parts 
contained  under  the  lines  SB,  S  C,  S  D,  in  given- 
ratios.  In  order  to  this,  from  the  centre  F  suppose 
the  circle  M  R  G  Y  described,  with  a  radius  F  M 
equal  to  A  P.  From  F  through  B,  C,  D,  draw  F  B  R, 
F  C  Z,  F  D  Y,  and  draw  S  R,  S  Z,  S  Y.  Then  the 
angles  B  S  C  and  C  S  D  are  known,  being  measured 
by  the  arcs  of  the  ecliptic.  But  in  the  present  case, 
as  the  eUipse  approaches  nearly  to  a  circle,  the  angles 
about  the  focus  F  will  be  nearly  proportional  to  the 
times  of  describing  the  respective  arcs,  and  the 
periodic  time  of  the  earth  being  nearly  known 
(Art.  301.)?  the  angles  B  F  C,  C  F  D,  will  thence  be 
known.  Now  since  FB  +  BR  or  FR=AP  = 
F  B  4-  S  B,  therefore  B  R  =  S  B :  hence  the  triangle 
S  B  R  is  isosceles,  the  angle  B  S  R  =  B  R  S,  and 
FBS  =  2BSR.  ButAFB  =  ASB  +  FBS  = 
ASB+2BSR;  whence  2BSR  or  2FRS  = 
A  F  B  —  A  S  B.  By  similar  reasoning,  2  F  Z  S  = 
AFC  —  A  S  C.  These  added  together  give  2  F  Z  S 
+  2FRS  =  BFC--BSC;  consequently,  F  R  S 
-j-FZ  S  is  known,  since  BF  C  and  B  S  C  are  known. 
But  FRS  =  RFA  — RS  A,  and  FZS  =  ZFA 
—  Z  S  A  3  whence,  by  addition,  FRS  +  FZS== 
RFZ  —  RSZ  a  known  angle  ;  therefore,  since 
R  F  Z  or  B  F  C  is  known,  R  S  Z  becomes  known  ; 
and  by  tracing  similar  steps  R  S  Y  becomes  known, 
and  consequently  Z  S  Y. 

Draw  the  lines  Y  S  G,  G  R,  R  Z,  and  Z  G,  and 
assume  S  Z  of  any  value  (as  100000),  in  order  to 
get  the  value  of  the  other  parts  of  the  figure  in  rela- 
tive terms.    In  the  triangle  Z  S  G  there  are  given  the 
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angles  Z  S  G,  Z  G  S,  and  side  Z  S.  to  find  S  G  ;  for 
Z  S  G  is  manifestly  equal  to  supp.  of  Y  S  Z,  and 
Z  G  S  =  half  Z  F  Y.  Also,  in  the  triangle  S  G  R 
are  given,  the  angle  R  S  G  =  supp.  R  S  Y,  S  G  R 
=  half  Y  F  R,  and  S  G,  to  determine  S  R.  Again, 
in  the  triangle  S  Z  R,  are  known  S  Z,  S  R,  and  the 
angle  Z  S  R,  to  find  Z  R,  and  the  angle  S  Z  R. 
Then,  in  the  triangle  Z  F  R ,  are  given  Z  R  and  angle 
Z  F  R  to  find  Z  F  ;  which,  by  the  construction,  is 
equal  to  A  P,  the  major  axis  of  the  orbit :  we  also,  in 
the  same  triangle,  find  R  Z  F,  which  taken  from 
R  Z  S  leaves  S  Z  F.  Finally,  in  the  triangle  F  Z  ^', 
we  know  F  Z,  Z  S,  and  the  angle  F  Z  S,  whence  we 
find  Z  S  F,  which  shews  the  position  of  the  apsides, 
and  S  F,  which  is  double  the  excentricity. 

307.  This  solution,  being  on  the  supposition  that 
the  angles  A  F  C,  A  F  B,  &c.  are  as  the  times,  which 
is  not  strictly  true,  will  stand  in  need  of  correction. 
As  the  excentricity  of  the  orbit  is  small,  the  place  of 
the  earth  may  be  corrected,  by  saying,  in  the  first 
and  fourth  quadrants,  or  arc  O  A  D,  as  the  minor 
axis  to  the  major,  so  is  the  tangent  of  A  F  C  to  the 
tangent  of  A  F  C  corrected ;  and  the  same  may  be 
done  for  B.  But  in  the  2d  and  3d  quadrants,  or  arc 
D  P  O,  the  correction  must  be  made  by  reversing  the 
antecedent  and  consequent  of  the  ratio.  In  orbits  of 
greater  excentricity,  other  modes  of  correction  must 
be  adopted. 

308.  4.th  Method,  Since  the  species  of  an  orbit 
may  be  best  determined  by  taking  the  medium  of 
results  from  diflferent  methods,  one  more  method  is 
added,  similar  to  the  latter  in  some  respects,  but  ad- 
mitting of  a  more  speedy  calculation.  Find  three 
places  of  the  sun  in  the  ecliptic,  and  carefully  mea- 
sure the  semidiameter  of  that  luminary  when  in 
those  places :  from  these  observations  we  have  the 
earth's  places  in  the  ecliptic,  and  the  relative  distances 
from  the  sun  j  whence  the  problem  is  reduced  to 

o 


l^-l-    To  find  the  Specks  of  the  Earth's  Orbit, 

this :  given  the  loigth  and  position  of  three  Imes 
meeting  in  the  focus  of  an  ellipsis,  to  describe  that 
ellipsis^  This  may  be  easily  performed  geometri- 
cally ;  for  if  C  (fig.  I,  PI.  IV.)  be  the  centre,  and  S 
the  focus,  of  an  eUipsis,  and  in  the  transverse  axis 
produced  there  be  taken  C  D,  a  third  proportional  to 
C  S  and  C  A,  and  from  any  point  G  in  the  curve, 
G  E  be  drawn  parallel  to  B  D,  and  meeting  D  E  per- 
pendicular to  it  in  E,  and  S  G  be  drawn  ;  then  S  G 
will  always  be  to  G  E  in  the  constant  ratio  of  C  S  to 
C  A,  and  D  E  will  be  the  directrix  of  the  curve,  as  is 
shewn  by  the  writers  on  conies.  Wherefore,  if  G, 
H,  I,  be  the  extremes  of  the  given  lines  S  G,  S  H, 
S  I,  drawn  from  the  focus  S,  and  H  G,  I  H,  be  joined 
and  produced  to  K  and  L,  so  that  H  K  be  to  G  K  as 
SH  to  S  G,  and  I  L  to  HL  as  S  1  to  S  H;  then,  if 
K  L  be  drawn^  and  perpendicular  to  it  I  N,  H  M, 
G  E,  S  D  ;  and,  lastly,  S  D  be  divided  in  A  in  the 
given  ratio  of  S  G  to  G  E ;  then  A  will  be  the  end  of 
the  transverse,  and  the  whole  of  the  ellipsis  is  thence 
determined.  For  K  H  being  to  K  G  as  S  H  to  S  G, 
by  the  construction,  and  K  H  to  K  G  as  M  H  to  E  G, 
by  similar  triangles  ;  therefore,  S  H  :  S  G  : :  M  H  : 
EG,  or  S  H  :  M  H  :  :  S  G  :  E  G  ;  and  in  the  same 
manner,  SI:IN::SH:HM;  wherefore,  in  gene- 
ral, SI  :  IN :  :SH:HM::SG:GE::  (per  above) 
C  S  :  C  A ;  and  the  species  of  the  ellipsis  becomes 
known.  From  this  construction,  the  calculation  is 
readily  deduced. 

3()<).  M.  de  la  Caille  constructs  the  problem,  as 
stated  in  the  last  article,  in  much  the  same  manner ; 
his  construction,  with  the  mode  of  calculation  result* 
ing  from  it,  are  as  below.  Let  S  B,  S  C,  S  D  (fig.  2, 
PI.  IV.),  be  the  three  lines  given  in  magnitude  and 
position ;  draw  the  indefinite  right  lines  C  B,  CD, 
and  make  S  B  :  S  C  : :  E  B  :  E  C,  and  S  C  :  C  D  :  : 

S  C  X  R  C 

C  F :  D  F  J  these  analogies  give  C  E  z:  ^n^^^i  and 
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S  C  X  C  D 

C  F  zz  s  c  —  s  b'  '^^^^  ^^  n^t  line  passing  through 

the  points  E,  F,  will  be  the  directrix  of  the  ellipsis ; 
for  B  H,  C  I,  D  K,  being  drawn  perpendicular  to  F  E, 
the  triangles  ICE,  H B E,  are  similar ;  therefore 
I  C  :  H  B  : :  E  C  :  E  B.  Now,  by  construction,  E  C  : 
EB::SC:SB;  hence  I  C  :HB  : :  S  C  :  SB,  or 
I C  :  S  C  : :  H  B  :  S  B  ;  al so  I C  :  K  D : :  C  F  :  D  F : : 
S  C  :  S  D.  Therefore  the  perpendiculars  H  B,  I C, 
K  D,  are  always  in  the  same  proportion  as  the  lines 
SB,  S  C,  S  D  ;  consequently  E  F  is  the  directrix  of 
the  ellipsis  passing  through  B,  C,  D.  Through  S 
draw  A  S  G  perpendicular  to  F  E  ;  make  C  I :  C  S  : : 

G  A :  AS  : :  G  P  :  SP;  or  takeS  P  —  5x^41'  ^^*^ 

S  A  z=  Q  j_g  q',  and  the  vertices  A,  P,  of  the  ellipsis 

will  thence  be  determined. 

3 1 0.  Calculation.  In  each  of  the  triangles  SBC, 
S  C  D,  two  sides  and  the  included  angle  are  known, 
whence  are  deduced  the  sides  B  C,  CD,  and  the 
angles  B  C  S,  S  C  D,  B  C  F.  Also  C  E  and  C  F 
may  be  found  by  the  equations  relating  to  them  in 
the  last  article ;  then  in  the  triangle  C  E  F,  two  sides 
and  the  included  angle  are  known,  whence  the  angle 
C  E  F  is  determined.  In  the  right-angled  triangle 
C  I E,  C  E  and  the  angle  C  E  I  being  given,  C  I  is 
found.  Draw  S  I ;  then  in  the  triangle  SIC,  the 
sides  CI,  CS,  and  the  angle  S  C I  (izECI— -B  CS), 
being  given,  the  angles  CIS,  C  S  I,  the  side  S  I,  and 
the  angle  S  I  G,  the  complement  of  CIS,  become 
known.  In  the  right-angled  triangle  S  I G,  we  know 
S  I  and  the  angle  S  I  G,  whence  S  G  is  easily  de-^ 
duced.  Then  S  P,  S  A,  are  found  by  their  respective 
equations  (Art.  309.)  >  their  difference  S  O  is  twice 
the  excentricity,  or  the  distance  between  the  foci 
O,  S  J  and  their  sum  gives  the  major  axis  P  A. 
Laftly,  in  the  triangle  B  S  O,  we  know  B  S,  SO, 
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and  BO  =  PA— SB;  whence  the  angle  B  S  O 
or  B  S  A  is  determined,  which  gives  the  position  of 
the  Hne  of  the  apsides  P  A  relatively  to  S  B. 

311.  Dr.  H alley  gave  an  ingenious  method  of 
performing  this  problem ;  but  as  it  supposes  the 
periodic  time  of  the  planet  mars  to  be  known,  it  can- 
not be  given  with  propriety  in  this  place.  According 
to  one  or  other  of  these  methods,  the  excentricity  of 
the  earth's  orbit  has  been  ascertained  by  various 
astronomers  :  Cass'ini  makes  it  1 690 ;  Dr.  Halky^ 
1691-9;  M.  de  la  Lande^  1681-395;  to  the  mean 
distance  1 00000. 

312.  Prob.  IV.  To  Jind  the  greatest  equation  of 
the  centre  (Art.  299.)  in  the  earth's  orbit,  by  obser- 
vations on  the  sun. 

Here  it  will  be  necessary  to  compare  the  motion  of 
the  earth  in  different  parts  of  its  orbit,  with  an  equal 
and  uniform  motion  of  a  body  moving  in  a  circle. 
Let,  therefore,  the  ellipsis  AEBF  (fig  3,  PI.  IV.) 
be  the  orbit  of  the  earth,  in  the  focus  S  of  which  is 
the  sun.     At  the  centre  S,  and  with  the  distance 

S  E  =  y/A  K  X  O  K,  a  mean  proportional  between 
the  two  semi-axes,  describe  the  circle  C  E  G  F  ;  then 
it  is  well  known  that  the  area  of  this  circle  is  equal 
to  that  of  the  ellipsis.  Suppose  that,  at  the  same 
time  the  earth  departs  from  A  the  aphelion,  a  body 
begins  to  move  with  a  uniform  motion  from  C 
through  the  periphery  C  E  G  F,  and  performs  a 
whole  revolution  in  the  same  period  that  the  earth 
describes  the  ellipsis  ;  the  motion  of  this  body  will 
represent  the  equal  or  mean  motion  of  the  earth,  and 
it  will  describe  round  S  areas  or  sectors  of  circles, 
which  are  proportional  to  the  times,  and  equal  to  the 
elliptic  areas  described  in  the  same  times  by  the  earth. 
Let  now  the  equal  motion,  or  the  angle  about  S  pro- 
portional to  the  time,  be  C  S  M,  and  take  the  area 
A  S  P  equal  to  the  sector  C  S  M  ;  then  the  place  of 


Greatest  Equation.  197 

'the  earth  will  be  P;  M  S  C  will  be  the  mean  anomaly, 
DSC  the  true  anomaiij^  and  M  S  D  the  equation  of 
the  centre.  Since  the  sectors  C  S  M  and  ASP  are 
equal,  and  the  part  C  S  D  is  common  to  both, 
P  A  C  D  a,nd  S  D  M  are  equal ;  and  since  the  areas 
of  circular  sectors  are  proportional  to  their  arcs  when 
the  radii  are  equal,  the  equation  of  the  centre  is  a 
maximum  when  the  area  A  C  D  P  is  a  maximum^ 
that  is,  at  the  point  E,  where  the  ellipse  and  circle 
intersect  each  other.  For  when  the  earth  descends 
further,  to  R  for  instance,  the  equation  becomes  pro- 
portionable to  the  difference  of  the  areas  ACE  and 
m  E  R,  or  to  the  area  GBR  m^  V  being  the  situa- 
tion of  the  body  moving  equably ;  for  the  sector 
CSV  will  be  equal  to  the  elliptic  area  A  S  R,  and, 
taking  away  the  common  spaces,  ACE  —  R  E  wz  iz 
to  the  sector  V  S  w,  or  the  equation.  At  the  points 
E  and  F,  where  the  circle  and  ellipsis  intersect,  the 
radius  vector  of  the  earth,  and  the  radius  of  the 
circle  of  equable  motion,  are  equal,  and  of  course 
those  radii  then  describe  equal  areas  in  equal  times  ; 
wherefore,  when  the  real  motion  of  the  earth  is  equal 
to  the  mean  motion,  the  equation  of  the  centre  is 
greatest ;  hence,  we  have  this  practical  rule  :  observe 
the  motion  of  the  sun  in  the  ecliptic  for  several  days, 
until  the  true  motion  be  equal  to  the  mean  motion, 
found  by  dividing  the  whole  circumference  360°,  in 
such  ratio  as  the  time  for  which  the  mean  motion  is 
required,  bears  to  the  time  of  a  periodic  revolution  ; 
then  is  the  earth  in  the  place  of  its  i^rcatcst  equation. 
Between  five  and  six  months  after  this,  observe  again 
the  true  place  of  the  sun,  or  of  the  earth,  when  its 
true  and  mean  motions  are  equal,  for  then  also  its 
equation  is  greatest  ^  consequently,  take  the  difference 
of  the  two  places  of  the  earth,  or  sun,  for  their  real 
angular  motion ;  and,  after  computing  the  mean 
motion  for  the  same  time,  take  half  the  difference 
of  the  mean  -and  angular  motions  for  the  greatest 
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equation.  In  order  to  arrive  at  great  accuracy,  seve- 
ral observations  should  be  made  near  the  times  when 
the  equation  is  greatest,  and,  after  comparing  them 
two  by  two,  the  medium  of  the  results  may  be  relied 
upon  as  very  near  the  truth. 

Ex.  In  1744;  M.  de  La  Caille  observed  the  sun's 
place  when  the  true  motion  corresponded  with  the 
mean  J 

b.      m,       s.  s,        "       '         " 

On  September  30,  at  18  44  45     .     6     8  22  31 
J  745.    March  £8,  at    o     5     7    .     o     7  53  46 

Difference  of  longitude     .     .     .     .     5  29  31   15 
Mean  motion  corresponding  to  178"* 

5^  20'  22'' 5  25  39  52 

3  51  23 


Half  this  difference  gives  1°  55'  41  i"  for  the 
greatest  equation.  From  the  mean  of  several  obser- 
vations, M.  de  la  Caille  made  it  i®  $^'  32^';  but 
Ca.ssim  in  his  tables  makes  it  i"  $$'  S^^^'  In  Alayef^ 
tables  it  is  i''  55'  31*6'';  and  M.  de  Lamhre^  from 
the  very  accurate  observations  of  Dr.  Maskelyne, 
states  it  at  1°  55'  30*9^'  for  the  year  1780;  and  it  is 
generally  allowed,  that  both  it  and,  the  excentricity 
are  subject  to  a  regular  diminution. 

313.  Pro B.  V.  To  jind  the  position  of  the  earths 
apsideSy  and  the  time  when  it  is  in  the  aphelion. 

1st  Methods  The  position  of  the  earth's  apsides 
may  be  found,  having  three  places  of  the  sun,  and 
the  apparent  semidiameter  of  the  luminary  when  in 
each  place,  by  the  method  of  calculation  given  in 
Art.  310. ;  and  the  time  may  be  found,  by  deter- 
mining the  time  when  the  sun  is  in  that  part  of  the 
ecliptic,  opposite  to  the  place  of  the  earth's  aphelion. 

314.  2d  Method.  Observe  two  places  of  the  sun 
at  the  distance  of  three  or  four  signs  of  the  ecliptic 
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from  each  other,  "where  the  apparent  motion  Is  the 
same,  or  the  apparent  magnitude  the  same :  let  the 
opposite  places  to  these  be  C  and  B  (fig.  15,  PI.  III.), 
one  on  each  side  the  aphelion.  Bisect  the  arc  B  C 
by  the  line  A  P,  which  will  be  the  line  of  the  apsides  ; 
and  the  middle  between  the  times  of  observation,  is  the 
time  when  the  earth  is  in  the  aphelion ;  that  is,  if  the 
magnitude  of  the  sun  at  S,  when  observed  at  B,  was 
decreasing ;  for,  if  it  were  increasing,  the  earth  would 
then  be  approaching  the  perihelion. 

fi\5.  yi  Method.  Having  found  the  greatest  equa* 
tion,  we  may  find  the  place  of  the  aphelion  according 
t-o  the  following  directions  given  by  M.  Cassini  : 
observe  the  earth  at  /*  near  the  aphelion  A  (fig.  3, 
PI.  IV.) ;  and  the  place  F  being  known  where  the 
equation  of  the  centre  is  the  greatest,  the  angle  F  S  r 
will  be  the  true  angle  described  between  F  and  r : 
then,  from  the  time  of  describing  this  angle,  compute 
the  mean  motion  ;  and  if  the  difference  between  the 
true  and  mean  motions  be  e(/i(a/  to  the  greatest  equa- 
tion, then  /•  is  the  aphelion,  but  if  it  be  /e.v.v,  the  earth 
is  not  arrived  at  the  aphelion.  Make  another  obser- 
vation when  the  earth  is  at  P,  and  if  the  difference 
between  the  true  and  mean  motions  is  greater  than 
the  greatest  equation,  the  earth  has  passed  the  aphe- 
lion. If  this  be  not  yet  the  case,  continue  the  obser- 
vations until  it  is ;  that  is,  till  P  be  on  a  contrary  side 
the  aphelion  from  r.  Then  say,  as  the  sum  of  the 
equations  at  r  and  P  :  the  equation  at  r  :  :  the  angle 
r  S  P  :  the  angle  r  S  A,  the  distance  of  the  point  r 
from  the  aphelion.  And  the  time  at  A  may  be  found 
by  the  same  analogy,  having  the  respective  times  at  r 
and  P. 

By  one  or  other  of  these  methods  the  earth's  aphe- 
lion is  now  found  to  be  when  the  sun  is  in  8°  40'  1 2'^ 
of  05.  In  1750,  the  place  of  the  aphelion  was, 
according  to  Cassini,  8°  27'  23"  ;  to  Halleii,  8°  28' 
43'^  J  ^nd  to  La  Landt^  8^  i^'  \^\ 
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316.  If  the  place  of  the  aphelion  at  present  be 

compared  with  the  place  as  determined  several  years 
ago,  its  motion  will  be  known  for  that  time ;  and, 
dividing  the  angle  moved  through  by  the  number  of 
years,  the  quotient  will  give  the  annual  motion  of 
the  aphelion.  This,  according  to  the  best  observa- 
tions, is  about  i'  2".  And  the  precession  of  the 
equinoxes  being  about  50^'^  annually;  we  shall  have 
11-^"  for  the  actual  motion  of  the  aphelion.  The 
time  required  by  the  sun  to  pass  over  1 1^  of  longi- 
tude being  added  to  the  sidti^cal  ijear^  will  give  365^ 
6^  14™  2^  for  the  ajwmaUstic  year,  or  the  time  oc- 
cupied by  the  earth  in  revolving  from  apheUon  to 
aphelion. 

317.  M.  de  la  Lande  proposes  to  examine,  and 
if  need  be  correct  the  place  of  the  aphelion  by  two 
observations  ;  one  near  the  aphelion,  and  the  other 
near  the  time  of  the  greatest  equation.  Calculate 
for  each  observation  the  equation  of  the  centre  from 
the  supposed  place  of  the  aphelion,  and  take  the 
difference  of  the  equations,  if  the  two  observations 
be  on  the  same  side  of  the  aphelion,  but  the  sum  if 
on  different  sides  ;  and  this  difference  or  sum  will 
show  how  much  the  true  motion  differs  from  the 
mean,  the  mean  being  known  from  the  known  inter- 
val between  the  observations.  Hence,  if  the  differ- 
ence calculated  agree  with  the  difference  observed, 
the  place  of  the  aphelion  was  rightly  assumed  j  but 
if  the  true  motion  by  calculation  differ  more  from 
the  mean  motion  than  the  true  motion  by  observation 
does,  the  place  of  the  aphelion  was  too  near,  or  too 
far  from,  the  observation  made  near  the  time  of  the 
greatest  equation.  Assume,  therefore,  another  place 
for  the  aphelion,  as  may  be  judged  proper  from  cir- 
cumstances, and  the  true  place  will  soon  be  found. 
But  this  mode  of  correction  requires  some  know- 
ledge of  the  caicuiations  explained  in  the  next  pro« 
blem. 
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318.  Prob.  VI.  Given  tJie  periodic  time  of  the 
earth.,  the  time  from  the  aphelion,  and  the  excentri' 
city  of  the  orbit ;  to  find  the  angular  distance  J roni 
the  aphelun,  or  the  true  anomaly^  and  the  distance 
Jrom  the  sun,  in  terms  relative  to  the  e.vcentriciti/, 
or  the  major  «:r/.y. 

Since  the  earth,  as  well  as  any  other  body  moving 
in  an  orbit  about  a  central  point,  describes  areas 
proportional  to  the  times  (Art.  271.},  the  area  ASP 
(fig.  4,  P].  IV.),  moved  over  by  the  radius  vector, 
while  the  earth  passes  from  its  aphelion  A  to  the 
situation  P,  will  be  to  the  v/hole  ellipsis,  as  the  time 
of  describing  AP,  to  the  whole  periodical  time; 
or  ;^Art.  299.)  as  the  mean  anomaly  at  P,  to  360^. 
The  problem  is  therefore  reduced  to  this :  Given  the 
species  of  an  ellipsis,  to  fnd  the  length  and  posi^ 
tion  of  a  line  SFfrom  one  of  the  foci,  which  shall 
cut  off  a  trilineal  area  ASP,  in  a  given  ratio  to 
the  whole  ellipsis.  Under  this  form  it  has  been  con- 
sidered in  Dr.  Hutton's  comprehensive  and  excellent 
treatise  on  Mensuration  (see  p.  298,  2d  ed.),  where 
the  solution  is  in  substance  as  follows  : 

The  area  of  an  ellipsis,  or  any  sector  of  it,  not 
admitting  of  a  correct  expression  in  finite  terms,  re- 
course must  be  had  to  infinite  series :  let,  therefore, 
C  A  or  C  Q^zi  r,  C  G  zi  r,  and  ^  zz  PI ;  then  S 
being  the  focus  of  the  ellipse,  S  A  zz  r  -{-  y/ r^ — c% 
and   the   trilineal   SAPzii^X     fr  +  ^~Fcl  + 

3.2C^_2\5.2.4c4^  7^.4.606'     ^^'^     -2'-X     (I  + 
y^^+iT?+5-!7r^'  ^^•)-     P^^ttingT^SAP 


z*      ,      3  ?* 


=  I  r^r  X    (a  -^-—i-^—^^  &c.)  ^/  being  -  1  + 
/rHi,  and  y =^-1=:  z  X  (a  ^-£-4-  JJ!-  &c.) 

V  7*  *         r  3.2  c^      5-2-4C* 

we  shall  have  by  reversion,  zzz- — r-^,—  4-  ■  ^ °~^!  Q^ 
■'a     6c*a*      i2ot*a7  * 
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irP* ^-^-~T — --P %  &c.)   where  »  =: 

i30fl*  -'  504009  i    '  >'  r 

—  j  which  latter  series  generally  converges  very  fast. 

The  application  of  this  to  the  present  problem  will 
be  very  easy  5  only  remarldng,  that  when  the  earth 
is  nearer  the  perihelion  than  the  aphelion,  or  when 
the  mean  anomaly  is  between  3  and  10  signs,  it  will 
be  better  (if  this  method  be  used)  to  estimate  the  true 
anomaly  from  the  perihelion  :  then  S  QJ)eing  =  7'  — 

v/r/'-^cr,   a    in    the   last    series    will    be  =  i  — 


V  rr 


Ex.  Required  the  true  anomaly  of  the  earth,  and 
its  distance  from  the  sun  answering  to  the  mean  ano- 
maly of  I  sign  or  30°,  the  excentricity  being  '01681, 
to  the  mean  distance  1. 

Here  A  C  zz  r=  i,  CSz=  '01681,  C  G  z=  c  =: 
v/i  —  -01681*  zz -9998587,  the  area  of  a  quadrant 
of  the  eUipsis  —  785398,  &c.  x  rc  =  7852872  : 
then,  as  3  signs  :  i  sign  :  :  7852872  :  '2617624  == 

2 1"  2  T    2  T 

T;  hence  —  =  2  T= '5235248,  and  — — — =| 

X  78539,  &,c.  =  "5235988  =  p:  also«==  i'oi68i, 

and^  =  '2589869.     Then^ 

Term. 

iflA=-=     .     .     ..     .     .     •  +'98346790 

2d  B  =  i- AX^^-j  =     .     .     .    ,.  —-04245088 

3d  C=li^^^BX^-;=-.     .     .  +'00046655 

4thD  =  ^i2zl:5^«+i!if:Cx^;=  -'00000044 


the  sum  =         '94148313 
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zT 
which  drawn  into  —  gives  '4928897  =  .c  =  PI.   But 

CI=  -Xv/^''  —  -''=  '87005233;  therefore  SI  = 

Sc  +  C  1  = -88686233.  Consequently,  S  I  :  PI 
:  :  radius  :  tang.  P  S  A  =  29*063904°  =  29°  3'  50'''' 
^/"i  the  true  anomaly.  And,  radius  :  secant  P  S  I 
:  :  SI  :  SP;  =  1*0146255,  the  distance  of  the  earth 
from  the  sun,  to  the  mean  distance  i. 

d\<).  Dr.  John  Keill,  in  the  23d  of  his  Jstrnm- 
mical  Lcctureyj  has  given  a  direct  method  of  find- 
ing the  true  anomaly ;  which,  as  it  may  be  frequently 
applied  with  advantage,  is  here  explained.  Let  AN  O 
(fig.  4,  PI.  IV.)  be  a  semicircle  whose  diameter  is 
the  major  axis  of  the  ellipsis,  its  centre  C,  and  S  the 
focus  of  the  ellipsis  in  which  the  sun  is  placed. 
Through  the  place  of  the  earth  imagine  a  perpendi- 
cular N I  to  be  drawn  meeting  the  circle  in  .N ,  then 
the  arc  AN  will  measure  the  excentric  anomaly. 
The  area  A  S  N  will  be  to  the  whole  circle,  as  the 
given  time  from  the  line  of  apsides,  to  the  earth'^ 
periodical  time.  Draw  c  N,  and  from  S  let  fall  upon 
it,  produced,  if  required,  the  perpendicular  S  T : 
the  area  A  S  N  is  equal  to  the  sum  of  the  sector 
A  C  N  and  the  triangle  NSC;  that  is,  equal 
I  CNx  AN  H-  I  C  N  X  S  T.  And  therefore,  smcc 
I  C  N  is  a  constant  quantity,  the  area  AS  N  will 
be  always  proportional  to  the  arc  A  N  +  the  right 
line  S  T,  when  the  motion  is  from  the  aphdion  XA 
the  perihelion  :  but  when  the  earth  ascends  from  the 
perihelion  to  the  aphelion,  the  area  Q^S  ;/  is  equal  to 
the  sector  (^C  n  —  triangle  C  S  // ;  and  consequently 
will  be  proportional  to  the  arc  (\ji  —  the  right  line 
S  t.  Hence  if  we  take  the  arc  A  D  or  Q^l  propor- 
tional to  the  time,  AN  +  S  T  will  be  equal  to  AD, 
or  Qjz  —  3^=0^^;  for  then  AD  and  <\d  will  be 
proportional  to  the  areas  A  S  N,  and  Q^S  //.  Here, 
as  the  arc  N  D  is  equal  to  the  right  line  S  T,  when 
the  excentricity  is  very  small  N  D  may  be  reckoned 
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nearly   rectilinear,    and  N  C  D;  N  C  S,    two  equal 

rectilinear  triangles :  and,  as  N  C  the  base  of  each 
is  the  sanie,  the  perpendiculars  N  D,  ST  may  be 
considered  equal  and  parallel,  and  the  angle  N  C  D 
=  C  D  S.  Then  in  the  triangle  CDS  are  known, 
CD,  C  S,  and  the  included  angle  DCS,  equal  to 
the  supplement  of  A  C  D,  the  mean  anomaly:  whence 
the  angle  DSC,  or  the  arc  A  N,  is  easily  found. 
But,  to  be  more  accurate,  AN,  and  thence  the  true 
anomaly,  must  be  determined  as  follows :  Call  the 
arc  ND,  ?/,  the  sine  of  AD  call  e,  the  co-sine  /, 
and  the  excentricity  C  S,  g.  Then,  as  is  shewn  by 
the  authors  on  trigonometry  (See  Emerson,  Man- 
iluttty    Masere,^,    &c.),    the    sine   of   AN=i/  — 

■: hi  &^c.  and  co-sme  =  i  —  -   +  -^ ,   &;c. 

2.3   '  '  2  2.3  4      »      ^* 

Hence  the  sine  =  e  —  fii  —  —  4-"— •  +  — —  —  , 
^  ^         2         2  3        2 ,3.4. 

&:c.  Also,  as  rad.  =  i  :  sine  AN  or  Z  S  C T  :  : 
SC   (-.0   :   STziNDzij/  =  5-e-.^-/3/- 

^  +  ^f|-'  +,  &c.      Hence  ge=y+  gfy  + 

^  -  ^  ->  ^^'  P-^  Sc  =  ^,  I  -hgf=-a, 
^~  =  b,^^  =  c,  ^—  =  f/,  &c.  then  c  =fiy  +  hy^ — 
cy- — dy  4-,  &c.  and  by  reversion  of  series  j/ = 
:  _ il'+^*_Lt ii' X  .-.' -  '^"^'^-.^ '''+-'■'  X  z',  &c. ; 
and,  because  of  the  values  of  b  and  d  just  given,  we 
shall  have  y  = —,  -\ — ^  —  =^— r,  &c.    If  the  arc 

A  N  be  greater  than  90°  and  less  than  270°,  the  co, 
sine  of  A  D  will  be  negative  ;  and  then  a=  1  —  gj\ 

and  y  = 5 — }-j  &c.     To  express  thisva^ 

lue  of  ?/  in  ^  degrees  and  parts  of  a  degree,  say,  as 
^•adius  is  to  this  series,  so  are  57*29578  (the  degrees 
of  an  arc  equal  in  length  to  the  radius)  to  a  fourth 
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number:  consequently,  since  the  radius  is  unity,  if 
we  multiply  the  series  by  57*29578  =  R,  we  shall 

have  y  or  N  D  in  degrees  and  decimals  = \ 

■J  o  «  2  a* 

H J ,  &c.     The  very  first  term  of  this  series 

will  determine  the  excentric  anomaly  of  the  earth 
within  a  1 0000th  part  of  a  degree,  and  will  not  cause 
an  err  our  of  the  200th  part  of  a  degree  in  any  of  the 
planets. 

31^0.  Having  found  N  D  by  the  above  method, 
and  consequently  A  N  from  the  mean  anomaly,  we 
have  next  to  determine  the  angle  ASP:  to  this  end, 
let  w  be  the  other  focus.  Then  PS  — P?r^  = 
r£j  Sz  +  2  w  S  X  i^  I  (Pr.  Euc.  II.  -i  2.)  =  w^-{-i  w  1 
X  ^£'  S  =  2  C  rt'  -h  a  K'  I  X  2  C  S  =  2  CI  X  2  C  S  : 
hence  SP -}- Pr*?  :  2  C  I  :  :  2  C  S  :  SP  — Pz^;;  or, 
since  A  C  is  denoted  by  1,2:  2CI::2CS:SP  — 
2__SP;  ori:CI::CS:SP--i:  therefore  SP 
=  i4-CSxCI  =  i  4- CSX  co-sine  Z  A  C  N. 

From  the  principles  of  plane  trigonometry^      ^"'^' 

=tang.  f  A  S  P^.  But  in  the  right-angled  triangle 
S  P  I,  we  have  S  P,  or,  as  above,  i  -f  C  S  X  co-sine 
A  CN  :  rad.  i  :  :  S  I,  or  C  S  +  C  I,  or  C  S  -f  co- 
sine A  C  N  :  so-sine  A  S  P  = 

C  S  -I-  co-sine  A  C  N  ™,         p         i  —  co-sine  ASP 

1  hererore 


I  -f-  C8  X  co-sine  ACN*  \  -f-  co-sine  ASP 

■i-fCS  X  co-sine  AC  N  —  CS— co-sine  A  C  N 


X  co-sine  A  C  N  -|-  CS  -f  co-sine  A  C  N 


Vi-i-CS 

t^CS-t-co-s.  ACNxCS— I  ^^  S  Q  —  co-s.  A  C  X  x  S  Q 

I  -H  C  C3  +  co-s,  ACNxCS-fi  AS-l-  co-s.  ACN  x  A  S 

S  Q ^  I  —  co-sine  A  C  N\       S Q  .  -  ^ t   a  /-xT\a 

=  T-c  X    s = — r?^-^f  =  TT  X  tang.  4  ACN)     — 

A  b        T  -I-  CO-SI  ne  ACN  AS  ""  — 

tang,  i  A  S  P>,  as  above.  Therefore  ^Z  A  S  :  ^/S  Q 
:  :  tang.  |  A  C  N  :  tang,  i  A  S  P;  whence  A  S  P,  the 
true  anomaly,  becomes  known. 

Ex.  Required  the  true  anomaly,  when  the  excen- 
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tricity  of  the  earth's  orbit  is  as  before  '01681,  and 

the  mean  anomaly  30°  ? 

Logarithms  of  «•  — •01 68 1      .     .     .  8*2255677 

Log.  sine  of  e  —  30*           ....  9*6989700 

Log.  of  R  59*29578 1*7581226 

Log.  of  R  ^' <?,  or  of  R^    .     ,     .     ,  9*6826603 

Log.  of  ^/,  or  of  I  +  gf    ....  0*0063137 


The  corresponding  number  '47462  is  a  decimal  of 
a  degree,  and  answers  to  28'  28'''  zz  ?/  rz  N  D,  true 
to  a  second  ;  therefore,  AN  =  29°  31'  32''. 

Hence,  log.  tang.  |  A  C  N,  or  of 

14°  45'  46''' 9*4208078 

I  log.  89^*98319 9*9963187 

9*4171265 
§  log.  AS  i*oi68i 0*0036199 

log.  tang.  14*^  31' 40^''  ...     9*4135066 

Hence  the  true  anomaly,  according  to  this  method,  is 
29°  3'  20''.  Dr.  Ac///,  taking  -01691  for  the  excen- 
tricity,  finds  y  =  28'  38''',  and  the  true  anomaly  zz 
29*^  2'  54''''.  The  distance  from  the  focus,  /.  e.  S  P, 
may  be  found  by  means  of  the  expression  S  P  zz  i  -f- 
C  S  X  CO- sine  A  C  N,  in  the  foregoing  investigation. 

321.  M.  dc  la  Caillc,  from  a  mode  of  investigation 
in  many  respects  similar  to  what  is  here  given,  has 
drawn  the  following  approximating  rules  [Elements 
^1. St  roil.  p.  79) : 

I.  As  the  aphelion  distance  is  to  the  perihelion 
distance,  so  is  the  tangent  of  half  the  mean  anomaly 
to  the  tangent  of  an  arc,  which  added  to  that  half,  the 
sum  is  called  the  approximated  excentric  anomaly. 
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If  the  dIfFerence  between  the  approximated  and  mean 
anomalies  does  not  exceed  3°,  its  difference  from  the 
true  e.vcentric  anomaly  will  not  amount  to  a  second. 
When  this  happens,  which  is  always  the  case  in  the 
orbit  of  the  earth,  the  next  four  articles  become 
useless ;  nevertheless,  as  they  are  of  utility  in  deter- 
mining the  true  anomaly  of  the  other  planets,  they 
are  added. 

II.  As  half  the  greater  axis  is  to  the  excentricity, 
-80  are  K^y^  ly'  44i'  (or  206264!^'  whose  logarithm  is 
5'3i4425o)  to  a  number  of  seconds,  which  call  A. 

III.  As  radius  to  the  seconds  A,  so  is  the  sine  of 
the  approximated  excentric  anomaly  (1)  to  another 
number  of  seconds,  which,  taken  from  the  mean 
anomaly,  gives  another  approximated  excentric  ano- 
nialv. 

IV*  As  radius  to  the  seconds  A,  so  Is  the  sine  of 
the  new  approximated  excentric  anomaly  to  a  number 
of  seconds,  which,  subtracted  from  the  mean  ano- 
nialy,  gives  also  another  approximated  excentric 
anomaly. 

V.  This  analogy  must  be  repeated,  always  putting 
the  sine  of  the  last-found  approximated  anomaly 
for  the  third  term,  till  two  be  found  successively, 
which  are  equal ;  then  either  will  be  the  true  excen- 
tric anomaly. 

Vi,  As  the  square  root  of  the  aphelion  distance  is 
to  the  square  root  of  the  perihelion  distance,  so  is  the 
tangent  of  half  the  true  excentric  anomaly  to  the  tan-  • 
gent  of  half  the  true  anomaly  sought.  If  these  ano- 
malies should  exceed  180°,  their  supplements,  or  half 
their  supplements,  must  be  used  instead  of  these  ano- 
malies, or  their  halves. 

VIL  As  radius  to  the  co-sine  of  the  true  anomaly, 
so  is  the  excentricity  to  a  fourth  quantity  B  ;  then, 
as  half  the  greater  axis,  plus  or  minms  the  quantity 
B  to  the  periheHon  distance,  so  is  the  aphelion  dis- 
tance to  the  distance  sought.     B  must  be  added  in 
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the  3d,  4th,  5th,  6th,  7th,  and  8th  signs  of  the  true 
anomaly,  but  subtracted  in  the  other  signs. 

^!2^.  From  what  has  been  shewn  in  Art.  319,  320, 
we  may  deduce  a  method  of  determining  the  (yreattst 
equation^  having  given  the  proportion  of  the  axis  ; 
for  it  has  been  shewn  (Art.  3 is.)?  ^^'^t  when  the 
equation  is  greatest  S  P  =  ^/A  C  X  C  G  ;  whence 
SP  becomes  known.     But  from   Art.  320.    SP  = 

I  4-  C  S  X  co-sine  A  C  N  ;  therefore,  co-sine  A  C  N 

S  p I 

=  -^-g — =  co-sine  S  C  T  :  hence,  as  S  C  is  known 

from  the  proportion  of  the  axes,  S  T  becomes  known, 
or  its  equal  the  arc  N  D  :  to  convert  this  into  de- 
grees, say  as  rad.  i  :  N  D  :  :  57''  \f  44*''' :  the  degrees 
in  N  D,  which  added  to,  or  subtracted  from,  A  C  N, 
gives  A  C  D  the  mean  anomaly.  And  as  A  C  N,  the 
excentric  anomaly,  is  known,  we  easily  find  the  true 
anomaly  by  the  analogy  given  in  Art.  320.  for  that 
purpose.  The  difference  between  the  mean  and  true 
anomalies  thus  found  is  the  greatest  equation  re- 
quired. 

S'Z^.  If  the  true  anomaly  were  given,  and  it  were 
required  to  find  the  mean,  it  might  be  readily  done 
thus  :  the  excentricity  being  known,  and  G  S  or 
A  C   being  expressed  by  unity,   we  have   C  G  = 

v^GS*  —  S  C%  whence  the  ratio  of  A  C  to  G  C  is 
known,  and  this  is'  the  ratio  of  N I  to  PI,  by  the 
nature  of  the  ellipsis  and  circumscribing  circle : 
hence  the  angle  ASP  being  given,  we  have  P I :  N I 
: :  tang.  ASP :  tang.  AS N.  And  in  the  triangle  NCS 
we  know  N  C,  S  C,  and  the  angle  C  S  N  ;  whence  we 
find  S  C  N,  the  supplement  of  which  is  S  C  T.  Then 
in  the  triangle  S  C  T  we  know  S  C  T  and  S  C,  from 
which  we  get  S  T  ;  which  reduced  to  degrees,  by 
reckoning  57°  ij'  44^'''' as  equivalent  to  radius,  or  i^ 
and  added  to  A  C  N,  gives  the  mean  anomaly. 

$24.  This  important  problem  was  first  proposed  by 
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Kepler,  and  is  thence  called  Kepkr*s  prshlem.  The 
solution  has  been  attempted  by  some  of  the  ablest 
mathematicians  in  Europe.  Dr.  IValUs  first  gave  the 
geometrical  solution  by  means  of  the  protracted 
cyc'oid;  and  Sir  Isaac  Nezvton  has  solved  it  in 
nearly  the  same  manner,  in  the  Principia,  Prop.  31. 
lib  I.  He  has  also  given  an  excellent  approximation 
in  the  subsequent  schoHum.  Dr.  Matthac  Stewart 
likewise  has  given  a  very  short,  easy,  and  exact  me- 
thod of  finding  the  place  of  a  planet  in  its  orbit,  in 
the  latter  part  of  the  4th  of  his  Phi/sical  and  Alathc- 
matkal  1  racts.  Dr.  Sct/i  Jl'ard,  in  his  Astronom'ia 
Gcometrica,  solved  the  problem  on  what  has  been 
since  called  the  Simple  elliptic  hypothesis,  in  which  it 
is  supposed  that  the  angular  velocity  about  the  focus 
w  is  uniform  :  this,  though  not  accurate,  frequently 
serves  as  a  useful  approximation.  M.  Cassifu,  at 
p.  144  of  his  Klein.  Astron.  has  given  an  ingenious 
method  which  may  be  sometimes  adopted  with  advan- 
tage :  he  draws  D  c  perpendicular  to  S  T,  and  consi- 
ders S  :;  as  the  difference  between  the  arc  of  the  angle 
CDS,  and  its  sine ;  he  therefore  computes  the  angle 
CDS,  which  is  easily  done,  since  CD,  C  S,  and  the 
mean  anomaly,  are  known  ;  and,  taking  the  difference 
between  the  arc  and  its  sine  for  S.c,  he  uses  this 
analogy,  S  D  :  8  r  :  :  radius :  sine  S  D  :;,  which,  sub- 
tracted from  the  angle  S  D  C,  leaves  :D  C,  or  the 
alternate  angle  D  C  N  ;  from  which  the  true  anomaly 
is  soon  found.  To  enter  into  a  fuller  description  of 
this  method  is  unnecessary,  since  the  methods  eluci- 
dated in  the  preceding  articles  are  amply  suflicient 
for  every  useful  purpose. 

32.3.  Prob.  VII.  To  find  the  real  distance  of  the 
ear  Hi  from  the  sun. 

When  treating  on  the  subject  o^paraUax  (Art.  88.), 
it  was  shewn,  that  the  distance  of  any  heavenly  body 
from  the  earth's  centre  might  be  easily  found  in  terms 
of  the  earth's  radius,  provided  its  horizontal  parallax 
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was  known.  Therefore,  since  the  semidlameter  of  the 
earth  is  known,  the  only  requisite,  in  the  instance 
before  us,  is  the  sun's  horizontal  parallax.  The 
distance  of  that  luminary  from  us  is  so  great,  that  the 
determination  of  the  horizontal  parallax  requires  con- 
siderable attention  and  skill.  Many  attempts  have 
been  made  both  by  the  ancients  and  moderns  for  thi& 
purpose  ;  but  the  most  accurate  is  that  which  depends 
upon  the  passage  of  mercury  or  rcnus  over  the  sun's 
disc,  called  the  tramit  of  mercury  or  venus.  Ihe 
method,  founded  upon  careful  observations  of  such 
transit,  gives  as  the  mean  result  about  W^'6s  for  the 
sun's  horizontal  parallax  at  the  time  of  the  transit,  or 
nearly  ^""js  as  the  mean  distance  of  the  sun  from  the 
earth  (see  Chap.  XX.).  We  have,  therefore,  from 
the  nature  of  parallax,  this  analogy  : 

As  sine  %""]$     •     •     •     ^"^^-  ^^"^P*     4-3773324 

To  radius lo-ooooooo 

So  is  1  semidiameter    .     .     .     .     ►       o-ooooooo 

To  23841*43  semidiameters      »     .      4*3773324 

This  number  of  semidiameters  multiplied  into 
-joSc,  the  number  of  English  miles  in  the  earth's 
semidiameter  (taking  it  as  a  sphere),  produces 
95008098  miles  for  the  earth's  mean  distance  from 
the  sun.  Mr.  Short,  from  his  observations  on  the 
transit,  stated  the  mean  distance  at  95 173 127  miles  ; 
D.  Hornsbii  makes  the  distance  93726900  miles  ; 
while  others  make  it  95^34742.  On  the  whole,  the 
round  number  95  millions  of  miles  may  be  reckoned 
the  mean  distance,  being  undoubtedly  as  near  the 
truth  as  can  be  reasonably  expected  in  such  an 
enquiry*. 

*  That  excellent  geometrician.  Dr.  Maftltcw  Sfexcart,  published, 
in  1763,  a  Supplement  to  his  valuable  Tracts,  in  which  the  distance 
of  the  sun  from  the  earth  was  determined  by  the  thcori/  of  grant  u. 
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His  method  depended  upon  ascertaining  the  proportion  of  the  cen- 
tripetal force  of  the  moon  to  the  earth,  to  the  mean  solar  force 
affecting  the  gravity  of  the  moon  to  the  earth  ;  and  this  he  effected 
by  means  of  the  motion  of  the  moon's  apogee.  According  to  his 
determination,  the  sun's  parallax  is  69",  and  mean  distance 
1 1 8541428  miles  :  but  Mr.  Machin,  who  had  formerly  endeavoured 
to  ascertain  the  sun's  distance  on  similar  principles,  only  using  the 
motion  of  the  moon's  nodes  Instead  of  that  of  the  apogee,  assigns 
8'  for  the  parallax  of  the  sun,  which  would  give  a  distance  much 
nearer  the  truth  than  Dr.  Sfezcart's.  About  five  years  after  the 
publication  of  this  supplement  on  the  sinis  distance,  a  small  pam- 
phlet was  published  under  the  title  of  Four  Propositions,  in  which 
several  of  the  errours  In  Dr.  Stewai-t's  investigation  were  pointed 
out^  and  it  was  sufficiently  proved  that  the  distance  of  the  sun  can 
scarcely  ever  be  truly  ascertained  by  the  theor)--  of  gravity.  This 
pamphlet  was  written  by  Mr.  Jo/in  Dawson,  of  Sedberg,  in  York- 
shire, who  was  then  a  very  young  mathematician,  as  observed  by 
himself  in  No.  9  of  the  Mathematical  Repository  (where  these  Pro- 
positions are  republished),  bmt  Is  now  well  known,  and  universally 
admired,  as  one  of  the  most  Ingenious  mathematicians  and  philoso- 
phers this  country  now  possesses.  The  late  Mr.  Landen  also  pub- 
lished some  Animadzersijons  upon  Dr.  Stexcart's  computation  ;  but  It 
is  to  be  lamented,  that  they  were  written  with  much  more  of  asperity 
and  the  spirit  of  exultation  than  ought  ever  to  have  been  directed 
against  a  gentlejnan  of  such  distinguished  talents  and  worth  as 
Dr.  Stewart. 
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CHAPTER    XII. 


On  detet^niining,   by  Ohervatlo??,  the  Magnitudes^ 
Situations^  (^t.  of  the  Orbits  of  the  Planets, 


Art.  S9.6.  IN  the  determination  of  the  various 
particulars  relative  to  the  orbits  of  the  planets,  dif- 
ferent authours  have  adopted  different  methods,  each 
of  vi^hich  has  probably  its  peculiar  advantages  :  in 
this  work  the  necessary  elements  will  be  determined 
by  a  process  nearly  similar  to  that  which  we  had  re- 
course to  in  the  preceding  chapters.  We  fhall  pur- 
sue the  enquiry  in  what  appears  to  be  the  natural 
order,  by  ascertaining, 

ist.  The  times  of  the  periodic  revolutions  of  each 
planet. 

2dly,  The  position  of  the  line  of  the  apsides,  and 
an  epocha  of  the  passage  of  the  planet  through  that 
line. 

3dly,  The  excentricity,  and  thence  the  proportion 
of  the  axes  of  the  orbit. 

4thly,  The  position  of  the  line  of  the  nodes. 

5thly,  The  inclination  of  the  orbit  to  the  ecliptic.'' 

6thly,  The  relation  of  the  principal  axis  of  each 
orbit  to  that  of  the  earth's,  or  the  relation  of  their 
mean  distances,  and  thence  the  absolute  dimensions 
of  each  orbit. 

These  particulars  are  determined,  according  to  the 
best  methods  now  known,  in  the  problems  which  im- 
mediately  folbw. 
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327.  Prob.  I.  To  determine  the  time  of  a  planet'' a 
periodical  revolu tion. 

The  periodic  time  of  a  planet  may  be  determined 
either  by  means  of  observations  upon  it  when  in  one 
of  its  nodes  ;  or  by  knowing  the  place  and  time  when 
it  is  in  opposition  to  the  sun,  if  it  be  a  superiour 
planet,  or  in  conjunction,  if  it  be  inferiour.  As  the 
methods  depending  upon  the  oppositions  and  con- 
junctions are  best  in  practice,  it  becomes  requisite  to 
shew  how  to  determine  when  a  planet  is  in  either  of 
these  situations. 

3<^^.  The  latitude  and  longitude  of  a  planet  may 
be  found  by  observing  its  situation  with  respect  to 
kncrwn  fixed  stars  (Art.  190.  191.)  :  and  by  compar- 
ing the  longitudes  deduced  from  such  observations, 
with  the  longitude  of  the  sun,  either  determined 
by  the  right  ascensions  and  declinations  (Art.  66.),  or 
taken  from  the  Nautical  Almanac^  or  other  Ephc- 
meris,  the  time  when  the  longitudes  are  the  same,  or 
when  they  differ  180°,  may  be  discovered.  But  if 
there  are  opportunities  of  finding  the  longitude  and 
latitude,  by  the  passage  of  the  planet  over  the  meri- 
dian, such  opportunities  furnish  us  with  a  method 
which  is  more  accurate.  The  time  of  the  planet's 
culminating  being  carefully  taken,  its  longitude  may 
be  known  by  finding  the  longitude  of  the  culminat- 
ing point  of  the  ecliptic  (Art.  160.) at  that  instant: 
for  the  longitude  of  the  planet,  and  of  that  point  of 
the  ecliptic  which  culminates  with  it,  are  manifestly 
the  same.  Then,  if  it  be  a  superiour  planet,  to  as- 
certain the  time  of  opposition,  choose  a  day  when 
the  difference  of  the  longitudes  of  the  sun  and  planet 
is  nearly  1 80°,  and  on  that  day,  knowing  the  sun's 
longitude  at  noon,  find  by  proportion,  or  by  observa- 
tion, the  longitude  at  the  exact  instant  (i)  when  the 
planet  was  on  the  meridian.  Now  in  opposition,  the 
planet's  apparent  motion  is  retrograde  (Art.  254.)  ; 
and  consequently,  the  difference  between  the  longi- 
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tudes  of  the  planet  and  sun  increases  by  the  sum  of 
their  motions.  Hence,  subtract  the  sun's  Ipngitude 
from  that  of  the  planet  at  the  instant  (i)^  to  get  the 
difference  (d)  of  longitudes,  estimated  according  to 
the  order  of  the  signs,  and  say,  as  the  sum  of  the 
daily  motions  in  longitude  :  the  difference  between 
180°  and  ^  :  :  24  hours  :  the  interval  between  the 
the  time  i  and  the  time  of  opposition.  This  interval 
must  either  be  added  to,  or  subtracted  from,  /,  ac- 
cording as  d  is  greater  or  less  than  180°,  and  the  time 
of  opposition  is  obtained.  As  to  the  conjunction  of 
inferiour  planets,  it  must  be  found  by  means  of 
neighbouring  fixed  stars,  as  first  explained,  unless 
their  elongation  at  the  time  of  conjunction  be  suffici- 
ently great  to  render  them  visible. 

329.  Thus  much  being  premised,  we  may  find  the 
periodic  time  of  a  superiour  planet  in  this  manner : 
observe  when  the  planet  is  in  opposition  to  the  sun, 
also  when  it  is  next  in  opposition,  and  note  its  place 
at  both  times  ;  for  in  these  situations  the  heliocentric 
and  geocentric  longitudes  are  the  same.  (Art.  260.) 
Then  will  be  known  the  arch  the  planet  describes  in 
the  interval  between  the  two  observations ;  and  it  will 
be,  as  that  arch  :  the  wh§le  circumj'erence  :  ;  the 
tune  elapsed  :  the  periodic  time  nearly ;  but  this  can 
only  be  exact,  on  the  supposition  that  the  orbits  are 
circular. 

y.jO.  For  an  inferiour  planet,  two  observations 
might  be  made  when  the  planet  was  stationary: 
and  in  the  interval  it  would  have  described  its  whole 
orbit,  together  with  an  arch  or  angle,  equal  to  that 
which  the  earth  has  described  in  the  same  interval, 
Then  it  will  be,  as  the  'whole  circumference  +  that 
angle  :  the  time  elapsed ;  :  360° ;  the  periodic  tinie, 
nearly. 

33 1 .  The  methods  given  in  the  two  last  articles 
will  give  us  the  periodic  time  only  so  far  correct  as 
the  motion  in  the  orbit  is  equable  ;  but  this  approxiv 
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Tnation  will  be  of  considerable  service,  as  it  will  en- 
able us  to  tell  nearly  the  number  of  a  planet's  revolu- 
tions in  a  given  interval.  Then  to  know  the  periodic 
time  correctly,  two  observations  must  be  chosen, 
which  were  made  at  the  most  distant  times  possible, 
when  the  planet  was  found  in  the  same  position  rela- 
tively to  some  fixed  stars,  and  at  the  same  time  in  op- 
position or  conjunction  with  the  sun,  according  as  it 
is  a  superiour  or  inferiour  planet.  The  intervening 
time  between  these  observations,  being  divided  by  the 
number  of  the  planet'^  revolutions,  will  give  the  time 
of  the  periodic  revolution  respectively  to  the  fixed 
stars.  And  as  the  motions  of  the  planets  are  usually 
reckoned  from  the  first  point  of  aries,  the  periodic  re- 
volution with  respect  to  the  stars  may  be  reduced  to 
the  revolution  relatively  to  that  point,  by  saying,  as 
360°:  the  revolution  jound  ',  :  the  precession  of'  the 
equinoxes  during  the  revolution  :  a  fourth  term 
which  must  be  deducted,  to  obtain  the  revolution 
with  respect  to  aries.  If  the  revolution,  as  thus  de- 
termined, is  not  thought  sufficiently  accurate,  it  may 
be  corrected  after  the  other  elements  of  the  planets 
are  determined,  by  allowing  for  the  difference  between 
the  equations  0/  the  centre^  at  the  two  observations; 
but  this  will  very  seldom  make  any  material  differ- 
ence. 

332.  For  an  example,  we  shall  find  the  revolution 
of  the  planet  Mars,  On  April  21,  171 5,  at  11'', 
this  planet  was  in  opposition  in  "I  1°  9'  30''''.  Oa 
June  II,  1 717,  the  opposition  happened  at  9^  ii^^in 
^  20^  ly'  i^".  Now  in  this  time,  which  was  two 
years  (one  a  bissextile)  and  20^^  22^  ii'",  mars  had 
made  one  revolution,  and  49°  27'  45''''  over ;  hence 
from  these  observations  we  get  an  approximation  to  a 
revolution,  by  saying,  360*^  -f  49°  27'  4f  :  360*^  :  : 
781''  22''  ii'"  :  687''  n^  15%  the  time  ol"  a  re- 
volution. From  the  observations  of  Ptolemy,  it  ap- 
pears, that  mars  was  in  opposition  on  December  1 3, 
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at  11^  48'  at  Paris,  130  years  after  the  christian  aera, 
in  n  21°  22'  50'''.  In  1709,  Januarys,  at  5''  48"^, 
mars  was  in  opposition  in  ss  14°  18'  25''''.  The 
interval  between  these  observations  was  1578^  ii"* 
1 8 •'J  and  allowing  for  the  bissextiles,  &c.  we  get 
686'^  22 '^  16"^,  for  the  time  of  a  tropical  revolu- 
tion. To  obtain  the  sidereal  revolution,  say,  an  the 
mean  dailif  motion  oj  the  planet  :  the  prece.s.sion  of 
the  equinoxes  in  the  time  of  a  tropical  revolution  :  : 
one  day  :  a  number  of  days,  which  added  to  the  tro- 
pical revolution,  will  give   the   sidereal. 

SSS.  After  nearly  similar  methods,  the  tropical 
and  sidereal  revolutions  of  all  the  planets  have  been 
ascertained,  and  are  very  nearly  as  below  : 


Planets. 

Tropical  Revolutions. 

Sidereal  Revolutions. 

Mercury  .... 
Venus      .     ... 
Mars        .... 
Jupiter     .... 
Saturn      .... 

d.      h.     m.       s. 
87    23    14   327 

d.      h.     11).      s. 
87    23    15   43-6 

224  i6  41  27-5 

224  16  49  io'6 

686  22  18  274 

686  23  30  35-6 

4330  14  39     2 

4332  14  27  10-8 

10746  19  16  15-5 

10759        I     51     II-2 

Georgium  Sidus 

30637     4  

30737     18    

From  a  comparison  of  the  most  ancient,  with  the 
modern  observations,  there  is  some  reason  to  con- 
clude, that  the  time  of  Jupiter's  revolution  is  decreas- 
ing, and  that  of  saturn  increasing,  each  very  slowly. 

334.  Before  we  quit  this  problem,  it  may  be  ne- 
cessary to  say  a  few  words,  respecting  what  are  called 
the  annual  and  secular  motions  of  the  planets.  If 
N  i  fig.  4,  PI.  IV.)  be  the  mean  place  of  a  planet  in  its 
orbit,  at  any  given  instant,  and  at  the  end  of  a  year 
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from  that  Instant  the  mean  place  of  the  planet  be  at 
V,  then  (rejecting  the  number  of  complete  revolu- 
tions which  the  planet  will  have  performed  if  it  be  in- 
feriour)  N  V,  reckoning  according  to  the  order  of 
the  signs,  will  be  the  mean  annual  motion  of  the 
planet.  Or  if,  at  a  given  instant,  the  mean  place  of 
a  planet  be  at  N,  and  at  the  end  of  i  oo  years,  be- 
sides a  certain  number  of  complete  revolutions,  the 
planet  be  advanced  to  D  or  to  V,  then  N  D  or  N  V 
will  be  the  mean  secular  motion.  The  times  of  re- 
volution of  the  planets  being  known,  the  mean  an- 
nual motions  may  be  nearly  found  by  this  proportion, 
as  the  time  of  the  plane fs  revohitio/i  :  365  tlays  :  : 
360^  :  to  a  certain  number  of'  degrees,  which  after 
rejecting  360°,  or  as  many  times  360°  as  this  fourth 
number  contains,  leaves  the  mean  annual  motion. 
The  mean  secular  motion  may  be  nearly  determined 
by  making  the  number  of  days  in  a  century  (allow- 
ing for  the  bissextiles '1  the  second  term  in  the  propor- 
tion. Hence,  if  to  the  mean  place  of  a  planet  at 
the  beginning  of  any  year,  the  mean  annual  motion 
be  added,  the  sum  (rejecting  360*,  if  need  be)  gives 
the  mean  place  at  the  beginning  of  the  next  year  :  if 
the  year  be  a  bissextile,  the  mean  motion  for  a  day 
must  also  be  added.  In  a  similar  manner,  the  mean 
place  at  the  end  of  100  years  may  be  found. 

335.  Prob.  II.  'J'o  determine  the  position  of  the 
line  of  the  apsides,  and  the  epocha  of  the  passage  of 
a  planet  through  that  line. 

In  order  to  find  these  particulars,  we  must  first  be 
able  to  reduce  such  observations  as  are  made  upon  a 
planet  from  the  earth,  to  those  which  would  have  been 
observed  from  the  sun  at  the  same  times ;  the  method 
of  performing  this,  may  be  thus  explained  :  In  fig  5, 
PI.  IV.  let  S  be  the  place  of  the  sun,  R  the  earth's 
place  in  its  orbit  R  E  f,  when  the  planet's  place  re- 
duced to  the  ecHptic  is  p,  and  if  A  be  the  first  point 
of  aries,  S  R  /;  will  be  measured  by  the  difference  be- 
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tween  the  geocentric  longitudes  of  the  sun  and  planet. 
When  the  planet  has  gone  through  a  complete  revo- 
Jution,  and  is  again  at  P,  or  at/;  reduced  to  the  eclip- 
tic, let  the  place  of  the  earth  be  E,  and  the  angle 
/;  E  S  will  be  the  observed  difference  of  geocentric 
longitudes.  Then,  the  theory  of  the  earth  being  es- 
tablished, S  R,  S  E,  are  known,  and  the  angle  E  S  R ; 
whence  the  side  E  R,  and  the  angles  S  E  R,  S  R  E, 
are  readily  determined.  Also  in  the  triangle/?  E  R 
are  known  E  R  and  the  angles  (for  /;  E  R  iz  /;  E  S — 
SER,  andE  R/?izSR/)  —  ER  S),  whence  E/?, 
R  /;,  become  known.  And  in  the  triangle/;  S  R,  the 
sides  /;  R,  R  S,  and  the  included  angle  S  R  /;,  are 
known ;  from  which  may  be  found  S  /;  the  curtate 
(distance  (Art.  293.)  of  the  planet,  and  the  angle 
JR.  S  /;,  which  is  the  difference  between  A  S  R  the  he- 
liocentric longitude  of  the  earth,  and  AS/;  that  of 
the  planet  j  whence  AS/?  becomes  known.  Or,  in  a 
similar  marmer,  AS/;  might  be  found  by  the  tri- 
angle S  E  /;.  Then,  if  the  geocentric  latitude  P  E  /? 
of  the  planet  be  observed,  which  may  easily  be  done 
by  means  of  its  right  ascension  and  declination ;  we 
fhall  have  tang.  P  E  /?  :  radius  :  :  P  /?  ;  E  /? ; 
also  rad.  :  tang.  P  S  /;::/;  S  :  P  /? ;  therefore,  tang. 
P  E  /J  :  tang.  P  S  /;::/;  S  :  E  /;  :  :  sine  S  E  /?  :  sine 
E  S  /; ;  that  is,  as  the  sine  of  elongation  in  longitude^  to 
the  sine  of  the  difference  of  heliocentric  longitudes^ 
so  is  the  tangent  of  tlie  geocentric  latitude,  to  the 
tangent  of  the  heliocentric  latitude.  Again,  in  the 
triaiigle  P  S  /;,  as  sine  S  P  /;  :  sine  S  /;  P,  or  radius  :  : 
S  /;  :  S  P  ;  that  is,  as  the  cc-sine  of  the  planet's  helio- 
centric  latitude  to  radius,  so  is  the  curtate  dis' 
iance  to  the  planefs  distance  from  the  sun, 

3 06.  If  the  situation  of  the  line  of  the  apsides  be 
nearly  known,  find  by  means  of  observations  reduced 
to  the  sun,  as  just  explained,  the  points  in  the  orbit 
diametrically  opposite ;  in  which  points  the  planet 
is  found  at  intervals  equal  to  half  its  revolution.  If 
the  anomalistic  revolution  were  exactly  known  (which  it 
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cannot  be,  until  the  motion  of  the  aphelion  is  ascer- 
tained), this  method  would  be  strictly  accurate  ;  or, 
at  least,  might  be  easily  corrected  to  any  required  de- 
gree of  accuracy. 

357.  Or,  the  place  of  the  aphelion  being  nearly 
known,  observe  the  places  of  the  planet,  and  reduce 
them  to  the  sun,  at  about  the  distance  of  two  signs 
before  the  aphelion  ;  do  the  same,  for  a  few  days,  at 
nearly  the  same  distance  after  the  aphelion,  and  ob- 
serve the  times  and  places  when  the  apparent  motion 
of  the  planet  is  the  same  :  then,  as  in  Art.  3 14.,  the 
times  and  places  of  the  planet  at  B  and  C  (fig.  15, 
PI.  III.)  are  known  ;  whence  the  position  of  A  th^ 
aphelion,  Hsecting  B  C,  is  found;  and  the  midway 
between  the  times  is  the  epocha  required, 

3ys.  But  the  following  method  appears  preferable 
to  either  of  the  former,  in  point  of  accuracy  :  Find 
three  places  of  the  planet  sufficiently  distant  from  each 
Other,  and  determine  their  heliocentric  places,  and 
distances  from  the  sun,  as  shewn  in  Art.  335.  Then, 
by  the  method  given  in  Art.  310.,  find  the  position  of 
the  line  of  the  apsides ;  and,  knowing  the  position, 
continue  the  observations  upon  the  planet  till  the  ex- 
act instant  when  it  is  in  that  situation,  and  the  epocha 
will  be  determined.  When  the  eccentricity  and 
greatest  equation  are  known,  the  position,  as  found 
by  this  method,  may  be  corrected  by  La  Lande'^ 
jnethod,  explained  in  Art*  317.  Or,  from  the  same 
data,  the  place  of  the  perihelion  may  be  found  by  a 
theorem,  the  investigation  of  which  was  given. by  E. 
Frosperin,  in  vol.  IIL  Nova  Acta  Reo-.  Soc,  Scu 
ZTpmiiemh  :  thus,  let  AC  (fig.  i,  PL  IV.)  r=  i, 
S  G  z=  ^/,  S  H  =  /y,  S  Q^zz  r,  Z  G  S  H  =  f,  G  S  (^ 
r=  ?/,  A  S  G  rz  .r,  C  S  n  e,  the  excentricity  ;  and 
half  the   parameter  zn  r:  then,  as  is  demonstrated 

by  the  writers   on  conies,  a  =  ^—. — ,   b  zz 

'  I  +  e  CO  sine  j; 


an4c=:  — : : —         ;  where- 


I  +  e.  co-sine  V  -i-  Jt'  i  -f  e.  co-siae  i/  -i-  x 
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fore  r  zz  a  -{•  a  e.  co-sinea'  znb  -\-  b  e.  co-sine  v  +  .v 
■=.  c  -\-  c  e.  co-sine  y  -{•  .v;  whence,    by   reduction, 

b — a  c  —  a 


a.  co-sinea:  —  b.  co-sine  v  -j-  x  '      a.  co-sine  x  —  c  co-sine  y  ^  x» 

Substitute  in  this  equation,  for  co-sine  i/  -f  cr,and  co-sine 
1/  -\-  .r,  the  expressions  co-sine  r.  co-sine  .v  —  sine  r. 
sine.r,  and  co-sine  j/.  co-sine  j — sine 3. sine  .2",  and  there 


arises 


a.  co-sine  x  —  b.  co-sine  r.  co-sine  x  -{■  b.  sine  v.  sinex 
c —  a 


a  co-sine  x  —  c.  co-sine  1/.  co-sme  x  -j-  c.  sine^-  suie  x   ' 

denominator    divided    by    co-sine    .?-,     gives 

b — a  c—a 


each 


a — b.co-5inev  -\-b.sinev.  tari.r       a — c.  co-sine  j/ -{- c.  sine^.  tan.a'. 

From  this  equation,  after  a   little  reduction,  we  get 

b  —  c  —  a.  co-sine  v  —  c.6  —  a.  co-sine  y —  a.  t  —  b 

tan.  .V  zz 7-=^ — -■ —       . > 

b.  c  —  a.  sine  v  —  c.  b  —  a.  sine  y 

which  determines  the  place  of  the  perihelion. 

331).  In  some  cases,  instead  of  making  three  dis- 
tances from  the  sun,  and  the  angles  between  them, 
the  basis  of  the  operations  ;  it  may  be  more  conve- 
nient to  find  three  heliocentric  places,  and  the  inter- 
vening times  :  when  this  is  done,  the  calculations 
must  be  conducted  in  the  manner  pointed  out  in 
Art.  306.,  and  the  place  of  the  aphelion  will  be  as- 
certained. 

34-0.  The  mutual  attraction  of  the  planets  and  sa- 
teUites  upon  each  other,  causes  a  very  minute  mo- 
tion in  the  places  of  their  aphelia  ;  to  determine  the 
quantity  of  such  motion,  we  must  know  the  exact 
instants  of  two  passages  of  a  planet  through  its  aphe- 
lion, observed  at  the  most  distant  times  possible  : 
then,  dividing  the  interval  between  those  two  pas- 
sages, by  the  number  of  revolutions  of  the  planet 
relative  to  the  stars ;  if  the  quotient  be  less  than  the 
periodic  time,  the  motion  of  the  aphelion  is  retro- 
(rrade ;  if  it  be  greater,  the  motion  will  be  directs 
And  the  difference  between  the  quotient  and  periodic 
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time,  reduced  into  motion,  will  be  the  motion 
of  the  apsides.  Or,  if  the  difference  between  the 
place  of  the  aphelion,  as  determined  many  years  ago, 
and  as  ascertained  lately,  be  taken ;  the  quotient  of 
that  difference,  divided  by  the  number  of  years,  or 
the  number  of  centuries,  will  be  the  annual,  or  the 
£cc/.ilar  motion  required. 

341.  According  to  the  most  accurate  observa- 
tions, ancient  and  modern,  the  places  of  the  aphelia 
are  found  ;  and  their  motions  in  longitude  having 
the  secular  precession  of  the  equinoxes  deducted,  are 
all  found  to  be  direct. 

The  result  of  the  whole  is  stated  in  the  following 
table : 


Planets. 

Place  of  Aphelia,  Jan. 
1800. 

Secular  Motion  Aph . 

Mercury        .     .     . 
Venus       .... 

Mars 

Jupiter      .... 
Saturn       .... 
Gcorgium  Sidus 

8*   14°  20'  fjO" 

I"  33'  4S''       1 

10      7    s-9      I 



5      =    S4     4 

I     SI       0 

I     "^i    40 

6    II      8    20                13+3.^        1 

8    29      4    II 

I     50      7 

II     16    30   ,51 

I     29      2        [ 

34<2.  Prob.  III.  To  find  the  e.vceyitricity^  and 
greatest  equation,  of  a  planet's  orbit. 

In  the  solution  of  this  problem,  we  may  either 
first  determine  the  eccentricity,  and  thence  the 
greatest  equation  ;  or,  first  ascertain  the  greatest 
equation,  and  thence  deduce  the  excoitricity.  If  we 
first  find  the  excentricity,  we  may  do  it  by  means 
of  three  relative  distances  of  the  planet  from  the  sun, 
and  the  angles  between  them,  as  we  determined  the 
position  of  the  apsides  (Art.  33s*)  ;  for  by  calculate. 
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ing,  agreeably  to  the  directions  in  Art.  310.,  S  0, 
twice  the  excentricity  becomes  known,  and  conse- 
quently the  excentricity  itself.  Or,  if  we  adopt 
the  method  of  Frosperbif  a:  being  found  as  in 
Art.  338.,  we  substitute  its  value  in  the  equation  e  zz 

b  —  a  c  —  a 

a.  co-sine  x — b.  co-sinc  v  -j-  x         a.  co-sine. r — c.  co-sine  y — x' 

and  thence  obtain  e  the  excentricity ;  also,  i  +  e, 
and  I  —  e,  the  perihelion  and  aphelion  distances. 
Now,  to  discover  the  greatest  equation,  having  C  S 
and  C  Q^,  or  G  S  (fig.  4,  PI.  IV.),  we  find  G  C  in 
relative  terms ;  and  then,  knowing  the  proportions 
of  the  axes,  we  proceed  as  directed  in  the  3  2  2d  ar- 
ticle. 

343.  But  it  is  frequently  better  to  determine  the 
greatest  equation  from  observation,  and  to  deduce 
the  excentricity  from  it ;  for  the  unavoidable  errors  in 
observing  will  less  affect  the  excentricity  by  this  me>- 
thod,  than  by  any  other.  To  determine  the  greatest 
equation  by  observation,  the  times  must  be  ascertained 
when  the  planet  is  in  the  two  points  of  its  orbit, 
where  its  distance  from  the  sun  is  a  mean  proportional 
between  the  two  semi-axes  fArt.  312.);  this  may  be 
readily  done,  since  the  mean  and  actual  velocities  in 
the  orbit  are  then  equal.  The  mean  motion  will  be 
found  for  any  given  time,  by  saying,  as  the  time 
of  a  recolution  :  360°  :  :  the  given  time  :  its  cor- 
responding  mean  motion.  Then,  to  know  the  true 
angular  velocity  for  a  very  short  time,  observe  at 
nearly  equal  intervals,  as  day  by  day,  &c.  three  or 
four  positions  of  the  planet,  so  that  the  differences 
between  each  successive  observation  shall  not  exceed 
8*^  or  9°  :  these  successive  differences  should  then  be 
interpolated,  consistently  with  the  rules  of  the  dij' 
Jerential  metliod,  and  thus  the  corresponding  motions 
will  be  found  for  shorter  intervals  of  time,  and  the 
errours  of  observation,  by  being  distributed  into  a 
great  number  of  parts,  become  uearly  insensible :  on 
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tvhich  account  interpolations  are  applied  with  singular 
advantage  to  most  astronomical  observations.  Find- 
ing, by  this  kind  of  process,  the  times  when  the  mean 
and  real  motions  correspond,  and  the  planet's  places 
at  those  times,  the  mean  motion  for  the  intervening 
period  may  be  determined,  and  the  difference  of  the 
places  is  the  true  motion  ;  half  the  difference  between 
these  motions  will  be  the  greatest  equation. 

Ex.  M.  de  la  Caille,  from  a  series  of  observations 
on  the  planet  mercury  In  1740,  calculated  the  greatest 
equation  of  its  orbit  in  the  following  manner  : — the 
mean  daily  velocity  was  found  to  be  4°  5'  3  2 1'''.  The 
differences  between  the  observations  on  the  13th, 
14th,  15th,  and  1 6th  of  July,  were  4°  14^  33'''',  4°  6' 
28",  3°  58'  44^' ;  by  interpolating  these  differences,  he 
found  the  instants  between  which  the  real  motion  in 
24  hours  corresponded  with  the  mean,  to  be  July  14th 
at  2^  49™,  and  July  1 5th  at  2"^  49™  >;  therefore,  on 
July  14th  at  14^  49"^  mercury's  distance  from  the  sun 
was  a  mean  proportional  between  the  semi-axes,  and 
the  equation  of  the  centre  was  a  ma.vinmm.  By 
interpolating  mercury's  true  places  on  the  T4th,  15th, 
and  1 6th  of  July,  his  true  place  on  July  14th  at 
14I1  49m  was  found  in  5*  22°  ^j'  in".  In  like  man- 
ner, by  interpolating  the  differences  between  the  ob- 
servations of  the  3d,  4th,  5th,  and  6th  of  September, 
and  mercury's  true  places  on  the  3d,  4th,  and  5th, 
the  time  of  the  greatest  equation  was  found,  Sept.  3d, 
at  22*^  i4im,  and  the  planet's  true  place  11*  4°  49' 
10''.  The  differ'^nce  of  the  true  places  is  5*  11°  51' 
43''V  mercury's  actual  motion  ;  and  the  mean  motion, 
in  the  intervening  period  of  52^  7'^  25!^,  is  6*  29'' 
58'  33'''.  Half  the  difference  between  these  two 
motions  is  24°  3'  25''',  mercury's  greatest  equation. 
Cassini  from  other  observations  deduced  24°  ol  58'' 
for  the  greatest  equation  ;  Dr.  Halley  makes  it  23^ 
42'  ^6"  ;  and  M.  de  la  Lande^  23°  40'. 

S44.  The  greatest  equation  being  known,  the  ex- 
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r/.-? 


centrlcity  may  be  nearly  found  by  this  analogy 
57'-'  \f  44}"  :  half  the  greatest  equation  :  :  radius  : 
the  e^vcentricity  ;  for  in  orbits  nearly  circular,  the 
place  of  the  planet,  at  the  time  of  greatest  equation, 
will  be  very  near  an  extremity  of  the  conjugate  axis  ; 
consequently,  S  T  is  almost  coincident  with  S  C,  and 
nearly  equal  to  it,  and  D  C  N  +  S  N  C  is  nearly 
equal  to  2  D  C  N ;  that  is,  the  difference  between  the 
true  and  mean  anomalies  will  be  nearly  equal  to 
2  D  N,  or  2  S  T,  or  2  S  C.  In  orbits  of  great  excen- 
tricity  SC  (fig.  4,  Pi.  IV.  )j  when  thus  found,  may 
be  corrected,  by  computing  the  greatest  equation  to 
this  value  of  it,  and  then  using  this  analogy,  as  the 
computed  equation  :  the  approximate  eTcentricity  :  : 
given  greatest  equation  :  the  e.vcentricitij.  Should 
this  be  thought  not  sufficiently  correct,  the  greatest 
equation  may  be  computed  to  this  also,  and  the  ana- 
logy repeated. 

545.  The  excentriclties  and  greatest  equations,  as 
determined  by  M.  de  la  Lande,  are  given  below. 


Planets. 

Excentriclties. 
Mean  dist.  1 00000. 

Great.  Equations. 

Mercury       .... 

Venus 

Mars 

Jupiter 

Saturn 

Gforgium  Sidus     .     . 

7955*4 

23°  \o     0" 

498- 

0    47    20 

141837 

TO     40     40 

^S^^ys 

5    3°    38 

5.3640-42 

6    26   4a 

90804- 

5    27    16 

In  consequence  of  the  mutual  attractions  of  the 
planets,  the  excentriclties  and  greatest  equations  are 
subject  to  a  variation  ;  it  is  therefore  necessary,  at 
the  end  of  a  few  years,  to  institute  another  set  of 
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otDservations,  from  which  these  particulars  may  be^ 
again  ascertained. 

346'.  pROB.  IV.  To  find  the  position  of  the  line  of 
the  nodes  of  a  planet's  orbit. 

To  determine  the  place  of  either  of  a   planet's 
nodes,  and,  consequently,  the  position  of  the  line  of 
the  nodes,  various  methods  have  been  invented  by 
astronomers :    a   few   of   these    are   here    inserted-, 
i.?^  MetkoiL  When  a  planet  is  in  one  of  its  nodes,  it 
has  no  latitude ;  therefore,  either  by  means  of  obser- 
vations for  the  right  ascension  and  declination,  or 
from  the  position  of  the  planet  with  respect  to  known 
fixed  stars,  find  its  place  when  it  has  no  latitude  j  -this- 
place,  reduced  to  that  which  would  have  been  seen 
from  the  sun   (Art.  33505  gives  the  place  of  the" 
node.     This  method,  vv'hen  it  can  be  appHed,  is  tlie 
most  simple. 

347.  id  Method.  Find  when  the  heliocentric  latitude 
on  one  side  of  the  node  is  equal  to  any  certain  number' 
of  degrees,  &c.  ;  then,  after  the  planet  has  passed  the" 
node,  observe  when  the  heHocentric  latitude  is  equal 
to  the  former,  but  of  a  contrary  name  :  the  middle 
point   between   the   heliocentric   longitudes,    at   the' 
times  of  the  observations,  is  the  place  of  the  node. 
Or,   if  the  heliocentric   longitudes    of  a  planet  be 
observed  at  two  distant  times,  when  the  latitudes  are 
both  equal,  and  of  the  same  Idnd,  the  middle  point 
between  these  longitudes  will  be  90°  fVom  the  nodes. 
34^-.  3t/  Mttnoa.  Observe  the  time  and  place  of  a 
conjuiiction  or  opposition  of  a  planet  wlih  the  suii, 
when  the  latitude  of  the  planet  is  but  small;  tjien.- 
determine,  by  observation,  the  time  when  the  plahet' 
has  no  latitude,  and  calculate,  "by  the  theory  of  the 
planet  (-determined  in  the  preceding  problems  ,  the 
true  arc  which  the 'planet'  has  run  through  in  its' 
orbit,  between  the  time  of  its  opposition  or  con  un:-" 
tion,  and  that  df  its  passage  through  the  nO'd'e  •■,  thV 
afc j -added^  to,  of  subtracted  from,  the  place'AVhb'jem' 

CL 
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the  conjunction  or  opposition  was  observed,  will  give 
the  node's  true  place. 

349.  4th  Alethod,  Find  the  heliocentric  latitudes 
and  longitudes  of  the  planet  just  before  and  after  it 
has  passed  the  node,  and  say,  as  the  sum  of  the  two 
latitudes  :  the  difference  of  longitudes  : :  either  lati' 
tude  :  the  distance  of  the  node  from  the  longitude 
corresponding  to  that  latitude.  This  rule  is  on  the 
supposition  that  the  portions  of  the  orbit,  and  of  the 
orbit  reduced  to  the  ecliptic,  contained  between  the, 
two  observations,  differ  not  sensibly  from  right  lines ; 
for,  on  this  hypothesis,  let  P  and  Q^(fig.  6,  PI.  IV.) 
be  the  two  places  of  the  planet  in  its  orbit,  p  and  q 
the  places  reduced  to  the  ecliptic,  and  N  the  node  j 
then,  by  reason  of  the  similarity  of  the  triangles 
N  P  p,  N  Qj,  we  have  P  p  -f  C^^  ip  q:  :^  p'.pl^  :: 
Qjj[ :  q  N.  But  if  the  difference  of  longitudes  should 
exceed  two  or  three  degrees,  the  conclusion  deduced 
by  this  rule  will  not  be  sufficiently  accurate ;  how- 
ever, P  N  p  and  QJSJ  q  may  then  be  considered  as 
similar  spherical  triangles,  and  we  shall  have  tang. 

sine  p  (/  X  tang  Vp 
V  tang*  Q5  +  cos.pcj  X  tan.  P/.' 

350.  sth  Method.  The  place  of  the  line  of  the 
nodes  may  be  found  by  two  observations,  when  the 
planet  is  in  the  same  node.  In  figs.  7,  8,  adapted  to 
the  two  cases  of  a  superiour  and  an  inferiour  planet, 
let  the  places  of  the  earth  in  its  orbit  be  E  and  e, 
when  the  planet  is  observed  in  the  same  node  P ; 
then,  by  means  of  the  observations,  the  time  elapsed 
between  them,  and  the  theory  of  the  earth,  we  know 
in  the  triangle  E  S  e,  the  angle  E  S  e,  and  the  sides 
S  E,  S  e,  whence  E  e,  and  the  angles  S  E  e,  S  e  E, 
become  known ;  and  the  angles  SEP,  S c P,  being 
determined  by  observation,  we  shall  have  the  angles 
P  E  ;',  P  e  E  ;  therefore,  in  the  triangle  P  e  E  the 
angles  and  the  side  E  c  are  known,  to  find  P  E,  or  P  e, 
the  planet's  distance  from  the  earth  at  either  observa- 
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tion.  Lastly,  in  the  triangle  P  E  S  we  have  the  sides 
P  E,  E  S,  and  the  angle  PES,  from  which  the  dis- 
tance, S  P,  of  the  sun  from  the  planet  in  the  node  may 
be  found,  and  the  angle  ESP  determining  the  position 
of  the  line  of  the  nodes  ;  or,  from  the  tridngle  P  c  S, 
we  could,  having  similar  data,  determine  S  P  and  the 
angle  e  S  P.  And  if  the  position  of  the  line  of  the 
nodes,  thus  ascertained,  be  compared  with  the  position 
as  found  by  the  observations  of  the  ancients,  the 
motion  of  the  nodes  may  be  determined. 

35 1 .  The  longitudes  of  the  ascending  nodes,  and 
their  secular  motions,  in  respect  of  the  equfnoxes,  are, 
according  to  the  most  careful  observations,  as  stated 
below : 


Planets. 

Long.  Q  1750. 

Secular  Motion. 

Mercury      .... 

Venus 

Mars 

Jupiter   .     .    .     .  ' . 
Saturn    ..... 
Georgium  Sidus    .     . 

IS   15°  20'  43'' 

I"  12'  10" 

2    14    26    18 

51    40 

I    17    38    38 

46   40 

3      1    S5    3^ 

59  3=> 

3    21    32    22 

ss  30 

2      12      47011788 

1    44  3.1 

352.  Prob.  V.  To  find  the  inclbiation  of  a  plane  f$ 
orbit  to  the  plane  of  the  ecliptic, 

1st  Method.  The  place  of  either  of  a  planet's 
nodes  being  found  by  the  last  problem,  begin  to  make 
a  series  of  observations  on  the  planet  when  it  is  near 
90*^  from  the  node  ;  deduce  from  these  observations 
the  heliocentric  latitudes,  and  let  them  be  continued 
till  the  latitudes  diminish  sensibly  ;  then  the  greatest 
of  these  latitudes  will  be  equal  to  the  inclination  of 
the  orbit. 
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^53.    id  Method.    Or  the  inclination   of  a  pla*- 
net's  orbit  may  be  found  in  a  nearly  similar  man- 
ner to  that  by  which  we  determined  the  obliquity  of 
the  ecliptic  (Art.  "^J^)'    'Thus  the  place  of  a  node 
being  known,  from  an  accurate  observation,  find  the 
heliocentric  longitv.de  and  latitude  at  a  considerable 
distance  from  it ;  then,  in  fig.  9,  PI.  I.  supposing  E  Q^ 
to  represent  a  portion  of  the  ecliptic,  V.  S  a  portion  of 
the  planet's  orbit ;  the  planet  being  in  S,  we  have  E  Q^ 
the  longitude  from  the  node,  Q^S  the  latitude,  in  the 
right-angled  triangle  E  Q^S  ;    hence,   as  sine   E  Qj 
tang.  S  Q^:  :  radius  :  tang,  Q^E  S,  the  inclination  of 
the  orbit.    In  this  method  the  farther  the  observations 
are  made  from  the  node,  the  more  accurate  the  con- 
clusion will  be. 

354.  3^/  Method.  If  the  sun  and  the  place  of  a- 
planet's  node  are  found  in  the  same  point  of  the  eclip- 

'  tic,  at  the  time  that  the  geocentric  longitudes  of  the 
sun  and  planet  differ  three  signs,  or  90^ ;  then,  the 
earth  being  in  the  intersection  of  the  planes  of  the 
ecliptic  and  the  plahet's  orbit,  the  plane  of  the  angle 
formed  at  the  observer*s  eye,  between  two  lines,  one 
passing  to  the  planet,  the  other  to  its  projection  oa 
tile  ecliptic,  is  perpendicular  to  this  intersection  ;  andj 
consequently,  the  angle  thus  formed  at  the  observer's 
eye,  is  equal  to  the  inclination  of  the  planet's  orbit  to 
the  ecliptic. 

355.  ^th  Method.  Hence  we  raay  deduce  another, 
method,  as  follows  :■  Let  N  S  E  (fig.  11,  PI.  IV.)  be' 
the  line  of  a  planet's  nodes,  S  the  sun,  E  the  earthy, 
P  the  planet's  place  in  its  orbit ;  then  P  L  being  drawn 
perpendicular  to  the  plane  of  the  ecliptic,  and  P  R 
perpendicular  to  the  line  of  the  nodes,  PEL  will  be 
the  geocentric  latitude,  P  R  L  the  inclination  of  the 
plane  of  the  orbit  to  the  ecliptic,  and  R  E  L  the  dif- 
ference between  the  Igngitudes  of  the  sun  and  planet,, 
®r  the  planet's  elongation  from  the  sun.  Now,  in, 
the  right-angled  triangle  R  E  L  we  have  radius, :  ^^.L^ 
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".'i  sine  R  EL :  RL.;  also,  in  the  right-angled  triangle 
PEL,  radius  :  E  L  :  :  tang.  PE  L:  P  L  ;  hence,  R  L 
:  P  L^  :  sine  R  E  L  :  tang.  PE  L.  But,  in  the  right- 
angled  triangle  P  R  L  we  have  R  L  :  P  L  :  :  radius  .: 
tang.  P  R  L  ;  consequently,  sine  R  EL:  tang.  PEL 
:  :  radius  :  tang.  P  R  L,  Therefore,  observe  very 
carefully  the  longitude  and  latitude  of  the  planet  when 
the  sun  passes  through  its  node,  and  use  this  analogy, 
as  the  sine  of  the  obsei'ved  elongation  oj'ihe  planet 
from  the  sun  :  the  tangent  of  its  geocentric  tatituik 
".  .:  radius  ■:  the  tangent  of  the  inclination  of  the 
orbit,^ 

35 6\  The  inclination  of  the  planets'  orbits,  as  well 
:as  the  places  of  the  nodes  and  apheiia,  the  excentri- 
city,  &c.  are  subject  to  a  variation  arising  fi-om  a  simi- 
lar cause,  the  mutual  attractions  of  the  planets,: 
these  variations  have  not  been  accurately  determined 
from  observationiS,  but  M.  de  la  Grange  has,  by 
theory,  found  them  to  be  as  follows,  for  loo  years:: 
Saturn  —  2'i^"'ii,  jupiter —  27^''-i9,  mars  -4-  2>"'A-59 
venus  -f-  4''''*47,  mercury  -f-  2o"'j\.'7^  The  inclinations 
>of  the  orbit-s  to  the  ecliptic  are,  according  to  the 
determination  of  M.  de  la  Lande  for  the  year  1780, 
mercury  .7°,  veiius  3°  2i^'  35'''',  mars  1°  51',  jupiter 
1°  18'  ^6\  ^aturn  2°  29'  ko",  and  georgium  sidus 
46'  20''. 

r^57*  pROB.  VL  To  determine  the  absolute  dimen- 
sions of  the  planet's  orbits. 

•In  order  to  find  the  absolute  dimensions  of  the 
orbits  of  all  the  planets,  it  is  necessary  to  have  an 
accurate  estimate  of  the  dimensions  of  one  of  those 
orbits ;  and,  as  the  nature  and  magnitude  of  the 
earth's  orbit  are  known  pretty  nealy,  we  are  thus 
furnished  with  data  which  will  enable  us  to  ascertain 
the  orbits  of  the  other  planets.  Now,  by  the  method, 
described  in  Art.  3^5,  we  may,  from  two  successive 
observations  on  a  planet  when  in  the  same  point  of 
its  orbit,  determine  its  distance  from  the  sun,  either 
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in  terms  of  the  earth's  distance  at  each  observation, 
cr  in  absolute  terms,  as  in  English  miles,  for  instance ; 
and  the  distance  of  the  planet's  place  from  the  line  of 
the  apsides  being  found  by  some  of  the  preceding 
articles,  the  proportion  of  the  axes  being  known,  we 
have  given,  from  the  theory  of  the  planet  (by  Art. 
318.  320.),  the  proportion  of  S  P  to  AC^or  S  G  ; 
whence,  S  P  being  known  in  absolute  terms,  we 
know  S  G  also.  Or,  the  absolute  distance  of  the 
sun  from  the  planet,  when  in  one  of  its  nodes,  may 
be  found  by  Art.  350.  and  thence,  the  theory  of  the 
planet  being  established,  the  actual  length  of  either 
axis  of  its  orbit. 

358  Or  the  distance  of  any  planet  from  the  sun 
may  be  determined  by  a  single  observation,  in  a  man- 
ner which  may  be  thus  explained:  in  figs.  9,  10, 
PI.  IV.  suiting  the  respective  cases  of  a  superiour 
and  inferiour  planet,  let  the  line  of  the  nodes  be  N  S, 
and  let  the  planet  P  be  observed  from  the  earth  T, 
with  the  apparent  latitude  P  T  B.  Let  the  plane  of 
the  apparent  latitude  be  produced  till  it  cuts  the  plane 
of  the  planet's  orbit  in  PN,  and  the  plane  of  the 
ecliptic  in  B  N.  From  P  demit  P  B  perpendicularly 
on  N  B,  and  from  T  erect  T  O  also  perpendicular  to 
N  B,  which,  because  the  plane  of  the  latitude  PNB 
is  perpendicular  to  the  ecliptic,  will  be  perpendicular 
Mo  the  plane  of  the  ecliptic  also.  From  T  let  fall  T  E 
perpendicular  to  N  S,  and  join  O  E,  which  is  Hke- 
wise  perpendicular  to  N  S  ;  and  the  angle  O  E  T 
will  be  equal  to  the  inclination  of  the  planes  of  the 
ecliptic  and  of  the  planet's  orbit.  In  the  triangle 
T  S  N  are  given  S  T  and  angle  TS  N,  by  the  theory 
of  the  earth  and  the  known  place  of  the  node ;  and  by 
observation  the  angle  NTS,  the  elongation  of  the 
planet  from  the  sun  (computed  in  the  echptic),  or  its 
supplement;  therefore  TN,  N  S,  and  TNS,  will 
become  known.  In  the  right-angled  triangle  TEN, 
T  N  and  T  N  E  are  given,  and  consequently  T  E. 
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In  the  triangle  O  T  E,  right-angled  at  T,  there  are 
known  T  E,  and  T  E  O,  the  inclination  of  the  planet's 
orbit  (found  by  the  last  problem),  whence  O  T 
becomes  known.  In  the  triangle  O  T  N,  O  T  and 
T  N  are  known,  and  the  right  angle  T,  whence  we 
find  O  N  T.  In  the  triangle  PN  T,  we  know  N  T, 
T  N  P,  and  P  T  N,  the  apparent  latitude  of  the  planet, 
or  its  supplement ;  hence  P  N  will  be  known,  and, 
if  required,  P  T  the  planet's  distance  from  the  earth. 
In  the  triangle  N  PB  we  know  N  P,  the  angle  P  N  B, 
and  the  right-angle  N  B  P,  whence  P  B  and  N  B  will 
be  found.  Then  in  the  triangle  B  N  S,  N  B,  and. 
N  S,  with  the  angle  B  N  S  being  given,  N  S  B  the 
heliocentric  longitude  of  the  planet  from  its  node, 
and  the  side  S  B,  will  be  known.  Lastly,  in  the  tri- 
angle PBS,  right-angled  at  B,  we  know  P B  and 
B  S  ;  from  which  we  find  P  S  B  the  planet's  helio- 
centric latitude,  and  P  S  its  distance  from  the  sun. 

359.  The  distance  of  a  superiour  planet  having  a 
satellite  may  be  nearly  determined,  as  in  the  follow- 
ing instance  for  jupiter.  Let  S  (fig.  i,  PI.  V.)  be 
the  sun,  E  the  earth,  I  jupiter :  first  observe  the 
instant  in  which  the  satellite  R  disappears  behind 
jupiter,  and  the  instant  in  which  it  again  appears; 
then  dividing  the  intermediate  time  into  two  equal 
parts,  we  have  the  instant  in  which  the  earth  E,  jupi- 
ter I>  and  the  satellite  R,  are  in  one  right  line  E  I  D. 
Next  observe  the  instant  in  which  the  satellite  disap- 
pears behind  the  shadow  of  jupiter,  and  the  instant  in 
which  it  again  appears  (Art.  496.),  and  divide  the 
time  between  these  two  instants  into  two  equal  parts, 
to  find  the  instant  in  which  the  sateUite  is  in  the  midst 
of  the  shadow  ;  that  is,  in  which  the  sun,  jupiter,  and 
satellite,  are  in  a  right  line  SIR;  hence,  the  time 
taken  up  in  passing  from  D  to  R  is  known  ;  and  if 
the  time  (^)  of  the  entire  revolution  of  the  satellite 
be  known,  we  have  t  :  360*^ :  :  the  time  occupied  in 
passing  from  D  to  R  :  the  arc  D  R  nearly.    Thug 
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the  arc  D  R,  and  the  angles  R I D,  E I  S,  are  found. 
Xastly,  find  by  observation  the  angle  lES  of  Jupiter's 
elongation  from  the  sun  ;  then,  two  angles  of  the 
triaiigle  E  1  S  being  known,  the  third  is  known  like- 
wise, But  the  side  ES,  the  earth's  distance  from 
the  sun  at  the  time  of  observation,  is  known  by  the 
earth's  theory  ;  consequently,  as  sine  E  I  S  :  E  S  :  : 
sine  I  E  S  :  I  S  the  distance  of  jupiter  from  the  sun. 
The  distance,  E  I,  of  jupiter  from  the  earth  might 
readily  be  found,  by  means  of  the  same  triangle. 

j6().  According  to  one  or  other  of  these  methods 
the  real  magnitudes  of  the  planets'  orbits  may  be 
determined,  and  the  mean  distances  (or  half  the 
major  axes),  as  deduced  by  these  means,  when  com- 
pared with  those  calculated  by  Kepler's  famous  ana- 
logy (Art.  209.)  between  the  squares  of  the  periodical 
times,  and  the  cu|Des  of  the  mean  distances,  are  found 
to  correspond  as  accurately  as  can  possibly  be  ex- 
pected, when  the  unavoidable  errours  in  observing 
are  taken  into  consideration.  The  same  results  very 
nearly  being  deduced  from  operations  in  great  mea- 
sure, and,  in  some  instances,  altogether  independent 
on  each  other,  is  a  strong  confirmation  of  the  truth 
of  the  Copernkan  System,  with  the  improvements  of 
Keple?'  and  Newton  ;  and  when,  in  addition  to  this, 
it  is  remarked,  that  the  places  and  motions  of  the 
planets,  as  calculated  from  the  theory  of  them,  which 
is  now  adopted,  are  found  to  agree,  we  may  almost 
say  with  wonderful  minuteness,  with  the  places 
actually  observed,  the  whole  demands  so  forcibly  the 
assent  of  the  mind  to  this  system,  that  we  think  such 
assent  can  scarcely  be  withholden  by  any  who  have 
the  least  pretension  to  soundness  of  judgment  and 
freedom  from  prejudice. 

The  mean  distances  of  the  planets  from  the  sun 
are,  in  round  numbers,  nearly  as  follows  :  mercury, 
37  millions  of  miles;  venus,  68  millions;  the  earth, 
95  millions,  as  before  stated;  mars^  144  millions. j 
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Jupiter,  490  millions ;  saturn,  gco  millions ;  and 
georgium  sidus,  i8oo  millions.  Or,  if  these  distances 
be  required  more  accurately,  the  mean  distance  of  the 
earth  being  known,  they  may  be  found  by  the  fol- 
lowing numbers,  which  have  the  same  relation  as  the 
respective  mean  distances,  38710,  72333,  looooo, 
1523^95  520279,  954072,  and  1908352. 

36"].  Pros.  VII.  io  t.i plain  the  process  in  calcu- 
lating the  Longitude^  latitude^  and  other  requisites,  of 
a  planet  seen  from  the  sun,  and  frojji  the  earth,  for 
a  given  instant. 

As  it  may  be  useful  to  throw  together  in  one  view 
a  general  exposition  of  the  process  used  in  calculating 
the  planet's  places,  we  lay  before  the  reader,  in  the 
following  fifteen  articles,  the  rules  given  by  M.  de  la 
Caille  for  this  purpose. 

362.  Rule  I.  Reduce  the  given  tim.e  to  mean 
time  (Art.  117.). 

36j.  II.  Take  the  interval  between  the  given  in- 
stant reduced  to  mean  time,  and  the  instant  of  the 
epocha  of  the  earth's  preceding  passage  through  its 
aphelion  :  then  say,  as  the  time  of  the  earth's  whole 
revolution,  is  to  the  interval  found  ;  so  are  ^60^,  to 
the  earth's  mean  anomaly. 

364.  III.  Reduce  the  mean  anomaly  to  the  true 
anomaly  i^  Art.  321.),  which,  added  to  the  earth's  true 
aphelion  place,  gives  the  earth's  true  heliocentric 
place  in  some  point  of  its  orbit,  as  in  T  (figs.  I2,  13, 
V\.  IV. ),  or  reduced  to  the  heavens  in  H  ;  so  that  the 
earth's  longitude  will  be  the  arc  «r  D  H  of  the 
ecliptic. 

360.  IV.  Adding  six  signs,  or  iSo*',  to  the  earth's 
true  place,  we  have  the  true  place  of  the  sun  seen 
from  the  earth  at  the  point  O  of  the  ecliptic,  so  that 
the  sun's  geocentric  longitude  will  be  the  arc  of  the 
ecliptic  'v  D  H  N  O. 

'qQ6.  V.  Compute  (Art.  321.)  the  distance  S  T  of 
the  sun  frora  the  earth. 
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567.  VI.  For  the  planet,  say,  as  the  time  of  its 
annual  revolution,  is  to  the  interval  of  time  between 
the  instant  given  and  the  epocha  of  its  preceding 
passage  through  the  aphehon ;  so  are  360°,  to  the 
planet's  mean  anomaly. 

368.  VII.  Reduce  the  mean  anomaly  to  the  true 
anomaly,  and  add  it  to  the  place  of  the  planet's  aphe- 
lion, the  sum  is  the  planet's  true  place  as  seen  from 
the  sun,  either  at  P  in  the  orbit,  or  p  in  the  heavens  ; 
so  that  the  planet's  heliocentric  longitude  in  its  orbit 
is  the  arc  ^  T>p, 

369,  VIII.  Calculate  the  distance  S  P  of  the  planet 
from  the  sun,  and  reduce  the  distances  ST,  S P,  to 
one  measure,  such  as  that  of  which  the  earth's  mean 
distance  from  the  sun  contains  100000  equal  parts. 

37^'.  IX.  The  heliocentric  longitude  ^ir  D  of  the 
ascending  node,  taken  from  t  T)  p  the  heliocentric 
longitude  of  the  planet  in  its  orbit,  leaves  Dp  the 
argument  of  latitude. 

57  1 .  X.  Say,  as  radius,  to  the  sine  of  the  inclination 
of  the  planet's  orbit ;  so  is  the  sine  of  the  argument  of 
latitude  D  p,  to  the  sine  of  the  heliocentric  latitude  p  I. 

37i\  XI.  Reduce  the  argument  of  latitude  "Dp  to 
D  /  the  true  distance  from  the  place  of  the  node  to 
the  point  whereon  the  place  of  the  planet  is  projected, 
bythis  analogy,  as  radius,  to  the  co-sine  of  the  inclina- 
tion of  the  orbit;  so  is  the  tangent  of  the  argument  of 
latitude  Dj5,  to  the  tangent  of  the  reduced  distance 
B/. 

373.  XII.  The  distance  D  /,  added  to  the  longitude 
«f  D  of  the  ascending  node,  gives  t  D  /  the  helio-? 
ifcentric  longitude  of  the  planet. 

374.  XIII.  Reduce  S  P  the  distance  found  (Art. 
369.)  to  SL  the  curtate  distance,  by  computing  the 
side  S  L  of  the  rectiline  tiiangle  S  P  L,  whereof  S  P 
is  the  hypothenuse,  and  the  angle  P  S  L  equal  to  the 
planet's  latitude :  thus,  as  radius,  to  the  co-sine  of  the 
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planet's  latitude  seen  from  the  sun ;  so  is  the  distance 
S  P,  to  the  curtate  distance  S  L. 

275,  XIV.  Take  the  difference  between  r  D  H 
the  heliocentric  longitude  of  the  earth,  and  nr  D  L 
the  reduced  heliocentric  longitude  of  the  planet ;  and 
in  the  right-lined  triangle  S  L  T  there  are  given  the 
angle  TSL,  with  the  including  sides  T  S,  S  L  ;  cal- 
culate the  angle  S  T  M  or  O  T  M  between  O  the 
place  of  the  sun  seen  from  the  earth,  and  M  the  place 
of  the  planet  seen  from  the  earth,  and  the  geocentric 
longitude  nr  D  M  of  the  planet,  and  even  its  distance 
T  P  or  T  L,  may  be  easily  found. 

37^.  XV.  Lastly,  say,  as  the  sine  of  the  angle  TS  L 
at  the  sun,  to  the  sine  of  the  angle  L  T  S  at  the  earth  ; 
so  is  thfe  tangent  of  the  heliocentric  latitude  P  S  L,  to 
the  tangent  of  the  geocentric  latitude  P  T  L. 

All  the  foregoing  rules  are  either  evident  conse- 
quences of  what  has  been  previously  demonstrated,  or 
are  readily  deduced  by  an  application  of  the  princi- 
ples of  plane  and  spherical  trigonometry,  to  the 
respective  triangles  in  the  figures  referred  to. 

b77.  These  calculations  being  very  tedious,  and 
requiring  a  considerable  portion  of  care  and  patience 
to  perform  them  accurately,  astronomers  have  con- 
structed^tables,  by  the  assistance  of  which  much  of 
this  labour  is  saved,  and  the  place  of  a  planet  found 
with  comparatively  little  trouble.  It  is  unnecessary 
to  explain  the  different  methods  which  are  re- 
sorted to,  in  order  to  facilitate  the  computation  of 
such  tables  ;  nor  is  it  necessary  to  give  precepts  for 
the  use  of  them  when  computed,  since  they  are  gene- 
rally accompanied  by  proper  directions.  The  tables 
of  the  planets  which  appear  to  be  most  useful,  are : 
the  mean  motions  in  current  years  ;  the  mean  mo- 
tions in  Julian  years  ;  the  mean  motions  in  months ; 
the  mean  motions  in  days ;  and  the  same  in  hours, 
minutes,  and  seconds :  the  equations  of  the  centre 
to  different  degrees  of  mean  anomaly ;  the  logarithms 
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jof  the  distances  from  the  sun  to  different  degrees  &f 
mean  anomaly ;  the  inclination  of  the  orbit,  its 
Teduction  to  the  ecliptic  ;  and  the  logarithm  of  cur- 
tation,  calculated  to  the  differences  between  the  helio- 
centric longitude,  and  the  longitude  of  the  ascendmg 
node.  A  very  useful  set  of  tables  of  this  kind,  toge- 
ther with  tables  of  the  mean  motions  of  the  sun  and 
moon,  and  some  proper  subsidiary  ones,  are  given  in 
^mall  compass  by  Mr.  Alcvander  Ezvino\  at  the  end 
of  his  FracticaL  Astronomy,  It  is,  however,  to  be 
lamented,  that  a  complete  and  extensive  set  of  tables, 
.agreeably  to  the  late  improvements  in  the  science,  is 
still  a  de.^kieratum. 

378.    ScHoi^iuM.  It  Y/ould  be   nnpardonabie  to 
close  a  chapter  on  the  determination  of  the  orbits  of 
.the  planets,  without  taking  specific  notice  of  a  disco- 
very which  does  so  much  honour  to  the  present  age  ; 
we  allude  to  that  of  the   Geohgian  P,lanet,  or 
UtiANiLS,  by  Dr.  Herschel,  a  gentleman  whose  cha- 
racter for  persevering  diligence  and  skill  will  ever 
rank  highly  in  the  annals  of  science.     It  is  needless 
to  enter  into  the  history  of  this  brilliant  discovery ; 
but,  as  it  led  to  various  investigations  and  calculations 
by  different  astronomei^s,  to  determine  the  elemeiits 
of  this  planet's  orbit,  and  as  an  account  of  some  one 
of  these  methods  may  tend  to  illustrate  different  pro- 
blems in  this  and  the  preceding  chapters,  a  concise 
idescription  of  the  investigation  pursued  by  Mr.  Robi' 
soii^  professor  of  natural  philosophy  m  the  university 
of  Edinburgh,  is  here  added.     Mr.  liohlson  founded 
his  investigation  upon  observations  of  the  times  of 
;nve    successive   oppositions,   the  first  happening  on 
jyQ.c.  21,  1781,  and  the  last  on  Jan.  8,   1786;  for, 
from  the  heliocentric  longitudes  and  latitudes  at  those 
times  he  determined  the  place  of  the  node,  and  the 
inclin  tion  of  the  orbit ;  and  thence  he  found  the 
arcs  described  in  the  orbit  between  the  respective 
oppositions.      Then  he  took  the  time  of  the  third 
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opposition,  wBIch  was  Dec.  3 1 ,  1783,  as  an  epocha 
to  which  the  other  observations  were  to  be  reduced^ 
and   fixing   upon  four  equal  intervals  of  time,  two- 
before  and  two  after  this  epocha,  he  calculated  the 
planet's  places  in  its  orbit  for  the  terms  of  these  inter- 
vals ;  but,  upon  comparing  their  differences,  found 
that  there  were  some  irregularities  inconsistent  with 
the  motion  of  a  body  in  an  ellipsis :  these  he  natu- 
rally ascribed  to  some  inaccuracy  in  the  observations, 
and  as  they  might  lead  to  great  errours  in  ascertain- 
ing the  elements  of  the  orbit,  he  thought  it  necessary 
to  apply  a  correction^    This  was  done   very  inge- 
niously, by  finding,  as  nearly  as  circumstances  would 
admit  of,  the  part  of  the  orbit  in  v/hich  the  planet 
was  at  the  times  of  the  observations,  and  then  by  de- 
termining the  law  followed  by  the  first  and  second, 
differences  of  the  angles  described  in  equal  times  by 
other  planets  in  similar  parts  of  their  orbits,  which  it 
was  fair  to  conclude  would  be  the  lav/  of  the  differ- 
ences of  the  new  planet.^    Now  he  found  that  in  simi- 
lar parts  of  the  other  planets'  orbits,  in  equal  intervals 
of  time  the  first  differences  decreased  very  slowly,  and 
the  second  differences   increased   very   slowly ;    he 
therefore  gave  to  the  first  differences  of  the  new 
planet's   motions   a   small  diminution,    and   to   the 
second  a  minute  increase,  and  this  without  altering 
any   of  the  longitudes  more  than  3^^,  which  must 
be  allowed  to  be  within  probable  limits.      In  this 
manner  he  obtained  the  times  corresponding  to  the 
above-mentioned  equal  intervals,  with  their  corrected 
longitudes,  and  thence  deduced  four  intercepted  arcs^. 
with  their  first  and  second  differences  ;  from  which 
he  thus  constructed  the  orbit  :• — 

379.  Let  A  C  P  (fig.  14,  PI.  IV.)  be  the  orbit,  F 
the  perihelion,  S  the  focus.  A,  B,  C,  D,  E,  the  places- 
of  the  planet  at  the  five  oppositions  ;  and  suppose  the. 
chords  and  radii  drawn.  Now,  if  we  conceive  the 
chords  A  C,  C  E,  to  be  bisected  by  the  radii  S  B,  S  D, 
m,x  sij^d  g,  then  by  Euc,  I.  38.  the  triangle  AS  x  = 
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C  S  .r,  and  the  triangle  B  .r  C  n  B  .r  A ;  and  in  pro- 
portion as  the  ellipsis  approaches  to  a  circle,  S.r 
becomes  nearer  a  perpendicular  to  C  A ;  conse- 
quently, the  chords  B  C,  B  A,  and  the  two  segments, 
will  be  very  nearly  equal ;  and  these  segments  being 
extremely  small  compared  with  the  triangles  C  S  B, 
A  S  B,  the  sectors  C  S  B,  A  S  B,  will  be  very  nearly 
equal ;  whence  the  times  from  A  to  B,  and  from  B  to 
C,  may  be  considered  as  equal,  without  any  material 
crrour,  and  therefore  B  will  be  the  place  of  the 
.planet  at  the  second  observation.  In  like  manner  it 
may  be  shewn  that  D  will  be  the  place  at  the  fourth 
observation.  Let  the  given  angles  be  denoted  thus  : 
ASBby  2/,  BSC  by  r,  CSD  by^r,  DSE  byy, 
A  S  E  by  IV y  and  C  S  E  by  s: ;  then  A  S  :  A\r  : :  sine 
A  .r  S  :  sine  u  ;  also  C  x  ox  Kx  -.  C  S  :  :  sine  x>  :  sine 
C  .r  S,  or  A  cr  S  ;  hence,  A  S  :  C  S  : :  sine  v  :  sine  w. 
In  a  similar  way  it  may  be  proved,  that  E  S  ;  C  S  : : 
sine  .1'  :  sine  y.  Hence  we  know  the  ratio  of  A  S, 
C  S,  and  E  S,  and  the  angles  between  them  ;  conse- 
quently, the  species  and  position  of  the  ellipsis  may  be 
found  as  in  Articles  310.  or  338.  342. 

380.  Although  the  errour  arising  from  considering 
the  chords  as  bisected,  is  so  very  minute  that  it 
might  safely  be  neglected  ;  yet,  as  the  greatest  accu- 
racy is  always  desirable  in  mathematical  enquiries, 
Mr.  Robison  has  given  the  following  method  of  cor- 
rection :  Bisect  A  E  in  F,  A  C  in  H,  C  E  in  G,  and 
draw  S  H  />,  S  F  c,  S  G  ^,  O  F  /•,  O  G  r,  O  being  the 
centre  of  the  ellipsis.  Since  the  angles  kOx\  cS  d, 
are  very  small,  the  triangles  c  F  k,c/G  v,  are  nearly 
similar ;  and  c  F,  d  G,  being  considered  as  versed  sines, 
they  will  be  very  nearly  as  the  squares  of  the  chords  ; 
hence  the  area  c¥  k  :  dGv:  :  c  F^  :  dG^  : :  A  E^  : 
C  E'.  Now  by  the  property  of  the  ellipsis,  the  area 
EYkzzAkY,  also  EF  S  z=  AFS;  consequently, 
SFkE  =  Ak¥S;  add  Tkc  to  each,  and  ScE  = 
Ak¥  S  +  ¥  kc  zzS  c  A,  +  2¥  kc;  therefore 
ScE  —  ScA=:2F^c;butasSCE~SCA, 
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therefore  ScE  —  ScA  =  2SCc,  and  of  course 
F  /c  c  =  S  C  c.  For  similar  reasons,  d  G  v  =  SD  d  ; 
but  since  S  D,  S  C,  are  nearly  equal,  C  c  :  T>  d :  : 
area  S  C  c  :  S  D  ^  :  :  F  A:  c  :  ^  G  t;  :  :  A  E*  : 
C.  E  *.  And  as  the  arcs  AC,  C  E,  are  very  nearly 
equal,  therefore  ^  F  =  C  r,  and  G  ^  zi  D^,  very 
nearly;  also  AE  :  C  E  :  :  2  :  i,  very  nearly;  and 
consequently  t  ¥  :  G  g  :  :  16  :  1  nearly.  And  in 
the  same  way  it  might  be  shewn  that  ^  F  :  H  ^  :  ; 
16  :  I. 
Now,  C  S  :  C  o"  :  :  ^ine  g  :  sine  j^ 

C  g -.'Kg  :  :  C  g  :Eg 
Also,   E  ,0-  :  E  S  :  :  sine  y  :  sine  g 
.  '  .    CS:ES;:C^X  sine  y  :E  g  X  sine  t. 
Let      C  S  :  c  S  :  :  sine  y  :  sine  a? 
Then  E  S  :  e  S  :  :  C  ^'- :  E  ^ 
and      ES  :E  e  :  :  E^:  C^— E  o*:  :E^:  2  G^. 
In  lilce  manner  make  C  S  :  aS  :  :  sine  zv  ;  sine  v, 
then  A  S  :  A  «  :  :  A  ^r  :  2  .i  H  :  :  E  »• :  2  G  ^-j  and 
Ee:Art::ES:AS  nearly;  but  E  S  ==  A  S  nearly, 
hence  E  e  ==  A  «  nearly. 
Assume  A  S  :  S  0  :  :  sine  z  :  sine  w 

but     S E  :  A S  :  :  E  ^  X  sine  zv  :  At  X  sine z 
.  • .    SEiSo: :Et :Al 
And        SE:Eo::E^:A/  — E^::A^:2^F 
nearly 
or      SE:  Eo  :  :  2E^:32^G::E^:  i5^ 

G  g  nearly 
but     Ee:Se::2G^::E^ 
hence    E  0  =  8  E  e  nearly. 

Make  A  S  :  S  i  :  :  sine  3:  :  sine  ro;  then  aSiSi: : 
AS  :  S  0,  and  Aa  :  i  0  :  :AS:  ^E.'.iozzAa 
or  E  e nearly,  and  ei  =  6 E  e nearly. 

Hence,  for  approximating  to  the  true  ratios  of  A  S 
and  G  S  to  C  S, 

Make      C  S  :  «  S  :  :  sine  w  :  sine  v 
C  S  :  e  S  :  :  sine  y  :  sine  jc 
e  S  :  rS  :  :  sine  zv  :  sine  z 
aS  :  2  S  :  :  sine  z  :  sine  zo 
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the  points  A,  C,  E,  will  be  in  the  circumference  of  an 
ellipsis,  whose  focus  is  S,  centre  O,  and  having  the 
sectprs  A  S  C,  C  S  E,  nearly  equal.  The  approxima- 
tion will  be  much  easier,  and  almost  as  accurate,  by- 
adding  4  (log.  o  S  —  log.  r  S)  to  log.  a  S,  for 
log.  A  S,  and  subtracting  2.  (log.  i  S  —  log.  e  S) 
from  log.  e  S,  for  log.  E  S.  Or,  by  adding  i  (log* 
eS  —  log.  i  S)  to  log.  a  S,  and  subtracting  it  from 
log.  eS.  Mr.  Roblson  calculated  the  aphelion  and 
perihelion  distances,  by  finding  the  value  of  i  -f  <? 
and  I  —  e  in  Arts.  338.  342. :  and  by  their  means  ob- 
tained the  mean  anomalies  corresponding  to  the  true 
anomalies  O  S  A,  O  S  E.  Then,  the  difference  of 
these  two  mean  anomalies  :  360  :  :  the  time  betzveen 
the  appulses  of  the  planet  to  the  points  A  and  E  :  the 
time  of  a  sidereal  revolution.  And,  the  square  of  a 
sidereal  year  :  the  square  of  a  sidereal  revolution  :  : 
1  :  to  the  cube  of  the  plane  f  s  mean  distance  from  the 
sun.  From  this  process  were  deduced  the  following 
elements : 
Mean  distance 

Excentricity  ♦  .  t 

Periodic  time 
Mean  anomaly  at  E 

Longitude  of  aphelion  \i-v  ^        '7 
Long.         of  node        ^  ^  ^^^^'  ^  ^ '  ^ 

Inclination  of  the  orbit         .  , 46  14 

Those  who  wish  to  see  the  whole  of  Mr.  Robison's 
ingenious  paper,  are  referred  to  vol.  I.  of  the  Edin' 
burgh  'iransactions, 
#  381.  These  elements  do  not  differ  widely  from 
those  deduced  from  the  investigations  of  other  astrono- 
mers :  Mechain  made  the  semi-axis  major,  19*07904  j 
excentricity,  '82034;  inclination  of  orbit,  43''  35'''.. 
Hennert,  semi-a^ds  major,  19*02765  j  greatest  equa^ 


19*08247 

0*9006 

^3'359  years. 

4^V32'  Si" 

II  23     9  51 

2  12  46  14 
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tlon,  4^  ^'^'  i&^ ',  inclination  of  orbit,  42'  13^. 
Dc  la  FUne,  semi-axis  major,  19*0818  j  excentricity 
m  seconds,  9815''';  inclination  of  orbit,  46'  i2^\ 
Dr.  Zach,  semi-axis  minor,  19*0602  ;  excentricity, 
•90804;  annul  heliocentric  motion  in  orbit,  4°  iS' 
^/^'i4Si  inclination  of  orbit,  46'  12''''. 

'A^'i.  This  new  planet  has  been  distinguished  by 
different  names.  Dr.  Herschel,  in  honour  of  his 
present  majesty,  called  it  gcorgium  s'ldiis  :  the  French, 
and  indeed  most  English  astronomers,  call  it  hersctiel, 
in  honour  of  the  discoverer :  other  names  have  been 
proposed,  such  as  ncptunet  cijbde,  astrta^  &c.  Bode 
gave  it  the  name  of  ouramis^  who  was  the  father  of 
satbrn,  as   saturn  was  of  jupiter.     Different  marks 

have  been  proposed  for  it.    In  France^  j  in  Eng, 

land,  ^.  7iY?e/z/e;' proposed  the  sign  of  the  new  metal 
platina  del  pinto  ;  which  sign,  with  the  name  aura- 
■71U.S,  have  been  adopted  by  the  Acddemy  royal  of 
Prussia,  and  introduced  into  its  astronomical  epheme- 
rides.  An  interesting  history  of  the  discovery  was 
presented  to  the  Brussels  Academy  of  Sciences,  in 
May,  1785,  by  Dr.  Zach,  and  is  inserted  in  the  first 
volume  of  the  Memoirs  of  that  academy.  And  a 
curious  paper  on  the  secular  variations  of  the  elements 
of  this  planet,  by  M.  da  Val  le  lloi,  may  be  found 
in  the  J'/emoirs  of  the  Berlin  Academy  of  Sciences^ 
from  1786,  to  the  end  of  1787  j  published  in 
1792. 

«*i;  Although  the  nineteenth  century  is  yet  in  its  infancy,  a 
circumstance  of  such  importance  in  the  history  of  science  has  al- 
ready taken  place,  as  induces  us  to  hope  that  this  century  also 
will  pay  its  proportional  tribute  to  the  fund  of  human  knowledge. 
On  the  1st  of  January,  1801,  M.  Piazzi,  astronomer  royfil»  at 
Pakrmo^  in  Sicily,  discovered  another  ■bki'HJIa.ky  planet  !  In  order 
to  preserve  the  honour  of  this  discovery,  as  well  as  the  observa- 
tions, to  himself,  he  kept  it  secret,  till  on  the  iitfTof  February 
fee  was  obliged  by  illness  to  discontinue  his  observations.    This 
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celestial  phenomenon  is  an  intermediate  planet  between  the  orbrti 
of  mars  and  jupiter,  and  appears  as  a  siar  of  the  eighth  magni- 
tude, being  probably  about  the  size  of  the  moon.  Its  distance 
from  the  sun  is  about  s-|  times  that  of  the  earth,  and  its  periodical 
time  nearly  four  years  and  two  months.  At  the  present  time 
(August  25),  it  is  very  near  the  star  ^  23  ;  and  \a  ill  soon  be  in  a 

good  situation  to   be  observed Since  the  arc  of  its 

orbit  through  which  this  planet  ran  during  the  period  it  was  ob- 
served by  Piazzi  was  but  small,  no  great  degree  of  accuracy 
can  be  expected  in  stating  the  elements  of  its  theory ;  the  follew- 
ing,  however,  are  the  most  exact  yet  known  : 

"  Place  of  the  ascending  node        .         .     a«  20'  58'  30' 
*'  Inclination  of  the  orbit      .         .         .  10    47      o 

*•■  Place  of  the  aphelium       .         .         .a      ^    59   37 
*'  Time  of  the  passage  through  the  aphe- 

*' lium,  January,  iSoi     .         .         .       1  "3.3  2 8 
*'  Excentricity     .....        o'0564. 
"  Log.  of  the  greater  semi-axis     .         .        0-4106386 
*'  Time  of  the  sidereal  per  od        .         .        4*  13  years." 
The  ai'.thour  begs  to  return  h"s  si.ncerest  thanks  to  his  learned 
and  excellent  friend  Dr.  Hutton  of  Woolwich,  for  communicating 
to  him  a  paper,  whence  the  abov^e  particulars  were  extracted. 

Mr.  Maclauri»j  and  other  philosophers,  expected,  nearly  one 
hundred  years  ago,  that  such  a  discovery  as  this  of  M.  Finzzi^ 
would  be  made  by  some  diligent  astronomer  :  and  the  opinion 
has  been  lately  revived  by  Mr.  Capil  Lcfft,  a  gentleman  well 
known  for  his  attachment  both  to  the  sciences  and  the  muses. 
In  the  Ne--w  London  Revie^v^  f  jr  March,  1800,  this  gentleman, 
in  a  critique  on  the  Athenian  letters,  ventured  to  offer  some  con- 
jectures respecting  an  intermediate  planet  between  mars  and  ju- 
piter, the  coincidence  of  which  with  the  new  discovery  is  very 
remarkable.  He  supposed  that  the  distance  of  the  intermediate 
planet  from  the  sun,  would  be  to  that  of  m.ars,  either  as  thirty- 
three  10  fifteen,  or  ss  twenty  to  fifteen;  the  midway  between 
which,  corresponds  nearly  with  the  fact :  with  respect  to  its  dia- 
meter, he  conceived  it  might  be  to  that  of  n-rars,  as  that  of  mars 
to  tlie  diameter  of  the  earth  ;  and  then,  being  not  much  more 
than  half  the  diameter  of  mars,  and  at  five  times  the  perigean 
distance,  it  would  be  seen  from  the  earth  under  an  angle  of  2  |'* 
or  3";  while  georgium  sidus  would  appear  under  an  angle  of  4'', 
These  lucky  conjectures  were  drawn  from  a  certain  kind  of 
Pythi'gorean  harmony^  and  are  ingeniously  defended  in  the  Review 
just  mentioned. 
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CHAPTER   Xlit 


On  the  apparent  and  real  Diameters  of  the  Sun  and 
Planets, 


Art.  383.  IT  is  obvious  from  the  principles  of 
optics,  that  the  determination  of  the  real  diameters  of 
the  heavenly  bodies  will  depend  conjointly  on  a 
knowledge  of  their  apparent  diameters,  and  their  real 
distances  from  the  earth.  For,  suppose  A  P  B  (fig.  2, 
PI.  V.)  a  section  of  such  body  made  by  a  plane  pass- 
ing through  the  place  O  of  the  eye,  and  the  centre 
C  of  the  body :  then  A  O  B  will  be  the  angle,  which 
will  measure  the  apparent  diameter  of  the  body;  this 
being  known,  A  O  C,  its  half,  will  be  known.  And 
A  O  being  a  tangent  to  the  surface,  the  angle  C  A  O 
will  be  a  right  angle ;  whence,  co-sine  A  O  C  :  sine 
A  O  C  :  :  A  O  :  A  C,  the  semidiameter  of  the  body. 
Now  A  O  or  O  C  may  be  found  by  articles  358. 
359.  375. ;  or,  when  the  body  is  in  opposition  or  con- 
junction with  the  sun,  by  taking  the  difference,  or 
sum  of  its  distance  from  the  sun,  and  the  earth's  dis- 
tance from  that  luminary,  according  to  the  respective 
cases ;  taking  care  to  attend  to  the  different  opera- 
tions required  for  a  superiour  and  inferiour  planet. 
And  as  to  the  apparent  diameters,  it  may  be  worth 
while  to  point  out  a  few  methods  of  ascertaining 
them. 

iSk  The  sun's  vertical  or  perpendicular  diameter 
may  be  found  by  two  observers  taking,  the  one,  th« 
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height  of  the  upper  edge  of  the  disc,  the  other,  that 
of  the  lower,  at  the  same  instant.  This  is  most  con- 
veniently done  when  the  sun  is  at  or  near  the  meridi- 
an ;  because  there  is  then  no  sensible  change  in  his 
altitude  during  the  space  of  two  or  three  minutes. 
The  height  of  each  edge  must  be  corrected,  by  al- 
lowing for  parallax  and  refraction  ;  and  the  apparent 
diameter  will  be  equal  to  the  difference  of  the  cor- 
rected altitudes  of  the  upper  and  lower  edge.  This, 
method  is  very  simple,  and  gives  the  apparent  dia- 
meter, with  exactness  proportional  to  the  accuracy* 
of  the  instruments  made  use  of. 

;385.  Another  method  of  determining  the  sun's 
apparent  diameter,  is  to  observe  by  a  good  clock  the 
time  in  which  the  sun's  disc  passes  over  the  plane  of 
the  meridian,  or  some  other  hour  circle.  At,  or  very 
near,  one  of  the  equinoxes,  when  the  sun's  apparent 
diurnal  motion  is  in  the  equator,  or  a  parallel  very 
near  it,  i>ay\  as  the  time  between  the  sim^s  leaxing  the 
7neri(/ian,  and  returning-  to  it  again  :  360^  :  :  the 
time  in  which  he  /ran sits  the  meridian  :  his  apparent 
semidiameltr.  At  any  other  time  of  the  year,  when 
the  sun  is  in  a  parallel  at  some  distance  from  the 
equator,  his  diameter  measures  a  gieater  number  of 
minutes  and  seconds  in  that  parallel,  than  it  would  do 
in  a  great  circle  (Art.  150.),  and  takes  up  propor- 
tionally more  time  in  passing  over  the  meridian ;  we 
may  then  use  this  analogy,  as  radius  :  co-sine  of  tha 
sun's  declination  :  :  the  time  in  zvhich  the  sun  tran- 
sits the  meridian^  cc-rtvoHed  into  motion,  at  tfie  rate 
of  four  minutes  in  time  to  1^.  :  the  arc  of  the  great 
circle  which  meamres  the  sun's  apparent  horizontal 
diameter.  This  method  may  be  easily  put  in  practice 
by  two  observers  ;  or  indeed  by  one,  if  he  have  an. 
half-second  pendulum  placed  near  enough  for  him  to 
hear  the  beats  of  it,  whilst  he  observes  the  transit.  ' 

380'.  Or  the  sun's  apparent  diameter  may  be  mea- 
sured by  means  of  the  projection  of  his  image  j  thus. 
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let  the  sun's  rays  be  admitted  into  a  dark  room, 
through  a  circular  a])erture  c  d^  the  diameter  of  which 
is  accurateiy  known  ;  the  rays  passing  perpendicu- 
larly through  this  oriiice,  will  fall  perpendicularly 
on  a  parallel  plane  (whose  distance  /  o  iVcm  the  ior- 
mer  must  also  be  known),  and  form  an  image,  the 
diamecer  of  which  is  a  b  (fig.  3,  PI.  V.).  Now,  the 
diameter  c  a  being  taken  from  a  / ,'  leaves  r  r,  half 
of  which  is  s  r  :  hence,  in  the  right-angled  triangle 
i  a  r  we  know  i  .y,  and  s  r,  and  from  thence  may  de- 
termine the  angle  s  i  r,  which  will  be  equal  to  the 
apparent  semidiameter  of  the  sun.  According  to 
s.ome  of  these  methods  the  sun's  diameter  has  been 
measured,  and  may  be  stated  at  a  mean  to  be  32''i|-'''. 
The  greatest  and  least  diatneters  -have  been  given  be- 
fore (Art.  304.}. 

3H7.  To  determine  the  apparent  diameter  of  a 
planet,  one  way  is  to  place  between  it  and  the  eye 
a  thin  plate  of  metal  with  a  small  circular  orifice  in 
it,  at  such  a  distance  from  the  eye  that  the  entire  disc 
of  the  planet  may  appear  exactly  to  fill  the  hole  j  and 
then,  by  measuring  the  diameter  of  the  hole  and  the 
distance  of  the  plate  from  the  eye,  to  determine  by 
trigonometry  tl)e  visual  angle  subtended  by  the  dia- 
meter of  the  aperture,  which  will  evidently  be  the 
same  as  the  apparent  diameter  of  the  planet.  An- 
other method  similar  to  this  is,  to  suspend  a  thread 
or  wire  of  known  diameter,  at  such  a  distance  from 
the  eye  that  it  may  just  hide  the  disc  of  the  planet, 
and  then,  after  measuring  the  distance  of  the  tliread 
from  tharcyc,  determine  trigonometrically  the  visual 
angle.  A  third  method  ii",  to  measure  the  picture  of 
a  planet  cast  through  a  telescope  upon  white  paper  in 
a  dark  room,  and  compare  it  with  that  of  the  sun  or 
moon  projected  in  the  same  manner.  But  to  men- 
tion no  more  such  uncertiun  methods,  the  diameters 
of  the  planets  aa-(2  best  taken  by  the  micrometer,  an 
jjjstrumeRt  so  contrived  that  two  parallel  wires  being 
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placed  in  the  focus  of  a  telescope,  one  fixed  and  the 
other  moveable,  or  both  moveable,  they  may  be 
made  to  approach  or  recede  one  from  the  other  till 
they  appear  to  touch  exactly  two  opposite  points  in 
the  disc  of  the  planet,  and  then  the  index  shews  the 
apparent  diameter  in  minutes  and  seconds.  The  ap- 
parent diameters  of  the  planets  when  at  about  their 
respective  mean  distances  from  the  earth,  are  as  fol- 
low :  mercury,  1 1^';  venus,  58'' ;  mars,  27'''';  jupiter, 
39''';  saturn,  18''';  georgium  sidus,  3'''  54'''.  And 
from  these  apparent  diameters,  and  the  respective  dis- 
tances from  the  earth,  the  diameters  of  the  sun  and 
planets  have  been  determined  in  English  miles  as 
here  stated  :  mercury,  3224  ;  venus,  7687  ;  mars, 
4189  J  Jupiter,  89170;  saturn,  79042;  georgium 
sidus,  351 12;  the  sun,  883246.  Observations 
upon  the  planets  herschel,  saturn,  jupiter,  and  mars, 
prove  that  there  is  a  sensible  difference  between  their 
equatoreal  and  polar  diameters  ;  and  it  is  probable 
that  there  is  a  like  difference  between  the  diameters 
of  the  other  planets,  but  this  has  not  yet  been  deter- 
mined by  observation. 

SS8.  Since  the  apparent  diameters  of  distant  bo- 
dies vary  inversely  as  their  distances,  we  may,  hav- 
ing the  distances  from  the  earth  at  which  the  respec- 
tive planets  subtended  the  above  angles,  and  know- 
ing their  mean  distances  from  the  sun,  find  the  mean 
apparent  diameters  of  all  the  planets,  as  seen  from 
the  sun  ;  they  have  been  thus  given  :  mercury,  20'''' ; 
venus,  30'''';  earth,  17"^;  mars,  10'''';  jupiter,  ^Y^  y 
Saturn,    16" ',  georgium  sidus,  ^". 

380.  To  measure  the  quantity  of  matter-  in  dis- 
tant bodies  appears  a  problem  of  insuperable  diffi- 
culty :  but  this  has  bedn  effected  to  a  considerable 
degree,  by  the  principles  of  the  Newtonian  philoso- 
phy. Since  the  quantity  of  matter  in  a  globe  is  pro- 
portional to  the  mean  density  multiplied  into  the 
cube  of  the  diameter,  and  the  diameters  of  the  pla- 
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nets  are  known,  the  mean  densities  are  all  that  are 
required  for  the  solution  of  the  problem.  Now,  in 
homogeneous,unequal,spuerical  bodies, thegravitieson 
their  surfaces  are  as  their  diameters,  when  the  densities 
are  equal ;  or  the  gravities  are  as  the  densities,  when 
the  bulks  are  equal :  therefore,  in  spheres  of  untijual 
viagnituda  ana  dcnsily,  the  gravity  is  in  the  com- 
•pound  ratio  of  the  diameters  and  densities  ;  or  the 
densities  are  as  the  gravities  divided  by  the  diameters. 
But  the  diameters  are  known,  and  the  gravities  at  the 
surface  are  nearly  found,  either  by  means  of  the  re- 
volutions of  the  satellites,  or  by  calculations  deduced 
from  the  effects  the  planets  are  found  to  produce  upon 
eachother;  consequently  the  relation  of  the  densities  be- 
comes known.  The  mean  density  of  the  earth  was 
calculated  by  Dr.  Huttun,  from  observations  made 
by  Dr.  Maskelyne  at  the  mountain  Sthehaliieji  ;  he 
made  it  to  that  of  water  as  9  to  2,  and  to  common 
stone,  as  9  to  5,  on  the  supposition  that  the  hill  is 
only  of  the  density  of  common  stone.  He  also  states 
the  mean  densities  of  the  sun  and  planets  to  that  of  wa- 
ter, thus:  sun,  i-rTJ  mercury,  9^;  venus,  5*4  > 
earth,  4f ;  mars,  34-;  jupiter,  i,^  ;  saturn,  Oy|; 
and  georgium  sidus,  o  /-oV  These  densities  are  such 
as  the  bodies  would  have  if  they  were  homogeneal ; 
and  may  be  admitted  as  a  fair  estimate  of  the  whole, 
although  the  density  of  each  planet  may  vary  consi- 
derably at  different  distances  from  the  surface.  From 
the  densities,  as  thus  estimated,  and  the  known  dia- 
meters, we  may  readily  find  the  proportions  of  the 
quantities  of  matter ;  they  are  as  under  :  the  sun, 
333928  ;  mercury,  1654  ;  venus,  '8899  ;  the  earth, 
i;  mars,  •0875;  j^ipiter,  3"i2*i  ;  saturn,  9776  j 
georgium  sidus,   16*84. 


(    £-^8    ) 


CHAPTER    XIV. 


On  the  Rotations  of  the  Sun  and  Planets^  and  th4 
Inclinations  of  their  axes. 


Art.  SQO.  BESIDES  that  motion  of  the  planets 
by  which  they  move  round  the  sun  in  elliptical  orbits, 
most  of  them,  and  from  analogy  we  conclude  all  of 
them,  have  another  motion,  which  causes  them  to 
turn  round  on  their  axes  :  this  motion  is  called  their 
rotation.  After  attentive  observations  on  the  planets, 
and  indeed  on  the  sun  also,  it  will  be  found  that 
there  are  dark  spots  on  their  discs,  of  different  shapes 
and  sizes ;  it  will  be  seen  likewise,  that  these  spots 
change  their  apparent  places^  and  pass  from  one 
side  of  the  body  to  the  other ;  that,  after  disappear- 
ing fo  a  rather  longer  time  than  they  were  visible, 
they  again  become  visible  on  the  side  where  they 
were  first  seen,  and  again  pass  over  the  disc,  as  be- 
fore ;  that  their  apparent  velocities  continue  to  in- 
crease till  they  arrive  at  the  middle  of  the  disc,  after 
which  they  gradually  decrease,  and  are  slowest  just 
before  they  are  hidden  from  view ;  that  these  spots 
appear  to  widen  a«  they  advance  irom  the  margin 
towards  the  middle  of  the  disc,  where  they  appear 
most  round  and  broad,  and  as  they  approach  the 
edge  they  become  oblong  and  slender  :  from  these 
observations  it  is  concluded,  that  the  spots  adhere  in 
some  manner  to  the  sun  and  planets,  and  that  their 
apparent  motion  and  change  of  magnitude  are  occa» 
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fioned  by  the  real  motion  of  the  bodies  on  which 
they  are. 

:5[)\,  The  physical  nature  and  cause  of  these  mo- 
tions, or,  as  they  are  called,  duiriial  rotatlouy,  will 
be  in  some  degree  evinced  from  the  following  con- 
siderations :  If  a  sphere  of  homogeneous  matter, 
placed  in  an  mi  resisting  m-edium,  receive  at  the 
game  time  one  or  several  impulses  in  the  plane  of 
the  same  great  circle,  and  in  directions  oblique  to 
jts  surface ;  these  impulses  will  give  that  sphere  two 
motions,  the  one  a  uniform  rotation  about  the  axis 
of  that  great  circle,  which  preserves  a  constant  situ- 
ation ;  the  other,  an  equiilly  uniform  translation  in 
the  plane  of  that  great  circle.  For,  let  E  B  N  i^fig. 
4,  PI.  V.  I  be  the  plane  of  a  great  circle  of  a  sphere 
(which  call  the  plane  of  it^  cnuator),  and  let  AB 
represent  the  direction  and  action  of  a  power  in  that 
plane :  it  is  manifest,  that  if  A  B  had  been  in  the 
direction  of  one  of  the  axes  of  the  globe,  and  con- 
sequently perpendicular  to  the  surface,  the  action  of 
that  power  v/ould  have  caused  the  globe  to  move 
uniformly  in  that  direction  ;  but  A  B  being  oblique 
to  its  surface,  it  follows,  from  the  composition  and 
resolution  of  forces,  that  its  effort  must  be  divided 
into  two,  the  one  B  O  perpendicular  to  its  surface, 
the  other  B  FI  a  tangent  thereto  ;  so  that  the  two 
right  lines  B  O,  B  H,  become  sides  of  a  parallelo- 
g'ram  H  O,  the  diagonal  of  which  is  B  I  =  A  B.  Now 
B  O  expresses  that  part  of  the  effort  A  B  which  im- 
pels the  globe  uniformly  in  the  direction  B  L,  which 
is  in  the  plane  of  the  equator  (Art.  267.)  ;  and  BH 
expresses  the  part  of  the  effort  A  B  that  imparts  to 
the  point  B  of  the  globe's  surface  a  tendency  to  re- 
cede from  the  centre  C  along  the  tangent  BH. 
This  effort  BH,  then,  is  like  a  uniform  projectile 
force  impelling  B  towards  H.  But,  because  of  the 
connection  and  reaction  of  all  the  parts  of  the  globe, 
\\iQ,  point  B  returns  as  much  towards  the  centre  C, 


250  On  the  Rotations 

as  the  effort  B  H  tends  to  make  it  depart  from  it  t 
iherefore  the  point  3  must  turn  in  a  circular  uniform 
manner  about  the  centre  C,  or,  which  amounts  to 
the  same,  about  the  axis  pa'-ising  through  C,  per-^ 
pendicular  to  the  plane  of  E  B  N  ;  hence  the  acdon 
of  the  power  A  B  causes  the  globe  to  turn  uniformly 
about  its  axis  perpendicular  to  the  plane  of  the 
equator,  and  at  the  same  time  to  advance  uniformly 
m  the  direction  of  the  same  plane.  But  if  the  globe 
in  this  situation  receive  another  impulse,  expressed 
both  with  regard  to  force  and  direction  by  1)  E,  in 
the  plane  of  the  same  equator  \  this  new  force  must 
also  be  divided  into  two,  the  one  E  P  impelling  thq 
globe  uniformly  in  the  direction  E  K  with  a  velocity 
expressed  by  E  P ;  the  o':hcr  E  F  tending  to  make 
the  globe  turn  uniformly  about  the  axis  of  that 
equator.  iS  ow,  m.aking  C  K  =^  E  P,  and  C  L  = 
B  O,  the  globe  is  urged  by  two  uniform  forces  of 
translation,  expressed  by  C  K,  C  L  :  therefore  it  will 
move  uniformly  through  the  diagonal  C  M,  which  is 
in  the  plane  of  the  equator  ;  turning  at  the  same 
time  uniformly  on  the  axis  of  the  equator  with  a 
motion  imparted  by  the  force  E  F  +  BH,  expressing 
the  sum  of  E  F,  B  H,  because  those  forces  conspire 
to  produce  the  same  effect,  and  are  situated  in  the 
same  manner  with  respect  to  the  surface  of  the 
globe.  Elence  it  appears  that  the  more  oblique  the 
direction  of  the  acting  power  is,  that  is,  the  more 
the  angle  A  BH  exceeds  a  right  angle,  the  swifter 
is  the  motion  of  rotation  in  proportion  to  that  of  trans*, 
lation. 

3«/C.  It  may  be  easily  shewn,  that  the  different  inv 
pulses  of  a  central  force  acting  on  a  globe  that  already 
has  amotion  oi'  rotation,  and  a  uniform  motion  of  trans- 
la  ion,  affect  only  the  latter,  in  whatsoever  plane  of 
a  great  circle  the  central  force  acts  :  thus,  if  a  globe 
P  IQJC  (fig.  5,  PI.  V.\  while  revolving  on  its  axis 
P  Q^,  should  be  impelled  by  a  central  fpice  in  anv 
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dinection  C  S  passing  through  its  centre,  and  con- 
sequently perpendicular  to  its  surface,  it  is  evident 
that  its  whole  effect  on  the  two  equal  hemispheres 
i  OK,  K  P 1,  whereon  it  acts  equally,  is  only  to  di- 
rect them  towards  the  point  S.  Therefore  that  fore? 
must  necessarily  accelerate  or  retard  the  motion  of 
translation,  according  as  it  conspires  with  It,  or  acts 
contrary  to  it,  and  may  continually  change  its  direc- 
tion and  cause  the  globe  to  describe  a  curve  without 
altering  the  motion  of  rotation,  which  continues  uni- 
form in  the  same  plane  about  the  same  axis  situated 
as  before.  Hence  it  appears  that  a  uniform  projectile 
force,  and  a  constant  central  force,  are  all  that  are 
necessary  to  account  for  both  the  diurnal  and  an- 
nual revolutions  of  the  planets ;  it  also  appears,  that 
the  inequahties  of  the  annual  motions  do  not  pre- 
vent or  impede  the  uniformity  of  the  diurnal  mo- 
tions; these  inequalities  arising  only  (Art.  281.;  from 
a  central  force  varying  inversely  as  the  squares  of  the 
distances. 

393.  To  determine  the  periods  in  which  the  diur- 
nal rotations  of  the  sun  and  planets  are  performed, 
observations  must  be  made  upon  the  spots  on  their 
respective  surfaces ;  and  the  times  of  rotation  may 
be  found,  either  by  observing  the  arc  of  the  small 
circle  described  by  any  spot  in  a  given  time,  and  then 
by  proportion  finding  how  long  time  would  be  occu- 
pied in  describing  the  whole  circle ;  or,  by  observing 
the  return  of  a  spot  to  the  same  position  with  respect 
to  the  earth.  The  position  of  any  one  spot,  observed 
at  three  separate  times,  will  determine  the  position  of 
the  great  or  less  circle  in  which  it  moves,  and  thence 
the  position  of  the  axis.  The  method  of  determining 
these  particulars  may  be  exemplified,  by  pointing  out 
the  steps  which  have  been  pursued  to  ascertain  the 
time  of  the  sun's  rotation,  and  the  inclination  of  its 
axis.  Here,  in  the  first  place.  It  Is  necessary  to  find, 
from  the  right  ascension  and  declination  of  a  spot  on 
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the  sun,  also  the  right  ascension  and  declination  oMhe 
sun's  centre,  the  ^^:;oceJirric  hNgitude  ami  latumt  of 
■the  -'jpo!,  and  thence  its  heliocentric  position.  To 
perform  this,  suppose  EC  (tig.  6,  Pi.  V.;  to  be  the 
ecliptic,  E  Q^the  equinoctial,  S  thecentreof  the  sun's 
disc  B  D,  c  a  spot  thereon  :  then  drawing  r  S  and  -•  a 
secondaries  to  the  equator,  and  S  ;.•  paraUcl  to  it ; 
also  letting  fall  a  a  perpendicular  to  the  ecliptic,  and 
joining  S  e,  we  know  /  o  the  observed  diilerence  of 
the  right  ascensions  of  the  spot  and  sun's  centre,  and 
t  a  the  difference  of  their  declinations  ;  and  from 
these  we  are  to  find  eu  the  latitude  of  the  spot,  and 
S  u  the  difference  between  its  lon^^-itude  and-  that  of 
the  sun's  centre.  Now  it  is  evident,  from  the  prin- 
ciples of  spherics,  that  ^  a  zz  o  i  X  co-sine  So; 
wherefore,  in  the  triangle  S  e  a,  right-angled  at  a^ 
we  know  S  a  and  e  a,  from  which  S  c  and  the  other 
angles  are  found.  Also,  in  the  triann-Ie  E  S  'u  ri<Tht- 
angled  at  o,  E  o  and  o  S  are  known,  the  one  being  the 
sun's  R.  A.,  the  other  his  declination,  from  which, 
either  with  or  without  the  angle  S  E  o  the  obliquity 
of  the  ecliptic,  we  find  the  angle  o  S  E,  and  this  taken 
from  the  right  angle  o  S  ;.',  leaves  u  S  a  ;  but  i'  S  ^r  is 
known  from  the  triangle  S  e  a,  consequently  e  S  u  is 
known.  Therefore,  in  the  triangle  c  S  u,  right-angled 
at  u,  we  know  S  e  and  the  angle  e  S  // ;  from  which 
we  find  S  u^  the  difference  of  the  geocentric  longi- 
tudes, and  c  It  the  difference  of  the  geocentric  lati- 
tudes;  and  thus  may  the  position  of  a  spot  be  ascer- 
tained at  any  time,  as  seen  from  the  earth.  But  we 
must  find  the  position  a.s  seen  jrom  the  centre  of  the 
.vi;i ;  in  order  to  v%^hich,  let  B  /;  D  /n  (fif^  7,  Pi.  V.) 
t>e  the  projecdon  of  the  sun's  disc,  S  its  centre,  e  .the 
-spot  on  its  surface,  and  B  D  the  ecliptic  ;  then  e  /  is 
the  observed  geocentric  latitude  of  the  spot,  and  /S 
the  difference  between  its  longitude  and  that  of  the 
sun's  centre,  corresponding  with  e  u  and  S  u  in  fig.  6, 
Now  the  arc  of  a  great  circle  between  S,  the  point  qu 
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tlie  sufi's  surface  where  the  earth  is  vertical,  and  e  the 
place  of  the  spot,  is  projected  into  its  sine  S  c.  To 
find  this  arc,  suppose  E  the  place  of  the  earth,  E  ^  a 
tangent  to  the  sun's  disc  ;  then  a  h  will  be  the  appa- 
rent semidiameter,  and  c  d  being  drawn  parallel  to 
IT>,  c  d  wiH  be  the  apparent  distance  of  the  spot  from 
the  centre  :  the  triangle  S  E  />  is  right-angled  at  hy 
consequently  the  angle  b  S  E,  or  the  arc  /;  D  which 
measures  it,  is  the  complement  of  the  sun's  apparent 
semidiameter  j  and  therefore,  as  a  h  the  observed 
semidiameter  :  the  sine  of  the  arc  Z'  D  : :  c  d^  the  , 
observed  distance  of  the  spot  from  the  centre  :  the 
sine  of  the  arc  d  D  ;  that  is,  the  arc  whose  sine  is  S  r. 
The  angle  e  S  /  iii  the  projection  is  evidently  equal  to 
that  formed  by  the  great  circles  upon  the  surface  of 
the  sun  ;  and  therefore,  as  this  angle  may  be  eavsily 
computed  by  the  rectiline  triangle  e  S  /,  by  adding 
in 'S  I  =  90^  we  get  m  S  e,  m  being  the  pole  of  the 
ecliptic  on  the  sun's  surface  :  we  also  have  in  S  = 
90°,  and  Se  the  arc  found  by  the  above  analogy; 
whence,  knowing  two  sides  of  a  spherical  triangle 
m  S  e,  and  the  angle  they  include,  we  find  m  e  the 
third  side,  and  the  angle  S  /.v  c  :  but  the  difference 
between  -in  e  and  m  t'  (=  90°)  is  v  e  the  heliocentric 
latitude  of  e  ;  and  S  being  the  point  on  the  disc  to 
which  the  earth  is  vertical,  its  longitude  seen  from 
the  sun's  centre  is  the  same  as  that  of  the  earth  (i,  e. 
differing  by  six  signs  from  the  longitude  of  the  sun*s 
centre  at  the  earth),  it  is  therefore  known  ;  and  being 
increased  or  lessened  by  the  angle  S  m  e^  according 
as  /  is  to  the  east  or  west  of  S,  we  have  the  longi- 
tude of  e  seen  from  the  sun's  centre.  After  a  simi- 
lar manner  we  m^y  determine  the  heliocentric  posi- 
tion of  any  spot. 

:iy4.  The  heliocentric  position  of  the  same  spot 
being  known  at  three  separate  times,  we  may  from, 
thence. find  the  hic/matiGn  of  the  sui/'s  iwii;  or  its 
efjuaio)',  to  the  ecliptic^  and  the  ascending  node  of 
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the  equator :  thus,  let  Qji  R  N  (fig.  9,  PI.  V.)  fetf 
the  sun*s  equator,  P  its  pole,  E  S  N  the  ecliptic,  p  its 
pole  on  the  sun's  surface,  N and  7/ the  nodes  of  the  sun*s 
equator  ;  through  /;  P  describe  the  great  circle  /;  P  ty 
•which  passing  through  the  poles  of  the  ecliptic  and 
solar  equator,  must  intersect  each  at  the  distance  of 
90°  from  either  node  N  or  n;  therefore,  when  the 
longitude  of  P  or  t  is  found,  that  of  N  or  n  becomes; 
known.  Now,  by  the  method  explained  in  the  last 
article,  yjM,  p  N,  /;  O,  will  be  found  ;  as  also  M/?  N, 
N/^O:  and  in  the  triangles,  P/;M,  P/^N,  P/)  O, 
P  O,  P  N,  P  M,  are  equal  to  each  other,  and  V p 
common  ;  therefore  two  sides  of  each  triangle  are 
constant,  and  the  third  varies  by  a  finite  quantity, 
in  which  case  M.  Cagnoli  gives  the  following 
solution*.  Taking  any  two  of  these  triangles, 
Py;M,  P/;N,  he  proves  that,  sine  |  x  /J N — pM. 
:  tang.  ^  M  /^  N  :  :  sine  {  X  N  /?  +  M  /;  :  co-tan.  | 
X  P  M  /^  +  P  iN  p  ;  in  like  manner,  from  the  tri- 
angles P/j  N,  Py;  O,  we  get  PN  /)  -f  P  O  p.  There- 
fore, if  we  put  L,  L',  V',  for  the  observed  longi- 
tudes of  the  spot  at  M,  N,  O,  and  D,  D',  D^',  for 
PM,    PN,    PO;  also  a=^  i.FWJ+ FN p,  b  = 

then 


z 

z 

.PM/j  + 
tang,  a : 

PO;^, 

sine  i 

and 
X  D  - 

^=|.PN/.+ 

-  IJ  X  co-tan.  h  X 

P 

L' 

0 

L 

— 

pine  \  X  D'  -f  D 

. ..  ..        ^.  , .  X  L"  —  L 

o*  sine  T   X  B"  -r  D 


sine*  X  JJ"  —  D'  X  co-tan.  \  X  L" 

S*  ^  ~  sine  i  X  D"  -f  D' 


Also,  tang,  t  O  /jN  :  tang.  tXPN/j  —  PO/;: 


tang.  Py;  O  -f- 1 0;;  N  :  tang,  t  X  P  N  /?  +  P  O;?, 
where  all  the  terms  are  known,  except  the  third,  of 

*  See  Mr.  Vince's  Complete  System  of  Aatrommj^  vol.  I,  p.  223. 
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which  one   part   0/;N  is  L''  —  U  ;    hence  tang. 

p'/;0  +  t  X U^V  —  tang.  I  X  U—U  x  tang. 
c  X  co-tan  a  —  h,  which  pat  =  tang,  t,  and  there 
arises  P/;  O  4- 1  X  h''-^U  zz  j:  ;  to_each_side  of  this 
equation  let  there  be  added  t  X  LM^  L',  and  ths 
sum  gives  P/;  O  -|-  U  =  .v  +  f  .T/~  L',  the  longi- 
tude of  the  pole  P  or  of  t,  to  which  add  gcP,  the 
sum  is  the  longitude  of  the  node  N. 

To  determine  P  /;,  put  P  =  the  longitude  of  the 
pole  P,  then  P/;  O  =  P  —V  z=  S,  and  P  O  /j  =  ^ 
-f.  c  —  a  =  d ;   consequently    th j    tangent   of    hulf 

the  difference  of  PM  and  P  /;  is  —''—. --=; 

^  sine  i  b  +  a 

=  tang.   ?/,  and   the  tangent    of  half   the  sum  is 

tang:.  4  J^"  X  co-sine  ^  .b  —  d         ^  *1,„„   ^    « 

— 2:—^ ■_ r==^r =  tang,  z  :  then  z  -i-  1/  =i^ 

co-sine  i  -S  -f  c/ 

PM  (P  M  being  greater  than  P  /; ',  and  z  c/3  y  =  P  /» 
the  arc  measuring  the  inclination  of  the  solar  equa- 
tor to  the  ecliptic.  If  6-  be  greater  than  1 80*^,  in- 
ftead  of  s  use  360''  —  s,  and  the  same  for  (f.  But  if 
(I  be  less  than  90°,  then  P/>  ==  180" —  ^  +  j/>  ^^<^ 
PM  =  i8o'='-- TTol/. 

3^)5.  As  it  is  difficult  to  determine  exactly  the  si- 
tuation of  the  spots,  it  is  advisable,  in  order  as  far 
as  possible  to  reduce  the  errours,  to  take  the  incli- 
nation, and  the  place  of  the  node,  at  a  mean  of  the 
results  deduced  from  a  great  number  of  observations. 
In  this  way,  the  nodes  are  found  to  be  in  2*  17^  ^2)' 9 
and  8*  ly'^  ^t^',  and  the  incUnation  of  the  equator  to 
the  ecliptic  7°  16' ,  or  inclination  of  the  axis  to  the 
ecliptic  82°  44'.  When  the  earth  is  in  the  nodes  of 
the  sun's  equator,  which  it  is  about  the  beginning  of 
June  and  December,  it  being  then  in  its  plane,  the 
spots  appear  to  describe  right  hues ;  but  as  the  earth 
recedes  from  the  nodes,  the  path  of  a  spot  becomes 
more  and  more  elliptical,   until  the  distance  of  the 
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earth  from  the  nodes  is  90*^,  when  the  minor  axis  of 
the  ellipsis  is  a  m'/.vimUiji ;  this  happens  about  the 
beginninp^  of  March  and  September. 

3-y(\  The  time  of  rotation  has  been  sometimes  de- 
termined in  the  following  manner :  The  interval  of  time 
in  which  a  spot,  after  having  left  any  point  on  the  disc, 
arrives  at  the  same  point  again,  has  on  a  mean  of 
many  observations  been  found  to  be  2y^  12^20"^; 
and  in  this  interval  the  earth  was  found  to  describe 
the  angular  motion  of  i^P  -21'  about  the  sun's  cen- 
tre: therefore,  as  360°+  26°  22'  :  360°  :  :  27''  12^ 
20"  :  25'  15'''  16"^,  the  time  of  a  complete  rotation 
on  its  axis.  But  M.  Ca-'-shii,  to  ascertain  the  time, 
proceeded  in  a  manner  som.ewhat  different :  he  de- 
noted the  interval  in  which  a  spot  returns  to  the  same 
situation  upon  the  sun's  disc  by  ,  the  true  motion  of 
the  earth  in  that  time  by  ni,  and  its  mean  motion 
by  // ;  then  360^  +  m  :  360^  +)/::(:  the  time  of 
return,  had  the  motion  been  uniform;  this  is  set 
down  at  27"^  12''  20  as  above.  In  this  period  the 
earth's  mean  motion  is  27°  y'  8''':  wherefore  360"^. 
-f-  27°  /  8'^  :  360°  :  :  27^  12'  20"  :  25^  14''  8"  the 
time  of  rotation.  The  time  might  also  be  ascer- 
tained, by  finding  the  degrees  in  the  arc  M  N  O  of 
the  small  circle,  and  the  time  of  describing  that  arc  ; 
then,  the  arc  MO  :  360°  :  :  time  of  describing  MO  : 
the  time  of  a  revolution  about  the  axis.  But,  on 
account  of  the  difficulty  of  determining  accurately 
the  arc  M  O,  the  method  of  Cassbu  just  before 
given  is   probably  more  to  be  relied  upon  \ 

397.  Respecting  the  nature  of  these  spots  on  the 
surface  of  the  sun,  many  widely  different  opinions 
have  been  entertained  :  /Schciuer,  who  gave  an  ac- 
count of  them  in  his  Ro,sa  Urnna^  published  in 
1612,  supposed  them  to  be  bodies  of  very  irre- 
gular figures  revolving  about  the  sun,  very  near  to 
it.  He  has  given  a  description  of  near  2000  obser- 
vations on  these  spots,  from  which  we  learn  that  he 
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frequently  saw  50  of  them  at  once,  yet  for  nearly 
20  years  scarcely  any  appeared.  So  that  his  theory 
is  not  very  consistent  with  his  own  statement  of  the 
facts ;  which  was  speedily  shewn  by  Galileo,  M. 
de  la  Laiidt  supposes  that  the  sun  is  an  opaque  body 
covered  with  liquid  fire ;  and  that  the  spots  arise 
from  the  dark  parts,  like  rocks,  which,  by  the  alter- 
nate flux  and  reflux  of  the  Hquid  igneous  matter, 
are  sometimes  raised  above  the  surface.  Dr.  tV'Usoit 
opposes  this  hypothesis,  and  gives  it  as  his  opinion, 
that  the  spots  are  excavations  in  the  luminous  matter 
of  the  sun.  But  Dr.  Hersdiel,  with  a  view  of  as- 
certaining more  accurately  the  nature  of  the  sun, 
made  frequent  observations  upon  it  from  the  year 
1779  to  the  year  1794.  He  imagines  that  the  dark 
spots  on  the  sun  are  mountains  on  its  surface,  which, 
considering  the  great  attraction  exerted  by  the  sun 
upon  bodies  placed  at  its  surface,  and  the  slow  revo- 
lution it  has  upon  its  axis,  he  thinks  may  be  more 
than  300  miles  high,  and  yet  stand  very  firmly.  He 
says  that  in  August,  1792,  he  examined  the  sun  with 
several  powers  from  90  to  500  ;  and  it  evidently  ap- 
peared that  the  dark  spots  are  the  opaque  ground 
or  body  of  the  sun ;  and  that  the  luminous  part  is 
an  atmosphere,  which,  being  intercepted  or  broken, 
gives  us  a  view  of  the  sun  itself.  Hence  he  con- 
cludes that  the  sun  has  a  very  extensive  atmosphere, 
which  consists  of  elastic  fluids  that  are  more  or  less 
lucid  and  transparent  j  and  of  which  the  lucid  ones 
furnish  us  with  light.  This  atmosphere,  he  thinks, 
is  not  less  than  1843,  ^°'*  more  than  2765  miles  in 
height;  and  he  supposes  that  the  density  of  the  lumi- 
nous solar  clouds  need  not  be  much  more  than  that 
of  our  aurora  horeal/i;  in  order  to  produce  the  ef- 
fects with  which  we  are  acquainted.  The  sun  then, 
if  this  hypothesis  be  admitted,  is  similar  to  the  other 
globes  of  the  solar  system,  with  regard  to  its  solidity 
— its  atmosphere — its  surface  diversified  with  moun- 

s 
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tains  and  valleys — its  rotation  on  its  axis—and  the 
fall  of  Heavy  bodies  on  its  surface ;  it  therefore  ap- 
pears to  be  a  very  eminent,  large,  and  lucid  planet, 
the  primary  one  in  our  system,  disseminating  its  light 
and  heat  to  all  the  bodies  with  which  it  is  connected. 
The  doctor  has  assigned  several  reasons  for  this  hy- 
pothesis, which  may  be  seen  at  large  in  the  Philoso- 
phical Transactions  ior  1795  *• 

"39^,  Astronomers  have  not  been  able  to  deter- 
mine decisively  either  the  times  of  rotation,  or  the 
inclination  of  the  axes,  of  mercury  t  and  georgiiwi 
sit/as :  for  no  spots  have  been  discovered  in  the  for- 
mer, to  lead  to  the  determination  ;  and  the  latter  is 
at  so  great  a  distance,  that  even  the  best  telescopes 
have  not  enabled  any  person  to  ascertain  these  parti- 
culars. 

399"  Both  bright  and  dark  spots  have  been  dis- 
covered on  the  disc  of  veniis :  from  several  succes- 
sive observations  on  theses  pots,  Bianchini,  concludes 
that  the  planet's  rotation  is  performed  in  243-  daysj 
wjhile,  on  the  contrary,  Cassiniand  Cainpani  stated 
the  time  of  rotation,  23''  16"*.  This  is  nearly  con- 
firmed by  Schroeter,  who  makes  the  time  23*1  21'". 
But  Dr.  Herschel,  from  the  result  of  a  long  series 
of  observations,  between  the  years  1777  and  1793, 
observes,  that  the  time  of  the  planet's  rotation  is  un- 
certain ;  that  the  position  of  its  axis  is  also  very  un- 

*  Or  the  reader  may  be  referred  to  Part  I.  of  Mathematical  and 
Vhihsophkal  Tracts  and  Selections,  lately  published,  where  this  and 
many  other  valuable  papers  extracted  from  expensive  works,  majr 
be  j)rocured  at  a  moderate  rate. 

-j-  M.  Jerome  de  la  Lande  in  his  liiston/  of  Astronomy  for  tlit 
year  1800,  informs  us,  that  M.  Sc/iroeter  of  Lilienthal  has  some  ob- 
servations of  Mercury,  of  which  he  believes  the  period  of  rotation 
lo  be  24  hours  5  minutes.  And  with  respect  to  georgium  sidus. 
Dr.  Herschel,  in  Phil.  Trans.  1798,  remarks,  that  many  observa- 
-tions  with  different  instruments  ascertain  the  flattening  of  the 
poles  5  whence  we  snay  conclude  without  hesitation,  that  this  pla- 
Tic't  also  has  a  rotation  on  its  axis  of  a  considerable  velocity,  ai- 
though  the  precise  iime  of  rotation  is  not  yet  known. 
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certain ;  that  its  atmospl^ere  is  very  considerable  ; 
that  it  has  probably  ineqi!ialities  on  its  surface,  but 
that  no  eye  which  is  not  considerably  better  than  his, 
or  assisted  by  better  instruments,  will  ever  get  a 
sight  of  its  mountains :  he  also  infers  from  the  ap- 
parent diameter  of  this  planet,  that  it  is  somewhat 
larger  than  the  earth,  instead  of  being  less,  as  is  ge- 
nerally imagined. 

400.  M.  Cassini  observed  several  spots  on  mars., 
which  he  found  made  one  revolution  in  24''  40"" : 
this  determination  is  confirmed  by  Maraldi,  Dr. 
Herschel  finds  the  time  to  be  24'*  39°"  22*.  In  the 
Philosophical  Transactions  for  1784,  the  same  gen- 
tleman has  given  a  paper  on  the  remarkable  appear- 
ances at  the  polar  regions  of  this  planet,  &c.  He 
observed  several  remarkably  bright  spots  near  each 
pole  which  had  some  small  motion ;  the  results  of 
his  observations  are  as  follow :  inclination  of  axis  to 
the  ecliptic  59°  22' ;  the  node  of  the  axis  is  in  K  17' 
47' ;  obliquity  of  the  planet's  ecliptic  28°  42'.  The 
point  aries  on  mars*s  ecliptic,  answers  to  our  ^19*^ 
^2%',  The  equatoreal  is  to  the  polar  diameter,  nearly 
as  16  to  15. 

401.  Jupiter  is  surrounded  by  faint  substances, 
called  zones  or  belts,  in  which  so  many  changes  ap- 
pear, that  they  are  generally  supposed  to  be  clouds : 
they  have  sometimes  been  observed  of  different 
breadths,  and  afterwards  have  all  become  nearly  of 
the  same  breadth :  large  spots  have  been  seen  in  these 
belts ;  and  when  a  belt  vanishes,  the  contiguous 
spots  disappear  with  it.  The  broken  ends  of  some 
l^elts  have  often  been  observed  to  revolve  in  the  same 
time  with  the  spots ;  only  those  nearer  the  equator 
in  somewhat  less  time  than  those  nearer  the  poles. 
Dr.  Smith  states  the  periodical  time  of  the  spots  near 
the  equator,  at  9'^  50™,  but  of  those  near  the  poles, 
at  9**  ^6^ :  this  corresponds  very  nearly  with  the 
determination  of  Cassini.    Dr.  Herschel  also  found 
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the  time  of  rotation  of  different  spots  to  vary ;  and 
that  the  time  of  rotation  of  the  same  spot  diminished : 
thus,  a  spot  he  observed  in  1778  revolved  as  fol- 
lows :  from  February  25,  to  March  2,  in  (^^  55"*  20'; 
from  March  2  to  14,  in  9*^  54'"  58' ;  from  April  7 
to  12,  in  9^  51"^  35^  This,  he  observes,  is  agree- 
able to  the  theory  of  equinoctial  winds,  as  it  may  be 
some  time  before  the  spot  can  acquire  the  velocity  of 
the  wind  ;  and  if  jupiter*s  spots  should  be  observed 
in  different  parts  of  its  year  to  be  accelerated  and 
retarded,  it  would  almost  amount  to  a  demonstration 
of  its  monsoons  and  their  periodical  changes. 
Schroeter  makes  the  time  of  rotation  9^  55m  37s. 
The  ecliptic  and  equator  of  jupiter  are  nearly  paral- 
lel to  each  other,  that  is,  its  axis  is  nearly  perpendi- 
cular to  its  orbit :  hence  this  planet  has  no  sensible 
change  of  seasons.  This  is  wisely  ordered  by  the 
Author  of  Nature,  for  if  the  axis  of  this  planet  were 
inclined  any  considerable  number  of  degrees,  just  so 
many  degrees  round  each  pole  would,  in  their  turn, 
be  almost  six  years  together  in  darkness.  The  dif- 
ference between  the  polar  and  equatoreal  diameters 
ef  jupiter  is  upwards  of  6000  miles,  the  former  be- 
ing to  the  latter  as  13  to  1 2  j  and  cither  of  them 
more  than  80000  (Art.  387.). 

402.  Saturn  also,  as  well  as  jupiter,  has  belts^ 
but  besides  these,  this  planet  is  surrounded  with  a 
double  ring,  which  renders  it  perhaps  one  of  the 
most  engaging  objects  which  astronomy  presents  to 
our  view.  Galileo  was  the  first  who  observed  this 
ring  ;  he  advertised  his  discovery  in  1610,  in  a  sen* 
tence  which  signified  "  /  have  observed  saturn  to 
"  have  three  bodies ;"  but  in  a  few  years,  as  tele- 
scopes became  improved,  the  nature  of  this  appear- 
ance was  better  known.  In  1656  Hui/gens  gave  the 
result  of  his  observations  on  saturn  in  the  letters  of 
this  sentence  transposed- — "  Aumdo  cingltur  tenuis 
"  piano,  nusquam  cohasrente,  ad  ccUpticam  incima' 
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"  to"  But  leaving  what  we  have  to  remark  with 
respect  to  this  ring  till  we  have  treated  upon  the  sa- 
tellites, we  shall  give  Dr.  Herschel^s  determination 
of  this  planet's  rotation.  He  found  that  the  arrange- 
ment of  the  belts  always  followed  the  direction  of 
the  ring ;  that,  as  the  ring  opened,  the  belts  began 
to  shew  a  corresponding  curvature,  and  vic^  versa. 
He  conjectured,  therefore,  that  saturn  revolved 
about  an  axis  perpendicular  to  the  plane  of  its  ring  : 
another  reason  in  support  of  this  conjecture  is,  that 
the  planet  is  an  oblate  spheroid,  having  the  diameter 
in  the  direction  of  the  ring,  to  the  diameter  perpendi- 
cular to  it,  nearly  as  1 1  to  i  o.  The  truth  of  his  con- 
jecture he  has  now  verified,  having  found  that  sa- 
turn revolves  about  its  axis,  according  to  the  order  of 
the  signs,  in  lo"*  16™  2*  very  nearly. 


(     262     ) 
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On  the  Phases,  Stations^  and  other  Appearance!^,  of 
the  Planets. 


Art.  403.  IN  the  seventh  chapter,  where  we 
-took  notice  of  the  most  striking  appearances  exhibited 
hy  the  planets,  it  was  observed  (Art.  199.  200.), 
that  the  planets  mercury  and  venus,  when  viewed 
through  a  telescope,  seemed  to  undergo  changes  in 
their  phases  similar  to  those  of  the  moon  :  the  occa-* 
sion  of  these  changes  we  shall  now  explain. — The 
planets  being  opaque  bodies,  without  any  light  of  their 
own,  shining  only,  or  at  least  chiefly,  by  the  bor- 
rowed light  of  the  sun,  that  face  of  either  of  them 
will  alone  appear  bright  which  is  turned  towards  the 
sun,  while  the  opposite  part,  for  want  of  light,  is 
altogether  invisible  ;  consequently,  if  the  situation  of 
any  of  the  planets  be  such  with  respect  to  the  earth, 
that  its  dark  side  be  towards  us,  then  is  that  planet 
invisible ;  but  if  the  whole  illuminated  face  be  towards 
us,  then  the  appearance  is  that  of  a  full  shining  orb ; 
and,  for  the  same  reason,  all  the  intermediate  phases 
between  these  extremes  arise  from  the  different  situa- 
tions of  the  earth  and  planet,  with  respect  to  the  sun. 
For  instance,  let  us  suppose  A  B  C  D  F  G  H  (fig.  i  o, 
PL  V.)  to  be  the  orbit  of  venus-,  E  R  a  portion  of  the 
earth's  orbit,  S  the  sun ;  let  E  be  the  place  of  the 
earth,  when  venus  is  at  A  in  her  superiour  conjunc- 
tion with  the  sun :  here  it  is  plain  that  the  face  of 
venus,  which  is  illuminated  by  the  sun,  is  directed 
towards  the  earth,  and,  of  course,  the  planet  appears 
to  us  as  a  full  lucid  circle,  like  the  moon  at  full.    But 
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if  vcnus  were  at  B,  and  the  earth  at  E,  then  71  q,  part 
of  her  darkened  hemisphere,  will  be  turned  towards 
the  earth,  and  the  arc  of  the  circle  /'  </,  dividing  the 
illuminated  from  the  dark  part,  will  be  projected  in  an 
arc  of  an  ellipsis  upon  the  disc ;  whence  the  planet 
will  appear  gibbous.     When  venus  is  at  C,  if  the 
earth  be  at  E,  m  «/,  that  part  of  the  enlightened  hemi- 
sphere which  is  towards  us,  will  not  much  exceed 
90°,  of  course  we  shall  not  see  much  more  than  half 
her  disc.   At  the  position  D,  wy,  the  part  enlightened, 
is  90°  ;  then  r  q,  the  circle  dividing  the  illuminated 
from  the  darkened  hemisphere,  will  be  projected  into 
a  right  line,  and  half  the  disc  will  be  seen.    Between 
D  and  F  less  than  half  the  enlightened  hemisphere 
would  be  directed  towards  the  earth  at  E,  and  venus 
would  appear  horned.     And  in  the  position  F,  when 
she  is  in  her  inferiour  conjunction  with  the  sun,  her 
dark  side  is  entirely  turned  towards  the  earth,  and 
she  quite  disappears,  unless  she  happen  to  be  in  or 
near  one  of  her  nodes,   when  she  will  appear  like  a 
black  spot  to  pass  over  the  body  of  the  sun,  and  is  - 
then  said  to  transit  his  disc.     In  a  similar  manner  the 
appearances  in  the  positions  G,  H,  I,  might  be  traced 
out ;  and  the  same  delineation  and  explanation  will 
serve  for  the  planet  mercuri/.     Jlfars  also,  it  might 
be  shewn,  exhibits  some  of  these  phases ;  and  jupiter, 
Saturn,  and  the  georgian,  in  a  less  degree ;  but  ia 
the  latter  three,  the  changes  are  scarcely  ever  per- 
ceptible *. 

*  When  tracing  out  the  progress  of  astronomy,  and  the  inyentiott 
of  different  systems,  in  Chap.  VII.  an  account  was  given  of  an  ob- 
jection urged  against  Copernicu?  by  the  followers  of  Ptolemy, 
drawn  from  the  phases  of  the  inferiour  planets  (Art.  207.),  and  of 
the  reply  made  by  Copernicus,  together  vith  the  supposed  conr 
firmation  of  the  Copemican  system  l?y  Galileo's  discovery  of  the 
phases  of  venus.  Tt  might  then  have  been  rjen^a^ked,  had  the  sub- 
ject been  much  reflected  upon,  that  the  mere  changes  in  the  discs  of 
the  inferiour  planets,  as  urged  by  the  Ptolemaists,'  proved  nothinor 
at  all  as  to  the  truth  or  falsehood  of  the  Copcrnican  hypothesis* 
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404.  From  these  remarks  it  will  be  easy  to  deli* 
neate  the  appearance  of  an  inferiour  planet  in  any 
given  situation  :  thus,  when  the  planet  is  in  the  posi- 
tion C,  the  earth  being  at  E,  and  the  sun  at  S,  r  ^ 
will  be  the  circle  of  illumination  perpendicular  to  S  O, 
and  m  n  perpendicular  to  E  O,  the  plane  of  vision ; 
then  O  ^,  part  of  the  circle  r  </,  being  seen  obliquely 
from  E,  at  an  immense  distance  compared  with  the 
size  of  the  planet,  will,  according  to  the  principles  of 
orthographic  projection,  be  projected  into  an  elliptic 
arc  on  the  plane  n  w?,  and  the  point  q  will  appear  at 
^,  so  that  n  s  will  be  the  versed  sine  of  the  arc  n  q^  or 
m  s  the  versed  sine  of  m  q.     But  the  angle  </  O  m  is 
equal  to  P  O  S,  for  qO  pis  equal  to  P  O  r,  and  r  O  S 
equal  to  m  Op,  both  being  right  angles  ;  therefore, 
^  O/)  +/)  O  r/?  =  P  O  r  +  r  O  S,  or  ^;  O/?  =  P  O  S; 
consequently,  m  s  is  the  versed  sine  of  P  O  S.     And 
in  the  same  manner  it  may  be  proved,  that  in  every 
position  the  greatest  breadth  of  the  illuminated  part 
of  the  disc  is  equal  to  the  versed  sine  of  the  exteriour 
angle  S  O  P  of  the  triangle  S  O  E,  formed  by  lines  to 
the  planet  from  the  earth  and  sun  respectively.     Let, 
therefore,  BOGP  (figs.  8,  12,  PI.  V.)  be  the  pro- 
jected hemisphere,  or  disc  of  the  planet,  and  F  P  the 

For,  from  a  little  consideration,  it  will  appear  that,  according  to  the 
Ptolemaic  system,  all  the  planets  undergo  mutations  in  their  phases 
sirpilar  to  those  of  the  moon  ;  so  that  the  objection  would  militate 
with  more  force  again.^t  that  system  than  against  the  Copernican. 
Besides,  venus,  in  the  latter  system,  may  appear  round  without  beirtg 
in  opposition  to  the  sun  ;  whereas  in  the  former,  in  order  to  appear 
round,  she  must  be  in  opposition ;  but,  in  fact,  venus  is  never  seen  in 
opposition  -to  the  sun.  If,  therefore,  in  addition  to  the  mere  changes 
in  the  discs  of  the  inferiour  planets,  we  consider  their  situations  in 
respect  of  the  sun  when  these  changes  occur,  we  shall  have  a  satis- 
factory proof  of  the  fallacy  of  the  Ptolemaic  sy>tem.  In  this  system, 
venus  could  not  be  dichotomized,  unless  she  was  90''  from  the  sun  ; 
nor  gibbous,  unless  her  distance  from  the  luminary  was  more  than 
poo  }  nor  full,  unless  she  was  in  opposition  ;  whereas,  in  reality,  venus 
undergoes  all  these  changes,  though  her  elongation  never  exceeds 
47^0,  and  though  she  is  never  in  opposition^  nor  even  in  quadra- 
ture. _ 
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versed  sine  of  the  exteriour  angle  to  the  radius  L  P, 
Set  off  upon  O  P  a  diameter  perpendicular  to  B  C ; 
then  describe  a  semi-ellipse,  having  B  C  for  its  trans- 
verse diamete;-,  and  F  L  for  the  semiconjugate,  and 
B  F  C  P  will  represent  the  enlightened  part  as  it  ap- 
pears at  the  earth.  Now,  from  the  nature  of  the 
circle  and  the  ellipsis,  we  have  L  P  in  a  constant  ratio 
to  F  P,  wherever  the  line  P  O  is  drawn  perpendicular 
to  B  C  ;  therefore,  2  L  P  or  P  O  is  also  in  a  constant 
ratio  to  F  P :  but  (by  Euc.  V,  1 2.)  the  sum  of  all  the 
lines  P  O  (equal  to  the  area  of  the  circle)  is  to  the  sum 
of  all  the  lines  F  P  (equal  to  the  area  of  the  illuminated 
part),  as  the  diameter  of  the  circle  O  P  to  the  part 
F  P ;  that  is,  from  what  goes  before,  to  the  versed 
sine  of  the  exteriour  angle  SOP;  and,  all  other 
circumstances  remaining  the  same,  the  total  illumi- 
nation of  the  planet  will  be  to  the  illumination  at  the 
given  position  in  the  same  ratio. 

40o.  But,  since  the  intensity  of  light  decreases  in 
the  duplicate  proportion  of  the  distance  from  the 
centre  whence  it  proceeds,  a  planet  may  not  appear 
with  its  greatest  lustre  when  at  A  (fig.  i  o,  PI.  V.), 
although  its  whole  enlightened  disc  be  then  towards 
us.  On  this  account.  Dr.  Hallty,  in  the  FhilosC' 
pineal  Transactions,  No.  349,  gave  a  solution  to  a 
problem,  in  which  it  was  required  to  determine  the 
position  of  renus  wlien  she  appeared  zcith  the  greatest 
lustre*  This  may  be  determined  for  either  mercury 
or  venus,  in  the  following  way  :  put  E  S  =  a,  Sv  = 
^,  E  f  =  .?•,  S,  E,  and  i-,  being  the  situation  of  the 
sun,  earth,  and  venus,  when  the  required  effect  takes 
place  *,  from  the  point  r  with  the  radius  v  E  describe 
the  arc  E  a,  and  let  fall  the  perpendicular  E  0  :  put 
/y  v  =  d,  then  a  l)  =  .v  —  d  =  v  the  versed  sine  of  the 
angle  avE.  Now  (by  Euc.  II,  12.)  we  have  «'  = 
b^  +  .r'  +  2  b  d,  whence  a'  —  2  b  d  =  /;*  -f  j  %  and, 
adding  2  b  .v  on  each  side,  a^  -\-  2ba'  —  2  bd  =  a.^ -f- 
2b.v  -{•  b^-f  that  is,  az  +  2  bv  =  .r^  +  2  b  .r  +  b'  : 
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for  the  last  part  of  this  equation  put  r ;  then  /• — a- 
=  ibv=  s^  and  muhiplying  by  2  jl\  we  have  4 b.v v 
=  2  .r  5 ;  whence,  converting  this  equation  to  an 
analogy,  we  get  4b.v:s::  2 .v  :  v ;  that  is,  4 b .v :  iz 
-{-  2bx  +  b-  — a* ; :  2  E  r  :  fl'  b.  But  it  has  been 
shewn,  that  the  area  of  the  ichole  disc  of  the  planet  /* 
to  the  area  of  the  enlightened  part,  as  the  diameter  of 
a  circle  to  the  versed  sine  of  the  e.vteriour  angle, 
therefore   they  are  as  4  ^  .r  : \v'  +  2  b.v  -\-  b'  —  a'-, 

and  the  area  of  the  whole  disc  varies  as  — ;  hence, 
4b.v:.r  -\-  2  bj;-i-  b —  a'::—  :  — 7— 

'  XX  46.1"  » 

which  in  all  cases  will  express  the  absolute  lustre  of 
the  planet.     To  determine  this  a  nuLvimum,  put  its 

fluxion  =  0,  then  2  b  'v  +  2  .v  .vX  A-b  a'  =  12  b d-^x 

X  b^  -\-  2bx  -\-  x"-  —  fl%  from  which  we  readily  find 

X  =  ^  T,  a^  -i-  b''  —'  2b*.  The  same  conclusion 
might  have  been  obtained  in  a  more  concise  manner  ; 
but  the  reasons  of  the  process  v/ould  have  appeared 
less  obvious.  In  this  solution  we  have  supposed  the 
orbits  to  be  circular,  and  to  apply  it  to  venus  we  have 
azz  I,  b  zz  '72333  (Art.  360.),  whence  .v  zz  •43036, 
the  angle  E  S  i-  =  22°  21',  and  SE(;=  39*^  44^ 
Also  the  angle  S  f  P  =  S  E  i'  +  E  S  t;  =  62°  5',  and 
its  versed  sine  is  '5318  to  the  radius  i  ;  therefore,  the 
enlightened  part  visible  (Art.  404.)  :  whole  disc  :  : 
•5318  :  2  :  :  '2654  :  i  ;  consequently,  venus  appears 
rather  more  than  a  fourth  part  illuminated.  When 
venus  is  situated  agreeably  to  this  solution,  her  beauty 
and  brightness  are  very  admirable^  for  she  then  shines 


*  It  may  not  be  amiss  to  note,  that  the  equation  x  —  Vj  a'  +  b- 
—  Q,h  has  a  limit;  for,  if  b  were  equal  to  J  a,  the  point  v  would 
fall  on  A,  and  the  whole  disc  of  the  planet  would  be  tne  maximinn, 
when  in  its  supcriour  conjunction  with  the  sun  ;  and  it  would  be 
the  same  Mb  were  less  than  i  a;  the  arch  described  from  the  centre 
E,  with  the  radius  E  »,  in  such  case  not  intersecting  the  semicircle 
A  C  F. 
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with  such  lustre  that  she  Is  often  seen  in  the  day-time, 
even  in  full  sun-shine.  If  we  apply  this  solution  to 
laercury,  then,  a  being  as  before,  b  is  '3871,  and 
.V  =  I '0006;  the  angle  £8^=78°  55',  SEr;  = 
22"  19',  and  SiP  =  101°  14',  the  versed  sine  of 
which  is  I  •  1 948  ;  therefore,  mercury  appears  nearly 
3  ths  illuminated,  when  his  hght  is  greatest. 

406.  It  was  observed  in  Art.  1 99.  that  when  venus 
appears  to  the  east  of  the  sun,  she  sets  after  him,  and 
is  called  the  eveui/ig  star ;  but,  on  the  contrary, 
when  she  is  westward  of  that  luminary,  she  shines 
before  he  rises  in  the  morning,  and  is  called  the 
morning  star.  We  may  now,  since  the  terms  infe- 
riour  and  superiour  conjunction  are  explained  (Art. 
250.),  remark  that,  from  the  inferiour  to  the  supe- 
riour conjunction,  venus  is  a  mornhig  star;  and, 
from  the  superiour  to  the  inferiour  conjunction,  an 
evening  star.  For,  let  E  be  the  earth  (fig.  14,  PI.  V.), 
t  s  n,  r  I  m,  two  tangents  thereto,  representing  the 
horizon  at  each  place,  S  the  sun,  V  R  r  O  the  orbit 
of  venus,  V  and  v  her  places  at  the  superiour  and 
inferiour  conjunctions ;  then  venus,  in  any  point  of 
the  portion  i  O  m  (or  r  O  B  because  of  the  minuteness 
of  the  earth  with  respect  to  V  t;),  is  above  the  horizon 
of  a  spectator  at  ?-,  while  the  sun  at  S  Is  below  it ; 
hence  venus,  from  the  inferiour  to  the  superiour 
conjunction,  shines  before  the  sun  rises.  Again,  when 
the  earth,  by  its  rotation  In  the  order  r  b  t.,  is  carried 
to  t,  the  sun  is  set ;  but  venus,  in  that  part  of  her 
orbit  from  n  to  s  (or  V  R  lO,  will  still  be  above  the 
horizon  t  n  ;  consequently,  from  her  superiour  to  her 
inferiour  conjunction,  she  shines  after  the  sun  sets. 

407.  When  treating  on  the  apparent  motion  of  the 
planets,  in  Chapter  IX.  it  was  shewn,  that  the  supe- 
riour planets  are  stationary  some  time  before  and  after 
their  oppositions,  and  the  inferiour  planets  stationary 
some  time  before  and  after  their  inferiour  conjunc- 
tions :  we  might,  from  the  theory  there  laid  down. 
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determine  the  relatite  positions  of  amj  tivo  planets, 
Zi:/icn  one  as  seen  from  the  other  appears  stationary ; 
but  this  may  be  done,  perhaps,  more  easily  as  fol- 
lows : — To  facilitate  the  calculations,  we  suppose  the 
orbits  to  be  circular,  and  in  the  same  plane  ;  for  this, 
though  not  strictly  true,  may  be  allowed  us  in  the 
present  instance,  v/hich  is  rather  a  matter  of  curiosity 
than  utility  ;  then  let  A  R  and  C  B  (fig.  1 1 ,  Pi.  V. ) 
be  parts  of  the  orbits  of  the  two  planets,  A  and  B 
their  respective  places,  S  the  place  of  the  sun ;  and  it 
is  manifest,  that  the  parts  a  A,  bB,  described  in  the 
respective  orbits  during  the  time  that  the  planets 
appear  stationary  to  each  other,  must  be  such  that  the 
lines  a  h,  A  B,  may  be  parallel,  for  then  both  those 
lines  will  be  directed  to  the  same  point  among  the 
fixed  stars,  at  an  exceedingly  great  distance.  Now 
a  A  and  d  B,  being  described  in  small  equal  times, 
denote  the  velocities  of  A  and  B,  and  these  are  reci- 
procally as  the  square  roots  of  S  A  and  S  B,  as  is 
proved  by  the  authors  on  mechanics,  and  might  be 
deduced  from  Art.  283.  Produce  a  A  and  ^B  till 
they  intersect  in  F ;  or,  which  "amounts  to  the  same, 
draw  A  F  and  B  F  perpendicular  to  the  radii  S  A, 
S  B :  then,  since  the  angles  at  A  and  B  are  right 
angles,  the  figure  F  B  A  S  may  be  inscribed  in  a  semi- 
circle having  F  S  for  its  diameter  ;  therefore,  the 
angle  BFA  =  BSA,  AFS  =  ABS,  FSB  =FAB, 
and  BFS  =  supplement  of  B  A  S.  Let  S  B,  the  ra- 
dius of  the  exteriour  orbit,  be  denoted  by  r,  S  A  that 
of  the  interiour  being  represented  by  unity  ;  also  put 
FB  ==  .2,  and  BD  =  ?/>  then  D  S  =  r — 1/ ;  and 
since  a  b,  A  B,  are  parallel,  F  B  (.r) :  F  A :  iBb:  Aa 
::  I  '.  ^ r ;  therefore,  F  A  =  >?\/r,  and  FA*=  rx\ 
Also  in  the  right  angled  triangles  FBS,  FAS,  FS'= 
•F  A^  -f-  AS^  =  FB^  +  B  SS  or  FA^+  1  =  ^^'^  +  ^% 
and  F  A*  =  a^  -f  r^  —  i :  but  F  A^  =  r  .r%  where- 
fore r  X-  3=  x^  +  r*  — 1«     This  reduced  gives  x  = 
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/^  ~  ^  —  v/?' 4-  I J   consequently,  FA  zr.r  v'r 

n  y/ri  -f-  r.    Again,  by  the  similar  triangles  SAD, 
FBD,FB(.r)  :BD(3/)::S  A(i):AD-^;  also, 

S  A  (i)  :  S  D  {r—y)  :  :F  B  (.r)  :  FD  =:  rx-^yx ; 
whence  FA  =  FD+AD  =  ''^'-yj^'^y  ^  ,^.  ^  ^^ 

by  the  above.     From  this  equation  we  find  y  =: 
^-^y-9  by  substituting  for  ^  its  equal  ^r  +  i  : 

hence  SD  =  r  —  w  =  r -- -^^  =  ^±I^!^^l=r 

Then  SD :  radius : :  SA(i):  sine  SDA  =         T 

r-l-  I.  v^r — f 

__ — _-  =  co-sine  ASB. 

r  +  I  —  \/r  ^  

408.  The  sine  of  A  S  B  =  ^-r-V^-+i^  p^^  .^ 

r  v^  7-  -f  I  ' 

the  triangle  F  B  D,  FB  Qr),  sine  D  : :  B  D  (^)  :  sine 
F  =  -  X  sme  D  = : — X=== ,which 

X  r  y  r-\-  I  ?•+ 1 — \/r 

reduced  gives  the  value  of  the  sine  of  D  F  B,  or  its 
equal  A  S  B,  as  just  stated. 

409.  The  tangent  of  the  angle  ASB  =  /•— rV/H-r 

For,  in  the  triangle  F  B  D,  F  B  (.r)  :  radius  :  :  B  D 
(j/)  :  tang.  BFDorASB^-'^^^   (Art.   407.) 

/— - —  ^*— '  r—i  V  r-\-  I 

4 1 0.  The  tangent  of  the  angle  A  B  S  at  the  upper 
orbit  is  -^-^—y  For  in  the  triangle  A  F  S,  A  F 
(Art.  407.)  =  v^rH^)  •  radius  : :  S  A  (1)  :  tang. 
^^•S  ==  vpT^  =  tang.  ABS....And  the  sine  of 
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A  B  S  =  - ,..  --,     For  in  the  triansfle  A  F  S, 

F  S2  ==  F  B^-  -f  B  S^  =  r  +  I  +  i\  (Art.  407.)  ; 
therefore  F  S=  ^  r^  -|-  r  +  i  :  then  F  S  ;  radkis  : : 

AS(0  :sineAFS  =  ABS=  -,      '        . 

41 1.  The  tangent  of  the  angle  B  AS  at  the  lower 

orbit  is  =    ,         ,  and  its  sine  =  =.    For, 

in  the  triangle  S  B  F,  F  B  {\/r  +  i )  :  radius  :  :  B  S 

r 

(r)  :  tang.  B  F  S,  or  its  supp.  B  A  S  ~  -  .         And 

in  the  same  triangle,  F  S  (\/»'^  +  /•  +  i )  :  radius  : : 
SB  (r)  :  sine  BFS  =  sine  of  its  supp.  B AS  = 


4)2.  When  any  planet  is  stationary,  the  tangent 
of  the  angk  at  the  earth  is  to  the  tangent  of  the  angle 
at  the  planet,  as  the  periodic  time  oj' the  planet  to 
that  nf  the  earth.     For,  t^ing.  B  A  S  :  tang.  A  B  S  : : 

periodic  time  of  B  :  periodic  time  of  A. 

4 13.  Thus  have  we  determined  the  expressions  for 
the  sines  and  tangents,  of  the  angles  at  the  sun,  at 
the  earth,  or  at  the  planet,  whether  inferiour  or  su- 
periour  :  it  must  be  evident  from  this  investigation, 
that  if  the  lower  planet  had  been  at  E,  making 
E  R  zz  R  A,  the  two  planets  would  still  have  appeared 
stationary  to  each  other  ;  for  the  positions  of  all  the 
lines  would  be  the  same  lelatively  at  E  and  B,  as  at 
A  and  B.  It  also  appears,  that  if  the  orbits  he  el- 
lipses or  any  other  curceSy  the  planets  moving  i?i  them 

*  This  expression  for  the  sine  of  the  elongation  of  a  superiour 
planet  from  the  sun,  when  stationary,  agrees  with  that  deduced  from 
a  different  method  by  Mr,  Vince,  at  p.  1 7  7  of  his  Complete  System 
of  Astronomy, 
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mil  appear  stationary^  when  the  tangents  A  F,  B  F, 
are  proportional  to  the  velocities  at  A  and  B  :  for  if 
A  F,  B  F,  are  as  the  velocities  in  A  and  B,  they  will 
be  as  fl'  A  and  b  B  ;  and  therefore  a  b,  A  B,  will  be 
parallel ;  consequently  the  planets  will  appear  sta- 
tionary to  each  other. 

414.  With  respect  to  the  time  when  any  of  the 
planets  appear  stationary,  if  the  orbits  were  exact 
circles  it  might  easily  be  found ;  but  as  they  are  ex- 
centric  and  elliptical,  we  can  only  approximate  to 
the  time  by  trials.  Having  the  mean  distances  of 
the  earth  and  planet,  find  the  helicentric  angle  («) 
between  the  earth  and  planet  when  stationary,  by 
some  of  the  preceding  articles  (407.  408.  409.) 
Then,  by  means  of  the  Nautical  Almanac,  or  JVhite's 
Ephemeris,  find  when  the  difference  (d)  between  the 
heliocentric  places  of  the  earth  and  planet  is  nearly 
equal  to  this  angle  (r/)  :  and  to  know  when  they  are 
exactly  equal,  put  P  for  the  periodic  time  of  the 
earth,  p  for  that  of  the  planet,  and  .v  for  the  differ- 
ence between  the  time  when  the  angle  at  the  sun  is  d^ 

and  when  it  is  a.    Then  P  :  360°  :  :  .v  :  ^  ^  '^,  mean 

motion  of  the  earth  in  the  time  .?' ;  and  p  :  360°  :  :  .r : 

— -  mean  motion  of  the  planet  in  that  time.     The 

difference  of  these  mean  motions  must  be  put  equal 
to  the  sum  or  difference  of  d  and  ^,  as  the  case  re^ 
quires,  and  <r  may  be  found  by  reduction,  and  thence 
a  nearer  approximation  to  the  time.  Then  find  the 
geocentric  longitude  of  the  planet  for  that  day,  and 
for  the  preceding  or  following  day ;  if  they  are  the 
same,  the  planet  is  stationary;  but  if  not,  having 
the  planet's  geocentric  longitude  for  three  or  four 
days,  the  method  of  interpolation  will  give  the  exact 
time  of  the  station. 

4].).  If  when  a  planet  is  stationary,  the  elonga- 
tioix  from  the  sun  be  observed,  the  planet's  distance 
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from  the  sun  may  be  known  In  terms  of  the  earth'^ 
distance.     Thus,  for    a   superiour  planet,  we   have 

(Art.  411.)  the  tangent  of  B  AS  ~  --7^==  ;    this 

v/r  +  I 

being  known  by  observation,  we  denote  by  t^  then 
f-  —  — ^  ;  whence  r^  zz  t^  r  4-  f",  and  r*  —  t^  r 
•=.  t^  'y  from  which,   by  completing  the  square,  &c.  ' 

we  find  r=:|^^4-^^i-}-   -*.     Again,  for  an 

inferiour  planet  we  have  tang.  A  B  S  z:  — — zi  t 

V  r'  -\-  r 

(Art.  410.);  whence  i  —  t^r'^  +  t^  )\  and  r^  -f 
r  zz.  — - ;  from  which,  by  reduction,  we  have  r  = 

^1  +7^ I .  And,  as  the  value  of  r  thus  de- 
termined, is  to  unity  ;  so  is  the  distance  of  the  earth 
from  the  sun,  to  the  distance  of  the  planet  from  the 
sun  ;  or,  if  unity  be  put  for  the  third  term  of  this 

analogy,  then  — =!=r=^ ,ovt^-^t^y/  1  +  — , 

Vi  +  yr  — I 
to  which  it  will  reduce,  will  express  the  distance  of 
the    planet  from    the  sun,  that  of  the   earth  being 
one. 

416.  To  find  the  time  of  the  heliocentric  con- 
junction of  any  two  placets ;  let  P  and  /;  be  the 
periodic  times,  P  representing  the  greater  ;   then  P  : 

one  day  : :  360°  :  -^  the  degrees  passed  over  in  a 
day  by  the  superiour  planet ;  also,  p  :  one  day  :  : 
«5o° :  ^-^  the  degrees  described   by   the   inferiour 


»  The  expression  given  by  Mr.  Vince,  at  page  i8o  of  his  System 
of  Astronoivy ,  is  not  general;  for  it  will  only  answer  when  applied 
to  the  case  of  superiour  planets. 


Conjunction  of  the  Planets,  273 

J)lahet  in  one  day.  Therefore  ^-^  —  "^  =  the  de- 
grees  gained  in  a  day  by  the  inferiour  planet.  Whence 
3-2."  —  i^  :  260° : :  one  day  :  the  time  of  gaining 

the  whole  circumference  =  --r- — —^  ==; —   r: 

300       360         I        I 

This  will  be  the  mean  time  between   one 


conjunction  and  another,  when  seen  from  the  sun  : 
or  the  mean  time  between  two  oppositions,  or  be- 
tween any  two  similar  situations.  Then,  if  the  mean 
time  of  one  heliocentric  conjunction  be  known,  the 
mean  time  6i  the  next,  and  all  the  succeeding 
ones,  will  be  known.  Therefore,  find  the  heliocentric 
places  of  the  two  planets  to  that  time,  and  note  the 
errour ;  and  by  observing  whether  the  inferiour  or 
superiour  planet  is  foremost,  it  will  be  seen  whether 
the  true  time  is  past  or  not  yet  arrived.  Let  a  new 
time  be  assumed  accordingly,  for  which,  let  the 
planet's  places  be  found,  and  again  note  the  errour  ; 
from  these  two  errours,  and  respective  times,  the 
true  time  maybe  ascertained  bythe  common  methods. 
But  with  regard  to  the  geocentric  conjunctions  and 
oppositions  of  the  planets,  they  cannot  be  determined 
easily  except  by  repeated  trials,  because  those  bodies 
do  not  revolve  regularly  about  the  earth,  as  they  do 
about  the  sun.  As  the  three  highest  planets  approach 
nearest  to  a  regular  motion  about  the  earth,  the  geo. 
centric  conjunctions  or  oppositions  of  any  two  of 
them  will  differ  but  little  from  their  heliocentric 
ones ;  happening  a  /itt/e  sooner  or  later,  according 
to  the  situation  of  the  earth  in  its  orbit. 

417»  y'o  know  in  what  period  any  planet  and  thz 
earth  return  to  the  same  point  of  the  heavens ;  find, 
from  a  table  of  their  mean  motions,  a  number  of 
years  agreeing  to  a  complete  number  of  revolutions 
©f  the  planet.     According  to  M,  de  la  Lande,  mer^ 

T 
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airy,  in  thirteen  years  (of  which  three  are  bissex- 
tiles) and  three  days,  makes  fifty-four  revolutions, 

and  2°  ss'>  ^^  ^^^  ^^"^^  ^^"^^  ^^^  ^^^^  makes 
thirteen  revolutions,  and  2^  49'  over ;  therefore,  in 
this  period,  the  earth  and  mercury  return  to  very 
nearly  the  same  relative  situation  in  the  heavens. 
Venus,  after  a  space  of  eight  years,  is  found  within 
1°  32'  of  the  same  place,  and  the  earth  within  4'. 
In  seventy-nine  years  and  four  days  (supposing  there 
are  twenty  bissextiles),  man  returns  to  the  same  situ- 
ation within  f  39',  and  the  earth  within  3^^  48'. 
Jupiter,  in  eighty-three  years,  returns  to  within  12' of 
the  same  point,  and  the  earth  within  6'.  Saturn,  in 
fifty-nine  years  and  two  days,  returns  to  within  1°  45' 
of  the  same  situation,  and  the  earth  to  within  1°  41'. 
M.  de  ta  Lande  also  informs  us,  that  on  May  2  2d, 
1702,  Jupiter  and  saturn  were  within  i^  4'  of  each 
other  :  On  February  11,  1524,  venus,  mars,  jupiter, 
and  saturn,  were  very  near  each  other,  and  mercury 
not  above  16°  from  them  :  On  November  11,  i544> 
mercury,  venus,  jupiter,  and  saturn,  were  within 
the  space  of  10°:  On  March  17,  1725,  mercury, 
venus,  mars,  and  jupiter,  were  so  near  each  other, 
as  to  be  alLseen  through  the  same  telescope  without 
changing  its  position:  On  December  23,  1769, 
venus,  mars,  and  jupiter,  were  within  i^  of  each 
other. 

4 1 8.  Since  the  theories  of  the  planets  are  estab- 
lifhed,  and  their  geocentric  places  may  be  ascertained 
for  any  time,  with  considerable  accuracy,  by  means 
idl  x}^Q  Nautical  Almanac,  we  may,  after  haying 
found  their  right  ascensions  and  declinations 
(Art.  168.),  determine  the  time  of  their  rising,  cul- 
tninating,  setting,  and  their  altitude,  azimuth,  &c. 
at  any  time,  by  the  same  methods  which  were  made 
use  of  to  determine  these  particulars  with  respect  to 
the  fixed  stars,  in  Chap.  VI.,  Frohs.  17.  19.  20.  21. 
&c.    And  with  the  assistance  of  a  celestial  globe,  wc 
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hiay  very  readily  find  their  situations  in  the  heavens 
with  regard  to  the  fixed  stars  ;  or  indeed  their  alti- 
tudes and  azimuths,  generally,  within  a  degree  at  any 
given  time. 

For  example,  it  is  required  to  shew  the  positiolis 
of  all  the  planets,  with  their  altitudes  and  azimuths 
at  Greenwich,  on  March  13,   1801,  at  seven  o'clock 

P.  M Their  geocentric  longitudes  and  latitudes, 

on  March  13th,  at  noon  (which  are  near  enough  for 
our  present  purpose,  since  the  daily  variation  in  lon- 
gitude, even  in  mercury,  does  not  exceed  a  degree, 
and  the  latitudes  vary  still  less),  areas  follow:  mer^ 
cury,  longitude  t  10"  46',  latitude  2°  9'  N. ; 
tenus,  long.  «  8^  32',  lat.  2°  33'  N. ;  inars, 
long,  n  12^  8',  lat.  i^  47'  N. ;  Jupiter,  long.  05 
24°  2^6'  lat.- 0°  2)7'  N' 5  saturn,  long,  a  18°  10', 
lat.  1°  22'  N.  J  georgi'um  sidu-^,  long.  ^  0°  ^Z'^ 
lat.  0°  47'.  N.  By  these  geocentric  longitudes  and 
latitudes,  mark  on  the  globe  the  respective  places  of 
the  planets  ;  then  rectify  the  globe  for  the  given  la- 
titude and  day,  and  turn  it  about  till  the  index  points 
to  the  given  hour  ;  the  particulars  required  for  each 
planet  will  then  be  as  below :  mercury,  about  the 
same  altitude  as  y  pegasus,  and  12^  westward  of 
that  star ;  altitude  6|°,  azimuth  3°  from  the  west 
towards  the  south.  Venus,  about  5°  to  the  west  of 
the  star  in  the  ram's  north  eye;  altitude  31°,  azi- 
muth 14^^  from  the  west  southward.  iMars,  nearly 
midway  between  aldeharan  and  the  bull's  north  horn  ; 
altitude  55^,  on  the  south-west  azimuth  circle.  Jupi- 
ter, nearly  in  a  direct  line  with  castor  and  pollux, 
about  8°  below  the  latter  ;  altitude  ^']'^,  azimuth  60® 
from  the  east  towards  the.  south,  haturn,  about  8  J' 
to  the  west  of  reguius  or  cor  leonis,  somewhat  higher 
than  that  star  j  altitude  42®,  azimuth  30^  from  the 
east  southerly.  Georgium  sic/us,  almost  in  opposition 
to  mercury,  very  near  "in  the  virgin ;  altitude  5°, 
azimuth  3^  from  the  east  towards  the  south.    From 
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the  above,  it  appears  that,  at  the  time  proposed,  all 
the  planets  might  be  seen  at  one  instant ;  which  is  far 
from  a  usual  circumstance.  It  also  appears  from  the 
ephemeris,  that  mercury  is  at  his  greatest  elonga- 
tion from  the  sun,  venus  nearly  so,  and  both  mercury 
and  Jupiter  within  ten  days  of  one  of  their  stations. 
In  a  similar  manner  may  the  relative  situations,  and 
various  other  particulars  respecting  the  planets,  be 
ascertained  for  any  given  time,  with  tolerable  accu- 
racy, with  the  help  of  a  celestial  globe  and  an  ephe- 
meris. 


I 
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CHAPTER    XVI. 


On  the  Moon, 


Art.  419.  IT  must  be  evident  from  what  was  ob- 
served in  the  198th  article,  that  the  motions  of  the 
moon  are  very  irregular  ;  the  irregularities  are  indeed 
so  considerable,  that  the  determination  of  the  theory 
of  the  moon  from  observation^  is  a  matter  which  re- 
quires more  than  usual  care ;  and  on  this  account  it 
has  been  deferred  till  the  methods  of  ascertaining  the 
planets'  orbits  and  motions  were  explained. 

420.  The  orbit  of  the  moon  is  changeable  in  point 
of  situation,  and  does  not  always  persevere  in  the 
same  figure  ;  for  though  it  be  elliptical  or  nearly  so, 
with  respect  to  the  earth,  which  is  one  of  its  foci, 
the  excentricity  of  the  ellipsis  is  varied,  being  some- 
times increased,  and  sometimes  diminished.  The  par- 
ticular irregularities  in  the  moon's  motion,  to  which 
the  earth  and  other  planets  are  not  subject,  arise 
from  the  action  of  the  sun,  which  disturbs  her  ordi- 
nary course  through  her  orbit,  and  are  all  mechani- 
cally deducible  from  the  same  great  law  that  directs 
her  general  motion  ;  namely,  the  law  of  gravitation 
and  attraction.  For  a  familiar  idea  of  this,  it  must 
be  considered,  that  if  the  sun  acted  equally  on  the 
earth  and  moon,  and  always  in  parallel  lines,  this 
action  would  only  serve  to  restrain  them  in  their 
?Lnnual  motions  round  the  sun,  and  no  way  affect 
tjiieir  actions  on  each  other,  or  their  motions  about 
their  jcoijimon  centre  of  gravity.     But  because  the 
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moon  is  nearer  the  sun,  in  one  half  of  her  orbit,  than 
the  earth  is,  but  farther  off  in  the  other  half  there- 
of;  and  because  the  power  of  gravity  is  always  less 
at  a  greater  distance  ;  it  follows,  that  in  one  half  of 
her  orbit,  the  moon  is  more  attracted  than  the  earth 
towards  the  sun,  and  less  attracted  than  the  earth  in 
the  other  half ;  and  hence  irregularities  in  her  mo- 
tions necessarily  arise  ;  the  excess  of  attraction  in  the 
one  case,  and  the  defect  in  the  other,  becoming  a 
disturbing  force.  And  besides,  the  action  of  the 
sun.  on  the  earth  and  moon  is  not  directed  in  parallel 
lines,  but  in  lines  that  meet  in  the  centre  of  the  sun  ; 
which  makes  the  effects  of  the  disturbing  force  still 
more  complex  and  embarrassing.  Hence,  conjointly 
with  the  various  situations  of  the  moon  relatively  to 
the  earth  and  sun,  arise  the  numerous  irregularities 
in  her  motions,  and  the  consequent  difficulty  of  es- 
tabliiliing  the  elements  of  her  theory. 

421.  Newton  was  the  firft  who  computed  the  ir* 
regularities  from  their  causes.  In  many  parts  of  his 
great  work,  The  Tiincipia^  he  applies,  with  admirable 
sagacity  and  penetration,  to  the  determination  of  the 
motions  of  the  moon.  The  result  of  his  investiga- 
tions on  this  subject,  are  condensed  into  small  com- 
.  pass  in  Dr.  Hutton's  Mathematical  and  Philosophical 
Dictiouarij  (Art.  Moon),  nearly  as  in  the  eighteen 
subsequent  articles. 

42L'.  Newton  finds  that  the  disturbing  force  added 
to  the  gravity  of  the  moon  in  her  quadratures  (Art. 
25c.)  is  to  the  gravity  with  which  she  would  revolve 
in  a  circle  about  the  earth,  at  her  present  mean  dis-- 
tance,  if  the  sun  had  no  effect  on  her,  as  i  to  178^ : 
he  finds  that  the  force  subducted  from  her  gravity 
in  the  conjunctions  and  oppositions,  is  double  of 
this  quantity;  and  that  the  area  described  in  a  given 
time  in  the  quarters,  is  to  the  area  described  in  the 
same  time  in  the  conjunctions   and  oppositions,  as 
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10973  to  11073  •  ^^  ^"^^^  ^^^^>  ^^^^  "^  ^^^^  '^^  orbit 
her  distance  from  the  earth  in  her  quarters,  would  be 
to  her  distance  in  the  conjunctions  and  oppositions, 
as  70  to  69. 

423.  The  plane  of  the  moon's  orbit  is  incHned  to 
that  of  the  ecliptic,  making  with  it  an  angle  of  about 
five  degrees;  but  this  inclination  varies,  being  greatest 
when  she  is  in  the  quarters,  and  least  when  in  her 
syzygies. 

^  4^4.  The  apogee  of  the  orbit  in  the  moon's 
syzygies  goes  forward,  in  respect  of  the  fixed  stars, 
at  the  rate  of  23'  each  day ;  and  backwards  in  the 
quadratures  i6y  each  day  :  the  mean  annual  motion 
is  therefore  estimated  at  40^. 

425.  The  gravity  of  the  moon  towards  the  earth 
IS  increased,  by  the  action  of  the  sun,  when  the  moon 
is  in  the  quadratures,  and  diminished  in  the  syzygies : 
and  from  the  syzygy  to  the  quadrature,  the  gravity 
of  the  moon  towards  the  earth  is  continually  increas- 
ed, and  fhe  is  continually  retarded  in  her  motion ; 
but  from  the  quadrature  to  the  syzygy,  the  moon's 
gravity  is  perpetually  diminished,  and  the  motion  in 
her  orbit  is  accelerated- 

426.  The  moon  is  less  distant  from  the  earth  at 
the  syzygies,  and  more  at  the  quadratures, 

427.  As  radius  is  to  \  of  the  sine  of  double  the 
moon's  distance  from  the  syzygy,  so  is  the  addition 
of  gravity  in  the  quadratures,  to  the  force  which  ac- 
celerates or  retards  the  moon  in  her  orbit, 

428.  And  as  radius  is  to  the  sum  or  difference  of 
I  the  raditis,  and  \  the  co-sine  of  double  the  distance 
of  the  moon  from  the  syzygy,  so  is  the  addition  of  gra- 
vity in  the  quadratures,  to  the  decrease  or  increase  of 
the  gravity  of  the  moon  at  that  distance. 

42y.  The  apsides  of  the  moon  go  forward  when 
she  is  in  the  syzygies,  and  backwards  in  the  quadra- 
tures (Art.  424.).  But  in  a  whole  revolution  they 
go  forward  with  the  greatest  velocity,  when  the  line 
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of  the  apsides  Is  In  the  nodes ;  and  if  they  are  going 
back  when  in  the  nodes,  their  regression  is  then  slow* 
est  of  all,  in  the  same  revolution. 

430.  When  the  line  of  the  apsides  is  in  the  quad- 
ratures, the  apsides  are  carried,  in  consecjueiif^'ia,  with 
the  least  velocity  when  the  moon  is  in  the  syzygies ; 
but  they  return  the  swiftest  in  the  quadratures  ;  and 
in  this  case,  the  regress  exceeds  the  progress,  in  one 
entire  revolution  of  the  moon. 

431.  The  excentricity  of  the  orbit  undergoes  va- 
rious changes  every  revolution.  It  is  the  greatest  of 
all  when  the  line  of  the  apsides  is  in  the  syzygies,  and 
the  least  when  that  line  is  in  the  quadratures. 

432.  Considering  one  entire  revolution  of  the 
moon,  aeteris  paribus^  the  nodes  move,  in  antecC" 
clentia^  with  the  greatest  velocity  when  she  is  in  the 
syzygies ;  then  slower  and  slower,  till  they  are  at  rest, 
when  she  is  in  the  quadratures. 

433.  The  line  of  the  nodes  acquires  successively 
all  possible  situations  in  respect  of  the  sun  ;  and  every 
year  it  goes  twice  through  the  syzygies,  and  twice 
through  the  quadratures. 

43^1.  In  one  whole  revolution  of  the  moon,  the 
nodes  go  back  very  fast  when  they  are  in  the  quadra- 
tures ;  then  slower  till  they  come  to  rest,  when  the 
time  of  the  nodes  is  in  the  syzygies. 

435.  The  incHnation  of  the  plane  of  the  orbit  is 
changed  by  the  same  force  as  that  by  which  the  nodes 
are  moved  ;  being  increased  as  the  moon  recedes  from 
the  node,  and  diminished  as  she  approaches  it. 

430.  The  inclination  of  the  orbit  is  least  of  all 
when  the  nodes  are  come  to  the  syzygies.  For,  in 
the  motion  of  the  nodes  from  the  syzygies  to  the  qua- 
dratures, and  in  one  entire  revolution  of  the  moon, 
the  force  which  increases  the  incHnation,  exceeds 
that  which  diminishes  it ;  therefore,  the  inclination  is 
increased  ;  and  it  is  the  greatest  of  all  when  the  nod«5 
are  in  the  quadratures. 
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437.  The  moon's  motion  being  considered  in 
general,  her  gravity  towards  the  earth  is  diminished 
coming  near  the  sun,  and  the  periodical  time  is  the 
greatest  j  as  also  the  distance  of  the  moon,  Cteten.s 
parihuSf  the  greatest  when  the  earth  is  in  the  peri- 
helion. 

438.  All  the  errours  in  the  moon's  motion  are 
something  greater  in  the  conjunction  than  in  the  op- 
position. 

4o9.  All  the  disturbing  forces  are  inversely  as  the 
cube  of  the  distance  of  the  sun  from  the  earth  ; 
■when  it  remains  the  same,  they  are  as  the  distance  of 
the  moon  from  the  earth.  Considering  all  the  dis- 
turbing forces  together,  the  diminution  of  gravity 
prevails. 

Most  of  these  conclusions,  drawn  by  Newton  from 
the  nature  of  forces,  are  confirmed  by  actual  obser- 
vations on  the  moon. 

440.  Pkob.  I.  7  b  determine  the  time  of  the  mooits 
revolution. 

The  period  of  the  moon's  revolution  about  the 
earth,  is  called  its  petiodic  revoiiition ',  and  the 
period  between  one  opposition  or  conjunction  and 
another,  the  synodic  revolution  :  the  latter  of  these 
is  most  easily  determined  by  observation,  and  thence 
the  f^ormer.  In  the  middle  of  a  central  lunar  eclipse 
(Art.  5i9.)>  the  moon  is  in  direct  opposition  to  the 
sun ;  and  though  not  exactly  so  in  other  eclipses  of 
the  moon,  is  yet  so  nearly  in  opposition,  as  to  cause 
no  sensible  errour  in  a  long  interval.  Compute  there- 
fore the  time  between  two  lunar  eclipses,  at  a  consi- 
derable distance  from  each  other,  and  divide  this 
by  the  number  of  lunations  that  have  passed  in  the 
interval ;  the  quotient  will  be  the  quantity  of  a  syno- 
dic revolution.  Compute  the  sun's  mean  motion 
during  the  time  of  the  synodic  revolution,  and  add 
it  to  360° :  then,  as  the  suin  is  to  360° ;  so  is  the 
;ime  of  the  synodic,  to  the  periodic  revolution.    The 


^^2  Moo)7's  Revolution, 

number  of  lunations  in  any  given  interval,  may  be 
tound  by  dividing  it  by  291  days,  the  time  of  a  luna- 
nation  according  to  the  most  common  observa- 
tions. 

For  example:  Copernicus  observed  two  lunar 
echpses,  the  one  at  Rome  on  November  6,  i  coo 
at  twelve  at  night ;  the  other  at  Cracow,  on  Au^uft 
I,  1523,  at  4*^  25-;  the  difference  of  meridians 
being  Qh  2^^  :  hence,  to  determine  the  synodic  re, 
volution,  ^ 

2d  observation        .     .     1523/  237<^  4^  25'" 
^^^       ^° 1500    310    o    29 


Difference 


Intercalary  days  add    .  e 

Exact  interval    .     .     . 


22    292    3     t^^ 


•    .         22    297    3    ^6 

Or  8327'^  3^  56'n;  which  divided  by  282,  the  num, 
ber  of  lunations,  gives  29^  12^  41^  for  the  time  of 
the  synodic  revolution. 

From  two  other  observations  of  eclipses,  the  one 
at  Cracow,  by  Copernicus,  the  other  at  Babylon,  in 
the  year  721,  before  the  christian  sera,  as  recorded 
m  Fio/emfs  Almagest,  the  former-mentioned  per, 
son,  determines  more  accurately  the  quantity  of  the 
synodic  revolution  to  be  29  <i  12*^  43"^.  And  M.  ^e 
la  Lamie,  from  a  mean  of  a  great  number  of  obser- 
vations, makes  it  29"^  12^  44'!^  3^. 

Now,  the  sun's  mean  motion  in  this   interval  is 

29°  6'  24'''  iW";  let  this  be  added  to  360°;  then  as 

the  sum  389°  6'  24^  18'^' :  ^60'^  :  :  29^  12''  44™  3s  . 

2  7^1  y^  43  m  ^s^  tj^g  mean  periodical  revolution  with 

espect  to  the  equinoxes. 

441.  As  the  precession  of  the  equinoxes  is  50  i'^ 
m  a  year,  or  about  4'  in  a  month,  the  mean  revolu- 
tion relatively  to  the  equinoxes  must  be  less  than 
that  with  respect  to  the  fixed  stars,  by  the  time  the 
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moori  IS  describing  /  with  its  mean  motion ;  thw 
time  is  very  nearly  7%  therefore  the  time  of  a  sidereal 
^evolution  oi  i\iQmoo\\is2f  y^  43'  12'''. 

44^.  Hence,  the  time  of  the  periodical  revolution 
being  known,  the  moon's  diurnal  or  horary  motion, 
&c.,  may  be  found  by  the  rule  of  three :  and  thus 
may  tables  of  the  mean  motion  of  the  moon  be  con- 
structed. Also,  if  the  mean  diurnal  motion  of  the 
6un  be  subtracted  from  that  of  the  moon,  the  re- 
mainder will  shew  the  moon's  diurnal  motion  from 
the  sun  :  and  thus  may  a  table  of  this  motion  be  con- 
structed. 

443.  The   nodes  of   the    moon's  orbit,  and   the 
place  of  the  apogee,  being  subject  to  a  motion,  the 
times  of  revolution  with  respect  to  the  nodes,  or  to 
the  apogee,  are  not  exactly  the  same  as  the  sidereal 
revolution  ;  thus,  by  comparing  the  mean  motions  of 
the  moon  and  of  the  nodes,  it  will  appear  that  they 
are,  as    i  :  '00402185;  and  as  the   motion   of  the 
nodes  is  retrograde,  we  have  i  +  '00402185  :  i  :  : 
2^d  yh  ^^m   j  ^s^  ^^g  ^{ly^Q  of  a  sidcrcal  revolution  : 
27  d  5h  5"!  ^6%  time  of  a  revolution   in  respect  of 
its  nodes.     The  mean  motion  of  the  apogee  is  to  that 
of  the  moon,  as  -0084522  :  i  ;  and  the  motion  of 
the  apogee  (on  the  whole)  being  direct,  we  have  i  — 
•0084522  :  I  :  :  27'^  7^  43"^  12*  :  27^*  13^  i8'»  34% 
the  time  of  a  revolution  with  respect  to  the  apogee, 
or  of  an  anomalistic  revolution.     These  agree  very 
nearly  with  the  determinations  of  M.  de  la  Caille.  ^ 

444.  Dr.  Ilallcy,  when  comparing  the  ancient 
eclipses  observed  at  Babylon,  between  700  and  800 
years  before  Jesus  Christ,  and  those  observed  by 
yJlhategnias  in  the  ninth  century,  with  some  of  his 
own  time,  was  led  to  the  suspicion,  that  the  moon's 
mean  motion  from  the  sun,  compared  with  the  diur- 
nal motion  of  the  earth,  is  somewhat  quicker  than  it 
was  formerly  :  this  increase  of  the  moon's  motion  is 
called  kcr acceleration.    The  doctor  could  not  ascer- 
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tain  the  quantity  of  this ;  because  ths  longitudes  of 
jBagdat,  Alexandria,  and  Aleppo,  where  the  obser^ 
\atioas  had  been  made,  were  not  then  precisely 
known.  But  since  his  time,  these  longitudes  have 
been  ascertained,  and  Mr.  Duuthorne^  by  comparing 
the  recorded  times  of  ancient  and  modern  eclipses, 
with  the  calculations  of  them  by  his  own  tables, . 
found,  that  the  same  tables  gave  the  moon's  place 
more  backward  than  the  true  place  in  ancient  eclipses, 
and  more  forward  than  her  true  place  in  later  eclipses ; 
whence  he  confirmed  the  opinion  of  Hallci/,  that 
the  moon's  motion  was  slower  in  ancient  times,  and 
in  modern  times  quicker  than  the  tables  gave  it. 
Also,  by  means  of  the  most  authentic  account  now 
remaining  of  an  eclipse  observed  at  Babylon,  in  th? 
year  721,  before  Jesus  Christ,  he  found,  that  the  ob, 
served  beginning  of  this  eclipse  was  about  an  hour 
and  three  quarters  sooner  than  the  beginning  by  the 
tables ;  and  that,  therefore,  the  moon's  true  place 
preceded  her  place  by  computation  at  that  time,  by 
about  50'  of  a  degree.  Then,  admitting  the  accele- 
ration to  be  uniform,  and  the  aggregate  of  it  as  the 
square  of  the  time,  it  will  be  at  the  rate  of  about  10* 
in  100  years.  M.  de  la  Landc  makes  the  secular  va^ 
nation  9^'- 8 8 6,  from  eclipses  in  977  and  978.  And 
in  jllai/e?'*s  tables  it  is  set  down  at  g^\  beginning  at 
1700. 

445.  Dr.  Zofig,  in  the  second  vol.  of  his  Astrojiomify 
has  enumerated  some  of  the  causes  from  which  this 
Ttcceleration  may  arise.  Either,  the  annual  and  diur- 
nal motion  of  the  earth  continuing  the  same,  the 
moon  is  really  carried  about  the  earth  with  a  greater 
velocity  than  formerly ;  or,  the  diurnal  motion  of 
the  earth  and  the  periodical  revolution  of  the  moon 
continuing  the  same,  the  annual  motion  of  the  earth 
about  the  sun  is  retarded  j  or,  3dly,  the  annual  motion 
of  the  earth  and  the  periodical  revolution  of  the 
jnoon  contmuing  the  same,  the  rotation  oi  the  earth 
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XppoTi  Its  axis  ^s  a  little  retarded :  in  this  case,  the 
day  and  all  its  subdivisions  being  lengthened,  the 
moon's  period  being  measured  thereby,  will  appear 
to  be  shortened,  though  it  may  be  in  reality  the  same. 
But  M.  de  la  Place,  in  the  AJem.  de  I' Acad.  Roy* 
des  Sciem  for  1786,  has  assigned  another  cause  for 
this  acceleration.  The  excentricity  of  the  earth's 
orbit  is  known  to  be  diminishing,  in  consequence  of 
the  action  of  the  planets  upon  the  earth :  but  the 
mean  force  of  the  sun  to  dilate  and  contract  the  orbit 
of  the  moon  is  proportional  to  the  square  of  the  ex- 
centricity of  the  earth's  orbit ;  the  major  axis  re- 
maining the  same :  therefore,  by  the  diminution  of 
the  excentricity,  the  moon's  mean  motion  is  accele- 
rated. When  the  excentricity  has  arrived  at  its  mi- 
nimum,  according  to  this  principle  of  La  Place,  the 
acceleration  will  cease ;  and  when  the  excentricity  of 
the  earth's  orbit  again  increases,  the  moon's  mean 
motion  will  be  proportionally  retarded. 

446.  Prob.  1 1.  7  b  deterniuie  the  place  of  the 
moo)ts  nodes,  and  the  time  zvheu  the  moon  is  in  that 
plqce. 

IS t  Method,  The  moon's  place  at  the  middle  of  a 
central  lunar  eclipse  (Art.  44Q.)  is  directly  opposite 
to  the  sun,  and  the  moon  is  then  in  one  of  her  nodes ; 
as  will  be  shewn  when  we  treat  on  eclipses  :  therefore, 
calculate  the  sun's  true  place  at  the  middle  of  such 
eclipse,  or  deduce  the  sun's  place  at  that  time  from 
observations ;  the  opposite  point  will  be  the  true  place 
of  the  moon's  node. 

By  this  method,  M.  Cassini  found  the  time  and 
place  of  the  moon's  node  in  April,  1707.  A  central 
eclipse  was  observed  at  Paris,  on  April  16  :  the  mid- 
dle of  which  was  found  to  be  at  13''  48 ""  apparent 
time.  The  true  place  of  the  sun  calculated  for  that 
time,  was  <r  26"  19'  ly'^  '.  the  opposite  point  to 
which  is  ^  26^  19'  if\  or  6'  26''  19'  ly",  the 
place  of  the  moon's  node.     Previous  to  the  eclipse 
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the  moon  had  north  latitude,  aiid  afterwards  s6ut& 
latitude;  this  was,  therefore,  the  descemUug  node. 

447.  2d  Method.  The  place  of  the  moon's  node 
and  corresponding  time  may  be  found  by  a  method 
similar  to  the  fourth  method  we  gave  to  find  the  nodes 
of  a  planet  (Art.  349.^  Thus,  let  qp  (figT  6, 
11.  IV.)  be  the  ecliptic,  P  Q^the  moon's  orbit,  6  the 
place  of  the  moon  therein  when  on  the  meridian 
the  day  before  she  passed  the  node,  P  her  place  in 
her  orbit  when  on  the  meridian  the  day  after  the 
node  :  then,  by  means  of  the  moon's  right  ascensions 
and  decimations,  find  her  latitude  and  longitude  at 
both  times  of  passing  the  meridian,  and  then  deter^ 
mine  the  place  of  the  node  by  either  of  the  rules 
given  in  Art.  349.  The  time  may  be  found,  by  say* 
mg,  as  ^  /;  the  difference  of  longitudes  between  the 
two  observations  :  ^N  the  difference  between  the 
longitude  of  the  first  observation  and  the  place  of  the 
node  :  :  the  interval  of  time  between  the  two  passaged 
over  the  meridian  :  the  interval  from  the  first  passage 
to  the  time  of  the  node. 

Ea;  On  March  i,  1801,  the  moon   came  to  the 
meridian  at  i3h  4™^  ^nd  on  the  2d  of  March  at  13^^ 
48™ ;  the  longitudes  and  latitudes  at  culminating,  as 
deduced  from  the  observed  right  ascensions  and  de- 
clmations  (Art.  66,),  were,  on  the  first  day,  lon^ 
5*  29°  iy>  Ao\  lat.  1°  i'  22^''  N.;  on  the  2d  day,  lonl 
6'  I  f  42'  49'^,  lat  o^  1 2'  o^"  S.   Therefore,  1^13'  55* 
(sum  ot  the  latitudes)  :  44°  25'  g"  (difference  of  lon- 
gitudes) :  :  1°    1'  I'z"  (first  latitude)  :  '^6''  52^38  |^ 
difference  of  longitude  between  the  first  observation 
and  the  place  of  the  node:  hence   j;^  29°  17'  aq"  -u 
360  52'  38 r  =   6^  6°  10^  i8t'^   longitude  of  the 
moon's  descending  node  in  the  beginning  of  March,   ^ 
i8oi.^    Again,  as  44°  25'  <^'  :  2^6"  52'  38t'^  :  :  24'^ 
44||^  (interval  between  the  times  of  passing  ^merid. )  :' 
20   32^^;  which,  added  to  the  time  of  coming  to  the 
meridian  on  the  first  day,  gives  (after  deducting  24t') 
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^h  3^1*"  for  the  time  on  March  2,  when  the  moon  is 
in  the  node.  This  conclusion  is  not  quite  accurate  ; 
for,  in  the  first  place,  the  triangles  Q^N  ^,  P/)  N,  are 
spherical,  but  the  calculation  is  on  the  supposition 
that  they  are  plane ;  and,  in  the  next,  we  have  sup- 
posed the  motion  of  the  moon  to  be  equable  during 
the  interval  between  the  observations,  which  is  not 
the  case.  When  the  moon's  longitude  is  required  for 
any  time  between  two  known  longitudes,  it  is  best 
done  by  the  equation  of  second  differences,  annexed 
to  Mr.  Taylor''^  ScTagesimal  Tables,  according  to  the 
method  explained  by  Dr.  Maskelyne,  in  the  ISaiiticaL 
Ahnatiac  ;  and  the  longitude  thus  found,  being  com- 
pared with  the  longitude  as  deduced  above,  will  enable 
us  to  approximate  to  the  true  longitude  of  the  node, 
to  any  desirable  degree  of  accuracy.  But,  after  all, 
the  longitude  found  by  a  lunar  eclipse  is  most  to  be 
depended  upon. 

448.  By  comparing  the  places  of  the  nodes  at  a 
small  interval  of  time,  their  motion  for  that  interval  is 
obtained  ;  and  then,  by  extending  the  comparison  to 
larger  intervals,  the  mean  motion  may  be  determined' 
pretty  accurately.  The  motion  of  the  nodes  for  a 
short  period  is  very  irregular  (Art.  432.  434.  &c.) ; 
but,  by  comparing  together  very  distant  observations, 
the  mean  annual  motion  is  found  to  be  about  19°  19' 
44'^  in  antecedent' a  ;  so  that  the  nodes  make  a  com- 
plete retrograde  revolution,  with  respect  to  the  equi- 
noctial points,  in  about  18^^'  228*^  5''\  As  this 
motion  is  not  uniform,  certain  equations  are  given 
in  Astronomical  Tables,  to  be  applied  to  the  mean 
place  at  any  time,  in  order  to  obtain  the  true  place. 

449.  Prob.  III.  To  determine  the  inclijiation  of 
the  mooii's  oi^bit. 

After  the  places  of  the  nodes  are  determined,  the 
inclination  of  the  orbit  may  be  ascertained  for  that 
period,  by  finding  the  moon's  right  ascension  and 
declination  when  she  is  90°  from  either  node,  which 
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will  be  at  the  distance  of  13^  14*^  32^148'  in  timej 
for  from  these  the  latitude  is  readily  found,  and  this 
latitude  is  the  measure  of  the  inclination.  But  as 
this  inclination  is  hable  to  considerable  changes,  it  is 
necessary  to  have  a  long-continued  series  of  observa- 
tions, for  every  possible  situation  of  the  line  of  the 
nodes,  of  the  sun  and  moon  with  respect  to  that  line, 
and  of  the  earth  with  respect  to  its  distance  from  the 
sun ;  and  it  will  appear  that  the  least  inclination  is 
about  5°,  and  the  greatest  about  5°  18'  6":  the 
variations  corresponding  with  what  has  been  already 
stated  in  Art.  435.  436. 

450.  Prob.  IV.  To  determine  the  place  of  the 
moon*s  line  oj  apsides^  and  the  excentridty  and 
greatest  equation  of  her  orbit. 

To  find  the  place  of  the  moon's  apogee,  take  with  a 
micrometer  a  great  many  measures  of  the  moon*s 
diameter  when  at  or  near  the  full ;  when  those  dia- 
meters are  at  the  least,  the  moon  is  in  apogee  ;  and 
when  they  are  greatest,  she  is  in  perigee.  From  the 
moon's  right  ascensions  and  declinations  at  these 
times,  her  longitudes  may  be  found ;  and  from  the 
apparent  semidiameters  of  the  moon  we  have  (Art. 
304.)  the  ratio  of  her  distance  from  us  in  perigee  to 
her  distance  in  apogee  ;  and  thence  we  may  deduce 
the  excentricity,  as  in  the  article  just  referred  to. 
Or,  if  two  diameters  are  found  equal  to  each  other, 
very  near  together,  the  moon  must  have  been  in  either 
the  perigee  or  apogee  at  the  middle  point  of  time : 
but  if  the  diameters  are  found  equal  at  an  interval  of 
eight  or  ten  days,  the  middle  point  may  shew  either 
the  place  of  the  apsides,  or  a  point  at  90°  distance 
from  that  line. 

4i  1 .  The  diameter  of  the  moon  may,  in  general, 
be  best  measured  by  noting  the  time  of  her  passage 
over  the  meridian  :  call  this  time  t,  d  the  horizontal 
diameter  of  the  moon,  s  =  secant  of  her  declination*, 
^nd  /  the  tune  from  the  moon's  passage  aver  the 
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ftietidian,  on  the  day  we  waiit  the  diameters,  to  hef 
passage  on  the  following  day  j  then  the  moon's  dia- 
meter in  right  ascension  (Ajt.  150.)  will  be  ■'//,  and[ 
We  shall*  have  360°  **  s  d  :  :  I :  i  ;  consequently  d  ^Ki 

-y-  X  360®  for  the  diameter  required.     It  must  Ibefe 

he  observed,  that  as  the  moon  is  at  different  distances 
from  the  spectator  when  she  is  at  different  altitud^S^ 
the  apparent  diameters  must  be  reduced  to  the  sam6 
as  they  would  have  at  any  common  altitude  5  an^ 
this  may  be  done  by  saying,  as  the  co-sine  of  theJ 
observed  altitude  to  the  co-sine  of  the  common  dH^ 
ttidc,  so  is  the  observed  horizontal  diameter  to  tli^ 
diameter  at  the  common  altitude.  Where  great  ac^ 
Curacy  is  required,  a  previous  analogy  must  be  madei 
use  of,  taking  the  co-sine  of  the  true  altitude  as  cor^i 
I'ected  for  refraction,  and  that  of  the  apparent  altitude 
for  the  first  antecedent  and  consequent^  antl  iUk^ 
obtaining  a  more  correct  horizontal  diameter^       ' 

452.  Another,  and  perhaps  the  best,  methbcl  o£ 

determining  the  particulars  required  in  this  problerh'^ 

is  the  following  :  (Jbserve,  with  all  possible  prccJtion, 

the  place  of  the  moon,  as  frequently  as  it  can  l^e  done,' 

throughout  the  whole  of  her  orbit;    let   the  ttue! 

motions  be  compared  with  the  mean  ones,  and  slrite^ 

in  the  course  of  a  revolution  through  her  orbit^  the 

moon  must  have  passed  twice  through  the  place  o£ 

the  greatest  equation,  half  the  greatest  difference  will 

be  the  greatest  equation :  and  the  two  observations 

where  the  mean  horary  motion  differs  not  from  the 

true  horary  motion,  will  give  either  the  place  of  the 

apsides,  or  the  place  .where  the  equation  is  greatest. 

If  the  moon  has  moved  through  six  signs  of  her  orbit 

between  the  observations,  they  determine  the  place  of 

the  apsides.     The  excentricity  may  be  deduced  from 

the  greatest  equation,  by  the  method  given  in  Art.  344. 

463.  1  he  greatest  equation,  and,  consequently,  the" 

tf 
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cxcentricity,  of  the  moon*s  orbit,  undergo  variations  J 
Sometimes  the  greatest  equation  is  found  to  be  about 
4°  58'  4.6^',  at  others  nearly  y{^.  The  excentrici ties' 
vary  from  '04333  ^°  'oSSjy,  the  mean  distance  being 
f .  According  to  M.  de  la  Caille  the  mean  excentri- 
city  is  '05505.  Mayer  makes  the  mean  cxcentricity 
•0550-^57,  and  corresponding  greatest  equation   6*' 

454.  By  comparmg  the  place  of  the  moon's  apogee 
at  diiFerent  times,  its  mean  motion  is  determined  ;  and 
the  more  distant  the  times  are  chosen,  the  more  accu- 
rately will  that  motion  be  known :  thus  Caaaini^  by 
comparing  the  place  of  the  apogee  on  Nov.  29,  1 686, 
at  II  **  7""  18*  apparent  time,  with  the  place  on  Dec. 
10,  1685,  at  10**  38"  10'  apparent  time,  found  that  a 
revolution  of  the  apogee  was  performed  in  about  ^% 
years.     The  time  being  ascertained  thus  nearly,  he- 
computed  the  mean  motion  from  a  mean  of  several 
distant  observations,  and  found  it  to  be  such,  that  a 
complete  revolution  of  the  apogee,  in  consequential 
would  be  performed  in  eight  common  years,  311'*  8'i  J- 
hence  the  mean  annual  motion  is  i^  lo*^  3.9'  52'''',  and 
the  daily  motion  6'  41"^  i'" :  this  is  in  respect  of  the 
equinoxes.     M.  de  la  Lande  states  the  tropical  revo- 
lution of  the  apogee  at  8y  311^  8*^  34™  ^^"-^  the  side- 
real revolution  at  8/  312'!  n^  ii""  39%  and  the  diur- 
nal motion  at  &  41  ^''•069 8.     According  to  Ptolerni/^ 
the  mean  diurnal  motion  of  the  apogee  i^  6'  4.1"  i"'\ 
and  his  determinations  of  the  other  motions  and  irre- 
gularities of  the  moon  are,  in  many  respects,  so  con- 
formable to  the  determinations  of  the  modern  astro- 
nomers, as  prove  him  to  have  been  a  very  diligent 
s^nd  accurate  observer  of  that  body. 

455,  Prob.  V.    To  determine   the  paralla^c,  and 
distance,  of  the  moon. 

Some  methods  of  ascertaining  the  parallax  of  the 
lieavenly    odies  were  given  in  the  fifth  chapter ;,  by 
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dtl^  of  which  the  parallax  of  the  moon  might  bd 
found  ;  but  it  is  sometimes  proposed  to  be  determined 
in  the  following  manner :  If  there  were  no  parallax, 
Or  refraction,  the  difference  of  the  moon's  meridian 
altitudes,  when  at  her  greatest  north  and  south  lati- 
tudes, would,  according  to  the  proposers  of  this 
method  ',  be  equal  to  the  sum  of  the  two  latitudes  of 
the  moon  ;  consequently,  the  difference  between  the 
sum  of  the  two  latitudes,  and  the  difference  of  the 
altitudes,  corrected  for  refraction,  will  be  the  differ- 
ence between  the  parallaxes  at  the  two  altitudes.  Td 
find  from  thence  the  parallax  at  the  greatest  altitude^ 
put  S  and  ^  for  the  sines  of  the  gteatest  and  least 
apparent  :ienith  distances,  X  and  x  the  corresponding 
parallaxes ;  then,  since  small  arcs  are  nearly  as  their 
sines,  when  the  distance  is  given  the  parallax  varies  as 
the  sine  of  the  zenith  distance  (Aft.  83.),-  we  there- 
fore have  S  :  5  :  :  X  :  .r  ;  hence,  by  division,  S  —  s  z  s 

: :  X  —  .V :  .v  —  -— ^  ~^  :  but  X  —  o^,  being  the  dif- 

fererice  of  the  parallaxes,  is  given  from  the  observa- 
tions ;  therefore  a\  the  parallax  at  the  greatest  alti- 
tude, becomes  known.  This  method  is  liable  tO  many 
objections ;  for,  it  is  therein  supposed  that  the  dis- 
tance of  the  moon  from  the  earth  is  the  same  at  both 
observations,  which  will  probably  not  be  the  case  ;  it 
will,  therefore,  need  correction  on  this  account.  It 
is  also  supposed,  that  the  difference  of  the  greatest 
and  least  altitudes,  corrected  for  refraction  and  paral- 
lax, is  equal  to  the  sum  of  the  two  latitudes  of  tht 
moon ;  which  is  not  true  generally ^  because  the  Ion* 
gitude  of  the  moon,  the  inclination  of  the  ecliptic  to 
the  horizon,  and  the  ascending  or  descending  point- 
are  far  from  being  always  the  same,  when  the  mooii 
is  at  her  greatest  north  and  south  latitudes :  but, 
besides  these,  the  inclination  of  the  moc«i's  orbit  ii 

*  See  Mr.  Vinces  Astronomy :  St/stem,.^.  61  j  Principles,  "p.  76. 
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assumed  as  known,  and  this  cannot  be  precisely  deter- 
mined until  the  proper  allowances  for  parallax  are 
applied ;  so  that,  in  this  method,  we  are  under  the 
necessity  of  supposing  that  to  be  known,  which  the 
operation  is  designed  to  determine. 

456.  But  the  method  described  in  Art.  90.  is  not 
liable  to  these  objections  ;  nor  is  the  following,  which 
is  given  because  it  is  peculiarly  applicable  to  the 
moon.  In  an  eclipse  of  the  moon,  observe  when  both 
horns  of  the  enlightened  part  are  in  the  same  vertical 
circle,  and  at  that  moment  take  the  altitude  of  each  ; 
correct  these  altitudes  for  refraction,  and  half  their 
sum  is  the  altitude  of  the  moon's  centre  clear  of 
refraction.  Now  the  true  altitude  at  this  time  (as 
will  appear  from  the  doctrine  of  eclipses)  is  very 
nearly  equal  to  the  altitude  of  the  centre  of  the  earth's 
shadow ;  and,  knowing  the  sun's  place  in  the  ecliptic, 
together  with  the  time,  we  can  find  the  sun's  depres- 
sion below  the  horizon,  and  this  is  equal  to  the  alti- 
tude of  the  opposite  point  of  the  ecliptic,  in  which  is 
the  centre  of  the  shadow.  The  difference  between 
the  true  altitude,  and  the  altitude  freed  from  refrac- 
tion, is  manifestly  equal  to  the  parallax  at  that  alti- 
tude. Then,  as  co-sine  of  the  apparent  altitude,  to  the 
sine  of  the  parallax  at  that  altitude;  so  is  radius,  to  the 
sine  of  the  horizontal  parallax.  Or  the  moon's 
parallax  might  be  determined,  by  observing  her  alti- 
tude and  right  ascension,  when  her  enlightened  cusps 
in  an  eclipse  are  in  a  line  parallel  to  the  equator  ;  but 
the  operation  would  be  more  prolix,  and  the  conclu- 
sion less  accurate,  than  that  deduced  from  the  above 
method. 

The  rrioon's  horizontal  parallax  is  found  to  vary 
from  about  61'  32''  to  53'  52"  (Art.  93.).  Accord- 
i?^  to  M.  //f  la  Caillt,  the  mean  horizontal  parallax 
is.  57''  5";  M.  le  Alom/ier  states  it  at  ^y'  12";  others 
have  made  it  ^y'  i^".     Variations  like  these  arise 
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from  the  spheroidal  form  of  the  earth,  and  the  fre- 
quent changes  in  the  moon's  distance. 

4.57.  When  the  moon's  parallax  is  known,  her 
distance  from  thi  earth  may  be  found  in  the  same 
way  as  we  ascertained  that  of  the  sun  (Art.  325.). 
M.  de  (a  Hirc^  by  this  method,  found  her  distance 
when  in  the  perigee  to  be  about  56  of  the  earth's 
semidiameters,  but  in  her  apogee,  nearly  63 1  :  hence 
he  states  the  mean  distance  at  59J  or  60  semidiame- 
ters. M.  ae  la  Caille^  from  the  variations  in  the  pa- 
rallax, deduces  64*  for  the  greatest  distance,  i^^"^  for 
the  least,  and  603-  for  the  mean ;  corresponding 
nearly  with  the  former.  We  may  therefore,  since 
the  earth's  semidiameter  is  nearly  4000  miles,  state 
the  moon's  mean  distance  at  about  240000  miles  : 
and  by  comparing  this  with  the  distance  of  the  sun 
from  the  earth,  we  shall  find  that  the  one  is  to  the 
other  nearly  as  i  to  390. 

458.  Prob.  VI.  'lo  determine  zvhether  the  curce 
described  by  the  centre  of'  the  moon  in  one  revolution^ 
is  any'Zohere  cnnve.v  towards  the  sun. 

In  order  to  simplify  this  problem,  we  will  suppose 
the  earth  to  revolve  in  a  circular  orbit  round  the  sun 
as  is  centre,  and  the  moon  to  move  round  the  earth 
in  the  same  manner  ;  also,  that  the  orbits  are  both  in 
the  same  plane,  and  that  the  radii  of  the  respec- 
tive orbits  are  as  390  to  i.  Then,  by  dividing 
the  time  of  the  earth's  revolution  through  its  orbit, 
by  the  respective  times  of  the  moon's  periodic  and 
synodic  revolution,  it  will  appear  that  there  are 
13*36881  of  the  former,  and  1 2*3688 1  of  the 
latter,  performed  in  the  time  of  one  revolution 
of  the  earth.  Let  S  (in  fig.  i,  PI.  VI.)  re- 
present the  sun,  E  the  earth,  E  H  a  portion  of 
its  orbit  passed  through  during  one  synodic  revo- 
lution of  the  moon;  make  S  A  :  E  A  : :  1 2*36881 
:  I ;  then  the  arc  A  K  described  from  the  centre  S 
with  the  radius  S  A,  will  be  equal  to  the  circum- 
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ference  of  the  circle  E  A  F ;  and  when  the  moow 
IS  in  conjunction  with-  the  sun,  the  distance 
§  M  between  the  sun  and  moon  will  be  much  greater 
than  S  A.  Now  the  curye  described  t>y  the  centre 
of  the  moon  M,  E  M  being  the  semidi^meter  of 
the  moon's  orbit,  is  the  same  as  would  be  de- 
scribed by  a  pomt  M  in  the  radius  E  A  of  the 
•circle  E  A  F  which  rolls  along  the  arc  A  K  ;  it  is 
therefore  of  the  ci/cloidal  kind.  To  determine  whe- 
ther it  has  a  point  of  inflection,  put  S  A  or  S  R  zz  ^, 
E  A  or  e  R  z=  /^,  E  M  or  e  w^  m  c,  R  m  zz  /•,  R  t/  — 
s ;  and  let  w  C  be  the  radius  of  curvature  at  any 
point  w,  which,  it  is  well  known,  must  pass  through 
the  point  of  contact  R.  Suppose  the  point  //  in- 
definitely near  to  m  ;  then  R  y  on  A  K,  and  R  r  ou 
aj  R,  being  the  indefinitely  small  contemporary  ctrc^ 
with  m  ?/,  and  consequently  the  triangles  R  ??i  r  and 
R  n  r  equal  in  all  respects,  if  we  consider  the  said 
little  aj-cs  R  r,  R  r,  as  httle  right  lines  perpendicu- 
lar to  the  radii  e  r  and  S  r,  we  shall  have  the  angle 
m^n  zr.  /■  R  r  =  R  f  r  +  R  S  r,  because  the  angles 
e^.  r  and  S  R  r  added  to  either  /uKn  or  r  R  ;•,  make 
two  right  angles.  Now  S  R  :  c  R  :  :  R  e  r  :  R  S  r, 
very  small  angles  varying  as  their  sines ;  hence  S  R 
:  eR  -f  S'  R  :  :  R  d  r  :  R  CM'  +  R  S  r,  that  is,  a  \ 

a  -\-  b  :  :  R  e  r  :  m  R  n  zn  '■ R  e  r.     Again,  in 

any  triangle,  as  dm  ?■,  if  the  angles  mdr^  m  r  d,  and 
R  m  r,  the  complement  of  the  obtuse  angle  to  two 
right  angles,  be  indefinitely  small,  they  will  be  pro- 
portional to  the  opposite  sides  w  r,  m  d,  and  dr*\ 

*  For,  let  the  triangle  be  circumscribed  by  the  circle  rm  d  (fig, 
J,  PI.  VI.),  then  will  the  arches  dm  and  m  r  differ  infinitely  little 
from  ttieir  chords  d  m  and  m  r,  which  therefore  may  be  taken  as 
equal  to  them.  And  since  (by  Euc.  III.  20.)  the  angle  at  the 
centre  of  a  circle  is  double  the  angle  at  the  periphery,  the  arches 
or  chords  r  m  and  m  d  are  the  measures  of  duul^le  the  angles  mdr 
^nd  mrd  respectively;  or  the  angles  mdr  and  mrdzrcio  each 
other  as  their  opposite  sides  r  m  and  in  d:  andj  because  (by  Eac.  I. 
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$h2A  IS,  dr  :  md  ::  Km r  :  m  r  d;  and  dr-'^md 
'.dr'.-.Kmr'—mrd'Kmf^;  or  w  R  ;  ^  R  :  ; 

B-dr  iKnr ;  Aat  is,  r  :  *  : :  - —  :  R  w  r  n —  Re  r. 

And  again,    R  C  ??  :  R  ^z  C  ;  :  Jl ;?  :  R  C,   that  is, 

mKn  —  R  w  r  ;  R  w  r  :  :  R  w  :  R  C,  or 

^Rer:~  Rer::7-/.RC= ^ Con. 

2r  aar  +  26/- — c* 

sequently  772  R  +  R  C  =  7W  C  =    ^^/\,^  ^^''^    ^ 
r  rz  the  radius  of  curvature  ai^ny  poi;it  m.. 


'2  a  +  a,b 

Now,  it  is  evident,  that  at  the  point  of  inflection, 
the  radius  of  curvature  must  be  infinite  ;  or  that,  on 
one  side  of  the  said  pointy  the  expression  for  the  ra- 
dius of  curvature  must  bp  affiniuitive,  and  on  the 
other  iiegativt ;  therefore   r  must  be  grtater  thaQ 

7  on  one  side  of   the  said  point,    and    on 

sa  +  2&  r  ? 

the  othey  fide.,  less^  and  consequently  at  the  point 
of  inflection,  r  zz  — > — rrr  c  which,  substituted  for  r, 

'2a-t-2Z»'  '  ' 

makes  (d  m  X  m  R  =)  r  s-^  ;•*  •=.  '^-  "  '"^  — 
b*—TC*,  because  dm  X  mR  zi  finX  ma;  irortf. 
^uation  ve  have  s  n —  .    Or,  to 

\/  2a  b  -\-  a' 
-,  .  as  2  ar  +  2  b  r  1^7 

find  }\  jsmCi^  ?•  cz  — -—7,  .v  iz r—,  and   ( a  ??z 

X  w  R  =?)  r  iS  r—  7*  ::;:    -.      .: zz  CfmXm  azz) 


32.)  the  angle  Rmris  equal  to  the  sura  of  the  angles  wrfr  and 
7n  r  rf,  the  measure  of  it  is  the  sum  of  the  arches  or  chords  r  w  and 
ntd ;  which  differing  infinitely  little  from  the  side  or  chord  ;•  <i, 
may  be  considered  as  equal  to  it ;  therefore  the  angles  mdr,  mrd, 
4ifld  R  m  r,  will  be  proportional  to  r  tw,  m  d,  and  rd. 
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b^ .— *  6"*:  from  which  we  get  r  zr    /- — -t~~7~~j  wheii 

the  point  m  becomes  a  point  of  inflection. 

Now,  as  m  R  (=  r)  must,  by  the  nature  of  th« 
circle,   always   be   greater   than    7)1  a ;    that  is,    as 


J 


— —  must  always  be  greater  than  b  — :  r,  an4 

ab 


cqyiisequently  be  greater  than  b-r-cr,  or 


a  +  2  b 
a  b  +  ft  c 


■ ,   X  Z>  1 —  c  greater  than  b-r—  c  X  b  —  c  :    but 

' — 7-^-  X  —7-7 —  =  Cj  ^na  b-^c  X  — r— —  ;=: 

a  -\-  2,  b  a  b  -^  ac  ap  -{•  ac 

b  * 

■         5    therefore  c  must    always   be   greater    than 

— —7  ;  that  is,  E  M  must  be  greater  than  a  third 

proportional  to  E  S  and  E  A,  in  order  to  have  a  point 
of  inflection  in  the  curve  But  in  the  present  inr 
stance  ES,  E  A,  and  i^.  M,  are  as  13*36881,  i,  and 

— -,  or  '03418;  consequently  E  M  is  consider- 
ably ;t,v.v  than  the  said  third  prOf>ortional,  and  there- 
fore the  curve  M  m  ?/ 1  described  by  the  centre  of 
the  moon,  has  not  a  point  of  inflection^  or  is  nOf 
iDhey^e  coi'vej:  toivards  the  sun.  * 

A 59-  But  a  solution  to  this  problem  may  be  deduced 
from  physical  principles,  in  a  much  shorter  compass, 
and  in  a  manner  perhaps  more  satisfactory  to  the 
mind,  as  below :  Let  tT  (fig.  13,  PI.  V.)  represent  a 
portion  of  the  earth's  orbit,  the  circle  L  M  the  orbit 
pf  the  moon,  S  the  sun,  and  L  the  moon  when  in 
syz>  gy  ;  let  T  represent  the  periodical  time  of  the 
(earth,  and  t  that  of  the  moon ;  then  it  is  shewn  by 
the  authours  on  central  forces  ^see  Emerson,  prop.  5. 
sect.  I.)  that  the  ratio  of  the  forces  by  which  the  body 
L  is  attracted  towards  T,  arid  towards  S,  is,  at  a  mean, 

T  L    IS 
as  -jry-^i  7  or  (multiplying  both  terms  by  ^*)  as 
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TL:TS  X  ^';  take  therefore L  A  z=  T  S  X  ^^  ; 

and  then,  the  force   by  which  the  body  L  Is  drawn 
towards  T  being   represented  by  T  L,  the  force  by 
which  it  is  drawn  towards  S  will  be  represented  by 
L  A.     Now   these   forces  acting   upon   the  body  L 
(by  its  vis  insita*  tending  towards  B  along  the   tan- 
gent L  B,  drawn  perpendicular  to  T  A)  in  opposite 
directions,  the  greater  force  must  necessarily  draw  it 
from  the  tangent  B  L  towards  itself,  by  a  force  which, 
jit  the  instant  the  body  moves. from  L,  is  equal  to  the 
jdiflFerence  betwixt  T  L  and  L  A  ;  and  it  is    manifest, 
that  according  as  the  path  of  the  body  falls  a  hove  or 
beloxc  the  tangent  B  L  ("with  respect  to  T\  it  will  be 
concave  or  coined'  towards  S.     Now,  in  the  proposed 

case  of   the    moon,    LAzzTS  X  ^— TSX 

r-      \    . ,  —  T  S  X  — 3 —  ;  and  T  L   beiner  about 

—  X  T  S  ;  it  is  manifest,  therefore,  that  at  L  the 

39°      ^  .  . 

path  of  the  moon  is  considerably  concave  towards  S  j 

^nd  if  it  be  concave  at  L,  it  must  necessarily  be  more 

60  at  any  other  point  /  where  the  force  T  L  zz  /  /  is 

divided  into   two,  t  c  and  c  /,  and  only  the  one  c  I 

^hich  is  perpendicular  to  the  path  has  any  power  to 

bend  it ;  therefore  the  path  of  the  moon,  being  con* 

cavt  at  L,  is  so  throughout  f. 

*  *'  The  t'is  insitu,  or  innate  force  of  matter,  is  a  power  of  re- 
fisting,  by  which  every  body,  as  much  as  in  it  lies,  endeavours  to 
persevere  in  its  present  state,  whether  it  be  of  rest,  or  of  moving 
uniformly  forward  in  a  right  line."  Matte's  J'lanslation  of' New- 
ton's Principia,  book  I.  dejinition  3, 

■\  This  problem  is  considered  very  ingeniously  by  Mr.  Maclaurin, 
|n  his  Account  of  Aavtun's  Philosophical  Discoveries,  hook  IV.  ch.  ^, 
where  he  also  applies  the  theory  of  gravity  to  the  determination  of 
the  aV  solute  paths  of  some  of  the  satellites  of  jupiter  and  saturn. 
A.nd  Mr.  Fergvson,  in  bis  Astronomy,  describes  an  instrument, 
vhich  he  calls  the  Trajectorium  Lunare,  by  which  the  respective 
paths  of  the  earth  and  piyon  may  be  delineated. 
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AGO,  Because  the  gravity  of  the  moon  towards  the 
8un   IS   found   to  be  greater,  at    her    conjunction, 
than   her   gravity    towards    the    earth,    some  [have 
apprehended   that  the    moon   ought   necessarily   to 
abandon  the  earth.     And,  indeed,  if  the  absolute  ve. 
locity  of  the  moon,  at  the  conjunction,  were  less  than 
that  which  is  requisite  to  carry  a  body  in  a  circle  there 
around  the  sun,  supposing  this  body  to  be  acted  on 
by  the  same  force  which  acts  there  on  the  moon  (/.  e. 
hy  the  excess  of  her  gravity  towards  the  sun,  above 
her  gravity  towards  the  earth),  then  the  moon  would 
really  abandon  the  earth.     But  though  the   absolute 
velocity  of  the  moon  at  the  conjunction  be  less  than 
that  of  the  earth  in  the  annual  orbit,  and  her  gravity 
towards  the  sun  greater  than  that  towards  the  earth, 
yet  the  former  gravity  is  so  much  diminished  by  the 
latter,  that  her  absolute  velocity  is  still  much  superiour 
"to  that  which  is  requisite  to  carry  a  body  in  a  circle, 
there,  about  the  sun,  that  is  ac(ed  on  by  the  remaining 
force   only.     Therefore,  from    the  moment   of  the 
conjunction,  the  moon  is  carried  without  such  a  cir- 
cle, receding  continually  from  the  sun  to  greater  and 
greater  distances,  till  she  arrive  at  the  opposition  ^ 
where,  being  acted  on  by  the  sum  of  those  two  gra- 
vities, and   her  velocity  being  now  less  than  what  is 
'requisite  to  carry  a  body  in  a  circle,  there,  about  the 
sun,  which  is  acted  on  by  a  force  equal  to  that  sum, 
the  moon  thence  begins  to  approach  |to  the  sun  again  ; 
and  thus  recedes  and  approaches  alternately,  during 
every  revolution  about  the  earth. 

4 6" J.  Prob.  VII.  lo  determine  the  moon's  maf^- 
mtiide  and  time  aj  rotation.  ^ 

The  apparent  diameter  of  jthe  moon  varies  from 
about  29 1'  to  34';  when  the  moon  is  at  her  mean 
distance  from  the  earth,  the  diameter  measures  3 1'  %'^ 
very  nearly :  then,  as  radius  :  240000  miles  (the 
moon's  mean  distance  from  the  earth)  :  :  sine  of 
31'  8'^ ;  2173-486^  miles,  real  diameter  of  the  moon. 
But  as  24C000  miles  is  probalily  somewhat  greater 
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tiian  the  moon's  mean  distance  (Art.  45705  being  es- 
timated from  the  earth's  diameter  in  round  numbers, 
the  diameter  above  may  be  rather  too  small ;  it  is, 
therefore,  generally  reckoned  about  2180  miles.  This 
is  to  the  diameter  of  the  earth  nearly  as  20  to  73  ; 
therefore,  the  surface  of  the  moon  is  to  that  of  the 
earth  (being  as  the  squares  of  their  diameters)  nearly 
as  I  to  1 3  3-.  And,  admitting  the  mpon's  density  to 
be  to  that  of  the  earth  as  5  to  4,  their  respective 
quantities  of  matter  will  be  as  i  to  39  very  nearly. 

A&2,  From  the  most  careful  observations  upon  the 
moon,  it  appears,  that  she  has  always  very  nearly  the 
same  side  tprned  towards  the  earth  :  hence,  if  she 
turn  upon  her  axis,  the  tim^  oj  rotation  must  be 
equal  io  that  oj  the  moojt'a  synodic  revolution 
(Art.  440.),  r>r  nearly  29!  days^  Therefore,  though 
the  s  lar  year^be  of  tha  same  absolute  length,  both 
to  the  earth  and  moon,  yet  the  number  of  days  ia 
each  is  very  different ;  the  former  having  nearly  365:^ 
ijatural  days ,  whilst  the  latter  has  only  about  1 2  /«  ; 
every  day  and  night  on  the  moon  being  as  long  as  29 1 

on  the  tarth It  is  also  found  by  observations 

upon  the  moon's  spots,  and  calculations,  on  nearly 
the  same  principles  as  those  used  to  determine  the  in- 
<;lination  of  the  sun's  axis  (Art.  394. )»  ^bat  the  axis 
of  the  moon  is  inclined  to  the  echptic  in  an  angle  of 
88°  17'  very  nearly  :  and  M.  Cassnii  concludes, 
that  the  nodes  of  the  lunar  equator  agree  with  the 
mean  place  of  the  nodes  of  the  lunar  orbit,  and,  con- 
sequently, their  mean  motions  are  the  same. 

46'J.  Although  nearly  the  same  parts  of  the  moon 
are  turned  towards  the  earth  at  all  times,  this  is  not 
so  uniformly  the  case,  but  that  she  turns  sometimes  a 
little  more  of  the  one  side,  and  sometimes  of  the 
Other  towards  us  ;  this  is  called  the  w/'On^s  uhranon^ 
and  is  owing  to  her  equable  rotation  about  her  own 
axis  once  in  a  month,  in  conjunction  with  her  un» 
equal  motion  in  the  perimeter  of  her  orbit  round  the 
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earth.  For,  if  the  moon  moved  in  a  circle  whose 
centre  coincided  with  the  centre  of  the  earth,  and 
turned  round  her  axis  in  the  precise  time  of  her  pe- 
riod round  the  earth,  the  plane  of  the  same  lunar 
meridian  would  always  pass  through  the  earth,  and 
the  same  face  of  the  moon  would  be  constantly  and 
exactly  turned  towards  us.  But  since  the  real  mo- 
tion of  the  moon  is  in  an  orbit  nearly  elliptical,  hav- 
ing the  earth  in  one  of  its  foci,  and  the^  motion  of 
the  moon  about  her  axis  is  equable  ;  that  motion,  as 
seen  from  the  earth,  must  be  unequal ;  for  every  me- 
ridian of  the  moon  by  this  rotation,  describing  angles 
proportional  to  the  times,  the  plane  of  no  one  meri- 
dian  will  constantly  pass  through  the  earth.  Dr. 
Gregorij,  in  his  Elements  of  Astronomy,  divides  the 
libration  of  the  moon  into  three  kinds : 

4()-4'.  I.  Her  libration  in  longitude,  or  a  seeming- 
motion  to  and  fro,  according  to  the  order  of  the  si-^ns 
of  the  zodiac.  This  libration  is  nothing,  twice  in 
every  periodical  month ;  viz.  when  the  moon  is  in 
her  apogee,  and  when  in  her  perigee ;  for  in  both 
these  cases,  the  plane  of  her  meridian,  which  is 
turned  towards  us,  is  directed  alike  towards  the 
earth. 

465.  II.  Her  lihration  in  latitude,  which  arises. 
from  hence,  that  her  axis  not  being  perpendicular  to 
the  plane  of  her  orbit,  but  inclined  to  it,  sometimes 
one  of  her  poles,  and  sometimes  the  other  will  nod, 
as  it  were,  or  dip  a  little  towards  the  earth ;  and  con- 
sequently she  will  sometimes  shew  more  of  her  spots, 
and  sometimes  less  of  them,  towards  each  pole.  This 
libration,  depending  on  the  position  of  the  moon, 
in  respect  to  the  nodes  of  her  orbit,  and  her  axis  be- 
ing nearly  perpendicular  to  the  plane  of  the  ecliptic, 
is  properly  said  to  be  in  latitude.  It  is  completed  in 
the  time  in  which  the  moon  returns  again  to  the 
same  position  in  respect  of  her  nodes. 

46b".     III.  There  is  also  a  third  kind  of*  libration  j 
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Iw  which  It  happens,  that  although  another  part  of 
the  moon  be  not  really  turned  to  the  earth,  as  in  the 
former  libration,  yet  another  is  illuminated  by  the 
sun.  For,  since  the  moon's  axis  is  nearly  perpendi- 
cular to  the  plane  of  the  ecliptic,  when  she  is  most 
soutljierly,  in  respect  to  the  north  pole  of  the  ecliptic, 
some  partSrnear  to  it  will  be  illuminated  by  the  sun, 
'while,  on  the  contrary,  the  south  pole  will  be  in 
darkness.  It!  this  case,  therefore;  if  the  sun  be  in 
the  same  line  with  the  moon's  southern  limit,  then,  as 
she  proceeds  from  conjunction  with  the  sun  towards 
her  ascending  node,  she  will  appear  to  dip  her  north- 
ern polar  parts  a  httle  into  the  dark  hemisphere,  and 
to  raise  her  southern  polar  parts  as  much  into  the 
light  one.  And  the  contrary  to  this  will  happen  two 
weeks  after,  while  the  moon  is  descending  from  her 
northern  limit ;  for  then  her  northern  polar  parts 
will  appear  to  emerge  out  of  darkness,  and  the  south- 
ern polar  parts  to  dip  into  it.  And  this  seeming 
libration,  or  rather  these  effects  of  the  former  libra- 
tion in  latitude,  depending  on  the  hght  of  the  sun^ 
will  be  completed  in  the  moon's  synodical  revolu- 
tion. 

46r.  Prob.  VIII.     To  eTpIain  the  phases  of  the 
moon. 

If  the  moon's  surface  were  smooth  and  polished 
like  a  mirrour,  it  would  not  then  reflect  light  upon  alt 
sides,  and  every  way  ;  but  it  would  merely  fhew  us, 
in  some  positions,  the  image  of  the  sun, .no  larger 
than  a  kind  of  point,  but  with  an  immense  lustre. 
But  the  moon  being,  like  a  primary  planet,  an  opaque, 
rough,  spherical  body,  reflecting  the  sun's  rays  falling 
upon  it,  it  is  evident  that  the  half  of  it,  turned 
towards  the  sun,  is  illuminated  and  bright,  while  the 
other  half,  which  is  turned  from  the  sun,  continues 
obscure  and  dark.  Now,  only  that  hemisphere  of 
the  moon  which  is  towards  the  earth,  can  be 
»e^  by  an  inhabitant  of  the  earth ;  consequently. 
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the  phases  of  the  moon  will  be  various,  adcording  i6 
the  various  habitude  of  the  enlightened  hemispherd 
to  that  which  is  turned  towards  the^arth,  as  was 
«hewn  with  respect  to  the  phases  of  the  inferiou^ 
planets.  'Art.  403.).  Thus,  let  Q^TL  (^  fig.  3,  PI.  VI.) 
be  a  part  of  the  earth's  orbit,  S  the  sun,  T  the  earth,- 
A  C  h  G  the  moon's  orbk*  When  the  moori  is  in 
conjunction  with  the  sun,  as  at  E,  because  she  i^ 
between  the  sun  and  earth,  hef  illuminated  hemi- 
sphere will  be  wholly  turned  ffom  the  titth,  conse- 
quently her  disc  will  be  dark :  this  is  the  time  of 
pew  moon.  At  A,  being  in  opposition,  her  illuminat- 
ed hemisphere  will  be  wholly  towards  the  earth,  and 
her  whole  disc  visible  :  this  is  the  time  oi  full  moon. 
At  C  and  G,  the  apparent  distance  of  the  moon  from 
the  sun  will  be  about  90° ;  whence  the  moon,  at  each 
of  those  situations,  will  be  about  half  way  between 
the  conjunction  and  opposition,  that  is,  about  the 
middle  state  between  the  complete  illumination  and 
the  entire  obscuration  of  the  disc ;  consequently,  the? 
disc  will  be  about  half  enlightened  :  here,  G  is  nearly 
the  situation  of  the  moon  at  the  first  quarttr^  and 
C,  at  the  third  cjuarter.  In  passing  from  G  to  A,* 
and  from  A  to  C,  the  disc  will  be  more  than  half  illu- 
minated, and  will  appear  gthbou.-.  In  passing  front 
C  to  E,  and  from  E  to  G,  the  disc  will  be  less  than 
half  illuminated  by  the  sun,  and  will  appear  horned : 
bu?,  when  the  moon  is  at  D  or  F,  near  her  conjunc- 
tion, a  considerable  portion  of  the  enlightened  hemi- 
sphefe  of  the  earth  will  be  towards  the  moon  ;  and  as 
the  surface  of  the  earth  is  more  than  thirteen  times 
greater  (Art.  461.")  than  that  of  the  moon,  the  lat- 
ter must  in  these  situations  receive  a  large  degree  of 
reflected  light  from  the  former ;  so  that  the  darkened 
part  of  the  moon  is  rendered  visible,  though  it  is  by 
no  means  so  brilliant  as  the  part  of  the  disc  illumin- 
ated by  the  direct  rays  fi  om  the  sun. 

4t)b.  As  to  the  quantity  of  the  disc  illuminated  l^y 
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Ihe  sun,  in  any  given  position  of  the  earth  and 
moon,  it  may  be  determined  by  a  process  nearly 
similar  to  that  which  we  had  recourse  to  in  finding  the' 
illumination  of  the  inferiour  planets  (Art.  404. ). 
Thus,  for  instance^  when  the  moon  is  at  F,  the  earth 
aind  sun  being  at  T  and  S,  the  circle  of  illumination 
will  be  represented  by  n  m,  and  the  plane  of  vision^ 
will  cut  the  moon  in  y  r  ;  n  q  is  the  arc  of  the  illu- 
minated part  which  is  visible  at  T,  and  this  will  be  pro* 
jected  into  its  versed  sine,  upon  the  circle  of  vision 
q  r.  The  angle  no  q  zn  T  ol^  -,  for  ;;  0  P  and  T oq 
are  right  angles,  and  T  0  ?/  is  common  to  each,  there- 
fore the  remainders,  ?^  0  ^  and  T  0  P,  are  equal ;  but 
the  external  angle  T  0  P  of  the  triangle  T  0  S  is  equal 
to  the  sum  of  the  angles  S  T  0  and  T  S  0 ;  therefore, 
if  the  latter  angle  be  very  minute,  S  T  0  may  be  con-  • 
sidered  as  equal  to  T  ta  P  or  w  0  ^,  and  their  versed 
sines  will  be  equal.  Now,  in  the  present  case,  ST: 
To::  390  :  i  (Art.  457.),  and  the  angle  T  S  o 
will  be  the  greatest  the  conditions  of  the  enquiry  will 
admit  of,  when  S  P  is  a  tangent  to  the  moon*s  orbit, . 
that  is,  when  T  0  S  is  a  right  angle  j  then  1'  S  : 
To::  390  :  I  :  :  radius  :  sine  T  S  o  zz  8'  48^. 
Hence,  since  the  angle  T  S  0  never  exceeds  8'  48*, 
and  is  generally  much  less,  the  angles  no  q  and  S  T <^ 
may  be  looked  upon  as  equal  in  delineating  the  moon's 
phases  ;  and,  following  the  same  steps  as  were  traced 
out  in  the  latter  part  of  Article  404.  it  would  ap- 
pear, that  as  the  diameter  of  a  chicle,  to  the  versed 
sine  of  the  moon*s  elongation  from  the  sun;  so  is  tJie 
whole  disc  of  the  moon,  to  that  part  of  it  which  is 
illuminated  by  the  sun  /which  part  might  be  laid  down 
from  the  elongation  being  known,  in  the  same  man- 
ner as  was  done  in  figs.  8,  12,  PI.  V.  from  the  given 
exteriour  angle  S  O  P  in  fig.  i  o. 

469.  According  to  the  mode  of  dehneation  here 
pointed  out,  the  outward  arc  B  P  C  of  the  enlight- 
ened part  of  the  disc  is  a  semicircle  j  and  it  is  m, 
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general  nearly  so  :  yet,  strictly  speaking,  it  ig  geft^- 
rally  greater^  and  sometimes  less  than  a  semicircle. 
The  moon's  disc,  as  seen  from  the  earth,  is  not 
bounded  by  a  great  circle  of  the  moon,  but  by  a  pa- 
rallel or  less  circle ;  and  the  visible  segment  is  less 
than  an  hemisphere.  The  circle  separating  the  en- 
lightened and  darkened  parts  of  the  moon,  is  likewise 
a  parallel  circle  ;  the  dark  segment  being  less,  and  the 
light  one  greater,  than  the  hemisphere.  Therefore, 
when  the  dark  segment  of  the  moon  is  greater  than 
the  segment  visible  at  the  earth  (which  happen* 
when  the  moon  is  in  perigee),  then  two  extremities 
of  some  diameter  of  the  visible  disc  may  be  involved 
in  the  dark  segment,  and  consequently  the  outward 
enlightened  arc  will  at  that  time  be  /e.vA  than  a  semi- 
circle ;  but  this  can  only  take  place  about  the  change.- 
And  at  almost  every  other  time  the  outward  enlight;" 
ened  arc  will  be  greater  than  a  semicircle.  But  the 
difference  either  with  respect  to  excess  or  defect  is  so 
triflmg,  that  it  may  be  safely  neglected  in  a  construc- 
tion which  is  designed  not  to  ascertain,  but  to  ex- 
emplify, a  fact  deduced  from  observation. 
-  470.  With  respect  to  the  position  of  the  horns  of 
the  71100)1,  it  may  be  observed,  that  before  the  con- 
janction,  or  new  moon,  they  are  turned  towards  the 
etist ;  a/ ter  it,  towards  the  irest :  for  the  sun,  after 
the  conjunction,  setting  before,  that  is,  to  the  west 
of  the  moon,  illuminates  the  west  side  of  the  disc, 
whence  the  horn  ■■,  which  are  towards  the  dark  part  of 
the  disc,  are  towards  the  east;  the  reverse  takes 
place  after  the  opposition,  when  the  moon  is  seen  in 
the  east,  before  the  sun  rises.  It  will  also  be  ob- 
served with  respect  to  the  moon's  horns,  that  the  line 
joining  their  cmps',  or  extreme  points,  varies  much 
in  its  position  relatively  to  the  horizon,  appearing  ar 
times  nearly  in  a  vertical  direction,  at  others,  so 
much  rechned  from  the  perpendicular  as  to  be  nearly 
Iwrizontalj  when,  as  the  country  people  express  it. 
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the  moon  lies  on  her  back.  To  explain  these  changes 
of  position,  it:  must  be'  considered,  that  the  cusps  of 
both  horns  will  fall  in  the  plane  which  divides  the  il- 
luminated from  the  dark  part  of  the  moon,  and  that 
the  situation  of  this  plane,  with  respect  to  us,  will  al- 
ways depend  upon  the  relative  situations  of  the  sun 
and  moon  :  thus,  suppose  C  O  H,  in  fig.  4,  PI.  VI.  to 
be  the  earth,  e  q  its  equator,  E  L  the  ecliptic,  in  which 
the  sun  is  at  S,  M  the  place  of  the  moon  in  her  orbit 
M  m ;  then  /'  s.,  perpendicular  to  S  M,  will  be  the 
diameter  of  the  moon's  circle  of  illumination,  or 
the  line  which  connects  the  cusps  of  her  horns ;  and 
it  is  manifest  that  the  inclination  of  this  line  to  the 
horizon  will  vary,  as  the  places  of  M  and  S  change 
with  respect  to  C  ;  that  is,  while  the  angle  M  G.  R 
decreases,  and  R  C  S  increases,  the  angle  O  ii  r  wall 
decrease,  and  z  u  r  increase  j  and  when  M  C  R  in- 
creases, and  R  C  S  decreases,  O  ti  r  will  increase,  and 
z  a  r  decrease.  Or  we  may,  without  any  material 
errour  in  this  elucidation,  suppose  the  place  of  the 
moon  to  be  at  L  in  the  ecliptic  ;  for  the  planes  of  il- 
lumination a  /,  r .?,  will  only  differ  from  parallelism 
by  the  angle  at  S  contained  between  the  lines  S  L, 
S  M :  now,  if  we  imagine  the  moon  at  M  to  be 
90°  from  her  nodes,  the  arc  L  M  measuring  the 
angle  L  C  M  will  never  exceed  5°  1 8',  and  it  will  be 
very  nearly  as  S  L  (391)  •  C  L  (i;  :  :  sine  5°  18'  : 
sine  /\.W^  zi  L  S  M  ;  or  if  the  moon  were  90°  from 
her  nodes  in  ni,  then  S  E  (389)  :  E  C  (i)  :  :  sine 
5"*  1 8'  :  sine  48^'?  z=  m  S  E.  And  stating  the  paral- 
lax O  M  C  at  1°,  it  would,  by  a  like  analogy,  be 
found  to  affect  the  angle  at  S  not  more  than  -if  of 
a  second:  so  that,  whether  we  consider  the  moon  as 
at  M  in  her  orbit,  or  L  in  the  ecliptic,  and  the  ob- 
server at  O  or  at  C,  it  can  never  cause  a  difference  of 
1'  in  the  position  of  the  line  a  i  or  r  s  connecting  the 
cusps.    Suppose,  therefore,  the  moon  at  L,  and  the 
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observer  at  C  ;  then,  a  i  being  the  line  of  the  cusps, 
and  p  li  parallel  to  C  Z,  or  perpendicular  to  the  hori- 
Kon^  Z  C  L  will  be  equal  to  C  c  n,  and  Z  C  R  and 
C  c  i  being  both  right  angles,  the  angle  n  c  /,  mea- 
suring the  inclination  of  the  cusps  to  the  vertical  line, 
will  be  equal  to  the  angle  c  C  R,  which  is  the  incli- 
nation of  the  ecHptic  of  the  horizon :  hence  it  ap- 
pears, that  the  inclination  of  the  line  joining  the  cusps, 
to  the  horizon,  is  nearly  equal  to  the  complement  of 
the  inclination  of  that  part  of  the  ecliptic  in  which 
the  moon  is  at  any  time  to  the  horizon  ; — and  con- 
versely, the  inchnation  of  that  part  of  the  ecliptic 
(or  of  the  ecliptic  itsalf)  to  the  horizon  may  be  as- 
certained, within  a  minute  of  a  degree,  by  determin- 
ing the  deviation  of  the  line  joining  the  moon's  cusps, 
from  a  vertical  Une  :  this,  of  course,  furnishes  us 
with  an  easy  method  of  finding  the  altitude  (Art.  155.) 
of  the  nonagea'imal  degree,  whenever  the  cusps  of 
the  moon's  horns  can  be  clearly  distinguished*. 

47 1.  Prob.  IX.  To  find  the  attitude  of  the  lunar 
moun  tains;. 

The  face  of  the  moon  is  greatly  diversified  with 
inequahties,  and  parts  of  different  colours,  some 
brighter  and  some  darker  than  the  other  parts  of  her 
disc ;  and  indeed  there  is  abundant  reason  to  con- 
clude that  there  are  very  high  mountains,  and  deep 

*  It  may  be  observed,  that  the  line  which  connects  the  cu-psof 
the  moon,  is  sometimes,  though  but  seldom,  perpendicular  to  the 
horizon :  when  this  happens,  the  moon  is  in  the  nonagesimal degree; 
and  this  can  never  occur  when  she  is  on  the  meridian,  except 
when  she  is  in  the  first  point  of  cancer  or  Capricorn.  For  the  line 
connecting  the  cu.-^ps  is,  manifestly,  perpendicular  to  the  plane  oi 
the  triangle  formed  by  lines  joining  the  centres  of  the  sun,  earth, 
and  moon,  that  is,  by  what  has  been  fhewn  above,  nearly  perpen- 
dicular to  the  ecliptic :  and  it  15  evident  from  the  nature  of  the 
sphere,  that  a  line  which  intersects  both  the  horizon  and  the  eclip- 
tic perpendicularly,  must  pass  through  the  nonages! mal  degree; 
and  can  only  coincide  with  the  meridian,  when  the  firist  points  of 
arie*  and  libra  are  in  the  horizon,  that  is,  when  the  first  point  of 
cither  cancer  or  Capricorn  is  upoa  the  mexidian. 
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vales,  upon  the  moon's  surface.  For,  if  there  were 
no  parts  in  the  moon  which  were  prominent  or  higher 
than  the  rest,  then  a  right  line  in  the  dichotoiny  or 
.quadrature,  and  an  elliptic  line  in  all  the  other  phases, 
would  terminate  the  light  and  dark  parts  of  the  disc  ; 
but  when  the  moon  is  viewed  wirh  a  telescope,  we 
find  that  the  confines  of  those  parts  appear,  as  it  were, 
toothed,  and  cut  with  innumerable  notches  and 
breaks  ;  and  even  in  the  dark  parts,  near  the  borders 
of  the  lucid  surface,  there  are  seen  some  apparently 
minute  specks  enlightened  by  the  sun's  beams.  These 
shining  points,  situated  without  the  confines  of  the  illu- 
minated surface,  are,  we  conceive,  the  tops  of  high 
mountains,  .which  rising  far  above  the  other  parts  of  the 
surface,  are  sooner  reached  by  the  solar  rays,  and  are 
therefore  longer  in  the  light  than  those  parts  which 
are  lower.  In  all  situations  of  the  moon,  the  ele- 
vated parts  are  constantly  found  to  cast  a  triangular 
shadow  in  a  direction  from  the  sun ;  and,  on  the 
contrary,  the  cavities  are  always  dark  on  the  side  next 
the  sun,  and  illuminated  on  the  opposite  one ;  all 
which  is  exactly  conformable  to  what  we  observe  of 
hills  and  valleys  on  the  earth.  Several  astronomers, 
who  have  diligently  observed  the  face  of  the  moon, 
have  concluded,  that  some  of  the  mountains  are  vol- 
canic :  thus.  Dr.  iicrschel  informs  us,  that  on  April 
19,  1787,  he  discovered  three  volcanoes  in  the  dark 
part  of  the  moon  ;  two  of  them  seemed  to  be  almost 
extinct,  but  the  third  exhibited  an  actual  eruption  of 
fire  or  luminous  matter,  resembling  a  small  piece  of 
burning  charcoal,  covered  by  a  very  thin  coat  of 
white  ashes  ;  it  had  a  degree  of  brightness  about  as 
strong  as  that  with  which  such  a  coal  would  be  seen 
to  glow  in  faint  day-light. 

472.  Some  astronomers,  as  Flurenti,  Langreni, 
Hevelius,  liicciolus,  Cassini,  De  la  Hire,  and  others, 
have  given  maps  of  the  face^of  the  moon,  as  viewed 
through  telescopes  j  of  these  the  most  celebrated  are 
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those  of  HeTcHiis,  in  his  SeloiogTap/na,  in  whicli  hs 
has  represented  the  appearance  or  the  moon  in  her 
different  states,  from  the  new  moon  to  the  full,  and 
from  the  full  to  the  new.  Some  of  these  authours 
called  the  spots  and  shining  parts  of  the  surface  after 
the  known  names  of  different  countries,  islands,  and 
seas,  on  the  earth  ;  while  others,  as  LangTcnu.s;  and 
liicc'wlus,  designated  them  after  the  names  of  philo- 
sophers, mathematicians,  and  other  celebrated  men,, 
giving  the  names  of  the  most  eminent  characters  to 
the  largest  spots  :  the  latter  mode  of  distinction  is  now 
generally  adopted.  Of  these  spots,  forty  whose  situ- 
ations are  well  ascertained,  and  which  are  supposed 
to  be  mountains,  are  noted  by  the  names,  Archi- 
medes, Plato,  Aristarchus,  &c. ;  and  about  eight,  be- 
ing dark  and  very  extensive,  are  supposed  to  be  seas, 
and  are  called  Mare  Niibiumy  Mare  Nectaris,  Marc 
Iranqu'ditatis,  &c. 

473-  But  it  is  time  to  shew  the  method  of  measur- 
ing the  altitude  of  the  lunar  mountains  ;  and  first  we 
will  describe  that  used  by  lUccio/a.'^,  Let  D  G  E  be 
the  disc  of  the  moon  (fig.  5,  PL  VI.),  E  C  D  the 
boundary  of  light  and  darkness,  and  B  A  a  mountain 
in  the  dark  part,  the  top  of  which  just  begins  to  be 
illuminated :  he  measured,  with  a  micrometer,  or 
some  other  instrument,  the  proportion  of  A  E  to  the 
diameter  E  D ;  then  there  were  given  the  two  sides 
AE,  EC,  of  the  right-angled  triangle  A  EC,  from 
which  he  found  A  C  the  hypothenuse,  by  taking  the 
square  root  of  the  sum  of  the  squares  of  the  other  two' 
sides  :  thus  having  A  C,  either  in  terms  of  the  moon^s 
diameter,  or  in  absolute  numbers,  and  knowing  B  C, 
he,  by  subtraction,  obtained  A  B,  the  altitude  of  the 
mountain.  In  this  way,  having  observed  the  top  of 
the  mountain  called  Af,  Catherine,  on  the  4th  day 
after  the  new  moon,  to  be  illuminated  when  it  was- 
distant  from^  the  confines  of  the  enlightened  hemi- 
sphere about  a  sixteenth  part  of  the  moon's  diameter. 
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lie  determined  its  height  to  be  nearly  nine  miles. 
Galileo  makes  A  E  only  one  twentieth  of  E  D, 
and  Hevclius  only  one  twenty-sixth ;  the  former  of 
these  gives  about  5I  miles,  and  the  latter  3+  miles, 
for  AB  the  height  of  the  mountain  ;  and,  probably, 
the  smallest  of  these  results  is  too  large. 

474.  The  preceding  method  will  only  give  the  true 
result  when  the  moon  is  in  quadratures,  or  the  appa- 
rent disc  dichotomized  :  the  following  general  method 
is,  therefore,  given  by  Dr.  Ihr'xliel,  in  the  FluL 
Trans:  1781.  Suppose  RGB  the  moon  (fig.  6, 
PI.  VI.),  F  the  place  of  the  earth,  A B  the  mountain : 
draw  F  A  ;z  and  E  0  perpendicular  to  the  moon's 
radius  R  C ;  also  A  e  perpendicular  to  S  A,  and  E  r 
perpendicular  to  n  F,  or  parallel  to  R  C.  Now  E  A, 
when  seen  from  the  earth  at  e,  at  the  time  of  the 
moon's  quadratures,  would  measure  its  full  length  ; 
but  it  gives  E  r  for  its  measure,  when  seen  from  F. 
The  plane,  in  which  are  S A,  FA,  being  perpendi- 
cular to  a  line  joining  the  cusps,  the  circle  R  E  B 
may  be  looked  upon  as  a  section  of  the  moon  perpen- 
dicular to  that  line ;  then  it  is  manifest  that  the  angle 
S  E  (?,  or  E  C  R,  is  very  nearly  equal  to  the  elongation 
of  the  moon  from  the  sun  (Art.  468.) ;  and  the  tri- 
angles E  /- A,  E  C  0,  being  similar  (for  0  E  R,  C  E  A, 
are  right  angles,  from  each  of  which  taking  C  E  r, 
the  remainders  C  E  o,  7^EA,  are  equal,  and,  conse- 
quently, the  right-angled  triangles  to  which  they 
belong  are  equi-angular),  we  have,  therefore,  E  0  : 

E  C  :  :  E  r :  E  A  = tt— ^  =  E  ;•  divided  by  the 

sine  of  elongation,  radius  being  unity :  then  E  A 
being  determined,  we  find  A  B  as  in  the  method  of 
Ricdalas.  Dr.  Hrrschd  gives  these  directions  for 
measuring  the  line  E  r  ;  set  the  immoveable  hair  of 
the  micrometer  parallel  to  IK,  then  moving  the  odier 
hair  parallel  to  it  from  E  to  r  on  the  disc,  it  gives  the 
ineasure  of  E  r.     Or,  observe  some  spot  near  to  E, 
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to  vi-hich  the  line  E  r  Is  directed,  or  take  a  vie^^ 
the  shadow  of  some  neighbouring  mountains  ;  either^ 
of  these  will  point  out  a  line  perpendicular  to  that 
which  joins  the  cusps,  by  which  the  micrometer  may 
be  set.  Or,  if  the  micrometer  be  furnished  with  a 
hair  perpendicular  to  the  moveable  wire,  and  that 
hair  be  made  to  coincide  with  E  /■,  it  at  once  gives 
the  position  of  the  mountain. 

A: 5.  Dr.  Herschel  observed  a  mountain  In  the 
south-east  quadrant,  and  found  the  angle  under 
which  E  r  appeared  to  be  /\.o'''6'ic^^  when  the  sun's 
distance  from  the  moon  was  125**  8':  hence  4o"'625, 
divided  by  '8104  (the  natural  sine  of  the  angle  of 
elongation),  gives  50''*!  3,  the  angle  under  which  E  A 
would  appear,  if  seen  from.  e.  Now  the  semidiameter 
of  the  moon  was  16'  2'6" ,  and,  taking  Its  real  length 
to  be  1090  miles,  we  have  E  A  =  s6"j'7^  miles,  and 
A  B  =  I  '47  miles. 

476".  Many  of  the  lunar  mountains  were  measured 
by  Dr.  Hcrachel^  and  the  admeasurements  led  him  to 
the  remarks  below :  "  Prom  these  observations  I  believe 
"  it  is  evident,  that  the  height  of  the  lunar  mountains, 
*'  in  general,  is  greatly  overrated ;  and  that,  when 
"  we  have  excepted  a  few,  the  generality  do  not 
*'  exceed  half  a  mile  In  their  perpendicular  eleva- 
«  tion." 

477.  It  Is  rather  extraordinary,  that,  if  we  apply 
the  mode  of  calculation  given  by  Dr.  Herschel,  to 
the  admeasurement  of  JiicciolK.f,  the  result  will  give 
the  altitude  of  the  mountain  considerably  greater  than 
it  was  thought  to  be,  even  by  Ricciolus  himself. 
For,  when  the  moon  is  four  days  old,  her  elongation 
from  the  sun  will  be  about  48°  48';  therefore,  '0625 
(Er)  divided  by  '7524  (nat.  sine  of  elong.),  gives 
•083  for  AE;  whence  A  B  is  found  to  be  nearly 
fifteen  miles !  This  altitude  considerably  exceeding 
the  bounds  of  probability,  we  cannot  help  concluding 
that  some  great  errour  attended  the  observation  of 
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Ricciolus,  Since  micrometers  were  not  invented,  or, 
at  least,  the  invention  was  not  publicly  known"*,  till 
about  ten  years  before  the  death  of  Riccioius,  it  is 
probable,  either  that  he  took  the  measure  without  a 
micrometer,  or  that  the  one  he  used  was  very  incom- 
plete, and  in  either  case  a  material  errour  might  take 
place  f. 

478.  It  has  been  a  long  controverted  question, 
Whether  the  moon  have  an  atmosphere,  or  not  ?  But 
the  very  careful  and  accurate  observations  of  modem 
astronomers  have  now  nearly  placed  the  matter 
beyond  all  doubt.  Since  the  moon  has  mountains 
and  valleys  like  the  earth,  and  appears  nearly  the  same 
with  respect  to  shape,  and  the  nature  of  her  motions, 
a  strong  argument  for  the  existence  of  a  lunar  atmo- 
sphere might  be  drawn  from  analog}-*,  but  we  may 
appeal  to  more  weighty  evidence,  the  evidence  of 
facts.     Thus  it  has  been  observed,  that  the  moon 


*  For,  although  Mr.  Gascoigne  invented  the  micrometer  before 
the  civil  wars  in  the  reign  of  Charles  I.  hii  invention  was  probably 
not  at  all  known  till  after  the  publications  of  Azout  and  Iluygem, 
In  1666  and  1659,  wherein  their  respective  inventions  are  de- 
scribed. 

f  Since  the  above  wa^  written,  the  auLhour  has  learnt  that 
M.  Schroeler,  the  learned  and  diligent  astronomer  of  Lilienthal, 
published  some  time  ago,  a  worii  on  the  heights  of  the  lunar  moun- 
tains, as  compared  with  those  of  the  earth  j  and  lately  he  has  pub- 
lished a  new  work  on  the  height  of  the  mountains  of  venus.  He 
deduces  his  conclusions  from  "the  projection  of  the  shadows  formed 
by  these  mountains  when  they  begin  to  appear  on  their  horizon  in 
regard  to  vis,  or  when  they  are  about  to  disappear  below  the  hori- 
zon. He  has  found  that  the  moon,  which  is  about  thirty-nine  times 
smaller  than  the  earth,  has  mountains  more  than  four  thousand 
toiscs  in  height;  while  that  of  Chimboraco,  one  of  the  Andes 
in  South  America,  the  highest  mountain  of  our  globe,  is  little 
more  than  three  thousand.  Venus,  which  is  less  than  the  earth  by 
a  ninth  (according  to  his  admeasurement),  has  mountains  twenty- 
three  thousand  toises  in  height.  The  French  toise  is  to  the  English 
fathom  as  1-  to  i'o66^.  The  highest  mountains  on  these  three 
globes  appear  all  to  be  volcanic.  See  Journal  de  Fhjiiqtte,  Prairi$lf 
M'  7-  - 
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does  not  always  appear  with  the  same  brightness,  even 
when  our  atmosphere  is  equally  clear.  Hevdius 
relates,  that  he  has  several  times  fpund,  in  skies  per- 
fectly clear,  when  even  stars  of  the  6th  and  7th  mag- 
nitude were  visible,  that  at  the  same  altitude  of  the 
moon,  with  the  same  elongation  from  the  sun,  and  the 
same  telescope,  the  moon  and  her  macular  did  not. 
always  appear  equally  lucid  and  conspicuous,  but 
were  much  more  so  at  some  times  than  at  others. 
M.  Cassini  says,  he  often  observed  that  saturn,  jupi-» 
ter,  and  the  fixed  stars,  had  their  circular  figures 
changed  into  elliptical  ones,  when  they  approached 
either  to  the  moon's  dark  or  illuminated  limb.  It  is 
also  found,  that  in  total  lunar  eclipses  the  moon  has 
very  different  appearances,  in  respect  of  colour  ;  and, 
in  the  time  of  total  solar  eclipses,  a  lumhious  circle 
round  the  moon  has  been  observed  by  many  astrono- 
mers. All  these  circumstances,  jointly  considered,  are 
strong  indications  of  a  lunar  atmosphere.  M.  SchrO'' 
eter  made  several  observations  in  order  to  determine 
this  point  (see  Phil,  Trans,  1792,  Pt.  II.) :  he  began 
his  observation  on  the  moon  when  two  and  a  half 
days'  old,  in  the  evening  soon  after  sun-set,  before  the 
dark  part  of  the  disc  could  be  seen,  and  continued  to 
observe  till  it  vv^as  visible.  The  two  cusps  appeared 
tapering  in  a  very  sharp,  faint  prolongation,  each  ex- 
hibiting its  farthest  extremity  faintly  illuminated  by 
the  solar  rays,  before  any  part  of  the  dark  segment 
was  visible.  Soon  after,  the  whole  dark  limb  appeared 
illuminated.  He  concludes  that  the  prolongation  of 
the  cusps  beyond  the  semicircle  mxust  arise  from  the 
refraction  of  the  sun's  rays  by  the  moon's  atmo- 
sphere :  but  this  might,  in  part,  arise  from  another 
cause  Art.  .469.).  But  he  also  observed  that,  at  an 
occultation  of  Jupiter's  satellites,  the  third  disappeared, 
after  having  been  indistinct  about  \"  or  2"  of  time; 
the  fourth  also  became  indiscernible  near  the  limb  : 
this  was  not  observed  of  the  other  two.    Now,  at  thq 
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height  of  about  forty-five  miles  our  atmosphere  is  so 
rare,  as  to  be  incapable  of  refracting  the  rays  of  light ; 
this  is  about  the  1 8oth  part  of  the  earth's  diameter : 
but  since  clouds  are  never  observed  higher  than  four 
miles  (generally  not  one  mile),  it  appears  that  the 
vapourous  or  obscure  part  cannot  be  more  than  the 
1980th  of  the  diameter.  The  mean  apparent  diame- 
ter of  the  moon  is  about  1870'^' ;  therefore,  supposing 
her  to  have  an  atmosphere  similar  to  ours  (though  it 
is  probably  much  less  dense,  and  less  capable  of  sus- 
taining vapours),  the  obscure  parts  of  it,  when  viewed 
from  the  earth,  riiust  subtend  an  angle  of  less  than 
one  second,  which  space  is  passed  over  in  less  than, 
two  seconds  of  time  :  this  is  very  conformable  to  the 
time  which  the  satellites  appeared  indistinct,  as  ob- 
served by  M.  Scliroeter ;  so  that,  considering  all  the 
facts  here  adduced,  there  is  much  greater  reason  to 
conclude  that  the  moon  has  really  an  atmosphere, 
than  the  nature  of  the  enquiry  would,  at  first,  lead  us 
to  expect,  or  hope  for. 

47y.  Prob.  X.  To  explain  the  appearance  and 
cause  of  the  ha rx.es t  moon. 

It  is  remarkable  that  the  moon,  during  the  week 
in  which  she  is  full  about  the  time  of  haj-vest,  rises 
sooner  after  sun- setting,  and  with  less  difference 
between  the  times  of  two  successive  risings,  than  she 
does  in  any  other  full-moon  week  in  the  year.  By 
these  means  she  affords  an  almost  immediate  supply 
of  light  after  sun-set,  which  is  very  beneficial  for 
gathering  in  the  harvest  and  fruits  of  the  earth  :  hence 
this  full  moon  is  disiinguished  from  all  others  in  the 
year  by  the  appellation  of  the  hai^'est  mo&n.  Mr. 
Ferguson,  in  the  i6th  chapter  of  his  Astronomy,  has 
given  a  full  explanation  of  these  phenomena,  as  they 
appear  in  different  climates  of  the  earth  :  so  much  of 
it  as  suits  our  present  purpose  has  been  abridged,  as 
below. 

480.  To  conceive  the  reason  of  the  harvest  moon, 
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it  may  first  be  considered,  that  the  moon  is  alwayj 
opposite  to  the  sun  when  she  is  in  full ;  that  she  is 
full  in  the  signs  pisces  and  aries  in  our  harvest  months, 
those  being  the  signs  opposite  to  virgo  and  libra,  the 
signs  occupied  by  the  sun  in  that  season ;  and  that 
those  parts  of  the  ecliptic  (in  which  the  moon  then 
is)  rise  from  the  horizon  in  northern  latitudes  in  a 
smaller  angle,  and,  of  course,  equal  spaces,  in  shorter 
intervals  of  time  than  any  other  points,  as  may  be 
easily  shewn  by  the  celestial  globe  j  consequently, 
since  the  moon's  orbit  deviates  not  much  from  the 
ecliptic,  she  rises  with  less  difference  of  time,  or  more 
immediately  after  sun-set,  about  harvest,  than  when 
she  is  full  at  other  seasons  of  the  year. 

481.  The  moon  rises  with  nearly  the  same  differ- 
ence of  times  in  every  revolution  through  her  orbit, 
when  she  is  in  the  signs  pisces  and  aries  ;  and  hence 
it  may  be  asked,  why  we  never  observe  this  remark- 
able rising  but  in  harvest  ?  The  answer  is  obvious : 
for  in  winter  these  signs  rise  at  noon,  and,  being  then 
only  a  quarter  of  a  circle  distant  from  the  sun,  the 
moon  in  them  is  in  her  first  quarter,  and  rising  about 
noon,  when  the  sun  is  in  his  meridian,  the  pheno- 
menon is  neither  perceived,  nor  regarded.  In  spring 
these  signs  rise  with  the  sun,  because  he  is  then  Jn 
them ;  of  course  the  moon,  in  conjunction,  rises 
iiearlv  with  the  sun,  and  is  invisible.  In  summer 
these  signs  rise  about  midnight,  and  the  sun  being 
then  three  signs,  or  a  quarter  of  a  circle,  before  them, 
the  moon  is  in  them  about  her  third  quarter,  when 
rising  so  late,  and  giving  but  little  light,  the  pecu- 
liarity of  her  rising  passes  unobserved.  But  in  au» 
tumn  these  signs,  being  opposite  to  the  sun,  rise  when 
he  sets,  with  the  moon  in  opposition,  or  at  the  full, 
which  makes  her  regular  rising  very  conspicuous  at 
that  time  of  the  year.  The  sun  enters  libra  about  the 
^^d  of  September,  and  the  full  moon  which  is  nearest 
that  day,  is,  properly  speaking,  the  hanc^'t  moon. 
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4H2.  These  circumstances  would  regularly  take 
place,  if  the  moon's  orbit  coincided  with  the  plane  of 
the  ecliptic ;  but,  as  her  orbit  makes  an  angle  with 
the  ecliptic,  varying  from  5°  to  5^  1 8',  and  crosses  it 
only  in  the  nodes,  her  rising  when  in  pisces  and  aries 
will  sometimes  not  differ  above  i^  40'  through  the 
whole  of  seven  days  ;  and  at  other  times,  when  in  the 
same  two  signs,  the  time  of  her  rising,  in  the  course 
of  a  week,  will  differ  full  3I  hours,  according  to  the 
different  positions  of  the  nodes  with  respect  to  those 
signs  ;  which  positions  are  constantly  changing,  the 
nodes  going  backward  (Art.  448. j  through  the 
whole  ecliptic,  in  about  eighteen  years,  228  days. 
This  revolution  of  the  nodes  will  cause  the  harvest 
moons  to  go  through  a  whole  course  of  the  most 
and  least  beneficial  states,  with  respect  to  the  harvest, 
in  about  nineteen  years.  The  following  table  shews 
in  what  years  the  harvest  moons  are  most  or  least 
beneficial,  from  the  year  1800  to  1861  :  the  columns 
of  years  under  the  letter  L  are  those  in  which  the 
harvest  moons  are  least  beneficial ;  those  marked  M 
shew  when  they  are  most  beneficial ;  the  former  falling 
nearest  the  descending  node,  the  latter  nearest  the 
ascending  node. 
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483.  Prob.  XI.  7o  account  for  the  great  apparent 
magnitude  of  the  horizontal  moon. 

The  great  apparent  magnitude  of  the  moon,  and 
indeed  of  the  sun,  at  rising  and  setting,  is  a  phenome- 
non which  has  greatly  embarrassed  almost  all  who 
have  endeavoured  to  account  for  it.  According  to 
the  ordinary  laws  of  vision,  they  should  appear  to  be 
least  when  nearest  the  horizon,  being  then  farthest 
from  the  eye;  and  yet  it  is  found  that  the  contrary  is 
the  fact.  The  apparent  diameter,  when  viewed  in 
the  horizon  by  the  naked  eye,  is  two  or  three  times 
larger  than  when  at  the  altitude  of  30®  or  40° ;  and 
yet  when  measured  by  an  instrument  her  diameter  is 
not  increased  at  all. 

484.  Gassendus,  Hobhs,  Be  Veil,  Dr.  JValli.%  De.f 
Cartes,  and  others,  have  attempted  to  account  for 
this  phenomenon ;  but  as  their  respective  hypotheses 
are  now  abandoned,  it  would  be  useless  to  recite 
them  in  this  place.  Dr.  Desqgulicr-s  appears  to  have 
been  the  first  who  came  near  the  true  explication  of 
the  appearance :  he  proceeded  on  the  supposition 
that  the  visible  heavens  seemed  to  an  observer  to  be 
only  a  small  portion  of  a  spherical  surface,  he  would, 
therefore,  regulate  his  judgment  of  the  magnitude 
of  objects  agreeably  to  this  notion.  Mr.  Roivning, 
in  his  Sj/steni  of  JSatural  Fhilosophij,  assigned  the 
same  cause  of  the  phenomenon,  but  did  not  enter 
into  a  full  explanation,  because  he  was  in  expectation 
of  seeing  the  subject  considered  at  large,  in  Dr. 
Smith''s  Optics,  which  were  then  preparing  for  the 
press.  Accordingly,  when  Dr.  Smith's  treatise  ap- 
peared, it  was  found  that  he  had  pursued  the  idea  o£' 
Dr.  Desaguliers  with  much  ingenuity  and  success  : 
the  mode  of  illustration  he  adopted  is  here  given, 
premising  his  determination  of  the  apparent  curvature 
of  the  sky. 

485.  "  The  concavity  of  the  heavens,"  says  the 
doctor,   "  appears  to  the   eye,  which   is   the   only 
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judge  of  an  apparent  figure,  to  be  a  less  portion 
of  a  spherical  surface  than  a  hemisphere  :  I  mean 
that  the  centre  of  the  concavity  is  much  below  the 
eye ;  and  by  taking  a  medium  among  several  obser- 
vations, I  find  the  apparent  distance  of  its  parts  at 
the  horizon  is  generally  between  three  and  four  times 
greater  than  the^pparent  distance  of  its  parts,  over- 
head. For,  let  the  arch  ABCD  (fig.  7,  PI.  VI.) 
represent  the  apparent  concavity  of  the  sky,  O  the 
place  of  the  eye,  O  A  and  O  C  the  horizontal  and 
vertical  apparent  distances,  whose  proportion  is  re- 
quired. First  observe  when  the  sun,  or  the  moon, 
or  any  cloud  or  star,  is  in  such  apposition  at  B  that 
the  apparent  arches  B  A,  B  C,  extended  on  each 
side  of  this  object  tou^ards  the  horizon  and  zenith, 
seem  equal  to  the  eye ;  then  taking  the  altitude  of 
-the  object  B  with  a  quadrant,  or  a  cross-staff,  or 
finding  it  by  astronomy  from  the  given  time  of  ob- 
servation, the  angle  AOB  is  known.  Drawing 
therefore  the  line  O  B  in  the  position  thus  deter- 
mined, and  taking  in  it  any  point  B  at  pleasure,  in 
the  vertical  line  C  O  produced  downwards  seek  the 
centre  E  of  a  circle  ABC,  whose  arches  B  A,  BC, 
intercepted  betv/een  B  and  the  legs  of  the  right  angle 
A  O  C,  shall  be.equal  to.  each  other  ;  then  will  this 
arch  ABCD  represent  the  apparent  figure  of  the 
sky.  For  by  the  eye  v/e  estimate  the  distance  be- 
tween any  two  objects  in  the  heavens  by  the  quantity 
of  sky  that  appears  to  lie  between  them  ;  as  upon 
earth  we  estimate  it  by  the  quantity  of  ground  that 
lies  between  them.  The  centre  E  may  be  found 
geometrically  by  constructing  a  cubic  equation,  or 
as  quick  and  sufficiently  exact  by  trying  whether  the 
chords  B  A,  B  C,  of  the  arch  ABC  drawn  by  con- 
jecture, are  equal ;  and  by  altering  its  radius  B  F. 
till  they  are  so.  Now,  in  making  several  observa- 
tions upon  the  sun,  and  some  others  upon  the  moon 
and  stars,  they  seemed  to  me  to  bisect  the  vertical 
arch  ABC  at  B,  when  their  apparent  altitudes  or 
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the  angle  A  O  B  was  about  23  degrees  ;  which  gives 
the  proportion  of  O  C  to  O  A  as  3  to  10,  or  as  i  to 
3-3-,  nearly.  When  the  sun  was  but  30  degrees  high, 
the  upper  arch  seemed  always  less  than  the  under, 
and  1  think  always  greater  when  the  sun  was  about 
18  or  20  degrees  high. 

4e>6.  "  I  have  been  the  more  particular  in  consi- 
dering the  apparent  figure  of  the  sky,  because  I  dQ 
not  find  it  has  ever  yet  been  determined ;  although 
it  be  absolutely  necessary  to  a  satisfactory  solution, 
of  seve.al  noted  appearances  in  the  heavens.  For 
instance,  supposing  the  arch  A  B  C  to  represent  that 
apparent  concavity  (fig.  8,  PL  VL).  I  find  the  dia- 
meter of  the  sun  or  moon  will  seem  to  be  greater  in 
the  horizon  than  at  any  proposed  altitude,  measured 
by  the  angle  A  O  B,  in  the  proportion  of  its  appa- 
rent distances  O  A,  O  B.  The  numbers  that  express 
these  proportions  are  set  down  in  this  table,  over 
against  the  corresponding  altitudes  of  the  sun  or 
moon,  and  are  also  exactly  repre- 
sented to  the  eye  in  the  figure,  in 
which  the  moons  placed  in  the  qua- 
drantal  arch  F  G,  described  about 
the  centre  O,  are  all  equal  to  each 
other,  and  represent  the  body  of 
the  moon  at  the  heights  there 
noted ;  and  the  unequal  moons  in 
the  concavity  ABC  are  terminated 
by  the  visual  rays  that  come  from 
tlie  circumference  of  the  real  moon,  at  those  heights, 
to  the  eye  at  O.  The  diameters  of  these  unequal 
moons  at  A  and  B  do,  therefore,  bear  the  same  pro- 
portion to  each  other  as  their  apparent  distances  O  A, 
O  B  ;  and  they  must  appear  in  the  very  same  pro- 
portion that  they  really  have  in  this  concave,  because 
we  judge  all  objects  in  the  heavens  to  be  in  this  very 
surface  ;  and  so  the  appearance  to  the  eye  is  exactly 
the  same  as  if  several  moons  were  painted  upon  a 
real  surface  A  B  C  in  the  proportions  here  assigned^ 


i  h-j  sun's  or 

Appaicut 

moo;>'s  alti- 

diameters Ot 

tudes  ill  de 

disrances. 

grees. 

\ 

00 

■  1 
ICO 

15 

68      ~ 

30 

50 

45 

40 

60 

34 

75  ' 

31 

90 

30 

Horizontal  Moon,  319 

in  which  case  we  should  certainly  judge  the  real  mag- 
nitudes of  the  larger  paintings  of  the  lower  moons  to 
be  really  larger ;  though  the  visible  magnitudes  of 
them  all,  answering  to  their  equal  images  upon  the 
retina,  were  exactly  equal." 

48/.  In  confirmation  of  this  theoryof  thecauseof  the 
horizontal  moon,  Dr.  Smith  observes,  that  if  we  take 
two  stars  near  each  other  in  the  horizon,  and  two  others 
near  the  zenith,  at  the  same  real  angular  distance 
from  each  other,  the  two  former  will  appear  at  a 
much  greater  distance  from  each  other  than  the  two 
latter.  Upon  the  same  principle  also  the  lower  part 
of  a  rainbow  appears  broader  than  the  upper  part : 
and  from  this  there  is  reason  to  conclude  that  the 
faintness  of  the  object  enters  not  into  any  part  of  the 
cause.  The  doctor  also,  in  his  Remarks  in  vol.  II, 
farther  adds  the  following  observations  upon  this  sub- 
ject. "  In  these  articles  I  have  shewn  in  general 
why  the  mcon  appears  always  larger  in  the  horizon 
than  in  the  meridian,  and  have  confirmed  the  reason 
of  it  by  experiments.  I  say,  in  general,  because  it 
is  agreed,  that  at  different  times  the  horizontal  moon 
appears  of  different  magnitudes  even  in  the  same  ho- 
rizon, and  now  and  then  of  a  size  extraordinarily 
large.  This,  I  am  inclined  to  believe,  is  chiefly 
owing  to  an  extraordinary  largeness  of  her  picture 
on  the  retina  at  those  times  ;  which  picture  in  the 
present  theory  was  supposed  invariable.  This  might 
best  be  examined  by  taking  her  diameters  with  a 
micrometer ;  or,  because  this  instrument  is  seldonj 
at  hand,  by  registering  the  year  and  day  of  the 
month,  together  with  the  heights  of  the  barometer 
and  thermometer.  For  if  it  should  appear  by  many 
such  observations  that  the  largest  horizontal  moons 
happened  generally  at  her  perigee  in  the  warmest 
summer  evenings,  the  barometer  being  low  and  the 
thermometer. high  J  and,  on  the  contrary,  that  the 
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smallest  horizontal  moons  happen  generally  at  her 
apogee  in  the  coldest  winter  mornings,  the  barome- 
ter being  high  and  the  thermometer  low ;  we  might 
reasonably  conclude,  that  these  extraordinary  moons 
are  chiefly  owing  to  the  concurrence  of  these  three 
independent  circumstances. 

4b 8.  "  Since  the  picture  of  the  horizontal  moon 
is  constantly  more  or  less  contracted  by  refractions, 
and  that  of  the  meridional  moon  at  her  greatest 
height  with  us,  of  6o  or  6^  degrees,  scarce  sensibly, 
it  follows  that  in  these  two  positions^  the  diameters 
cf  her  disc  considered  as  portions  of  the  concave 
sky,  must  be  in  a  less  ratio  than  that  of  their  appa- 
rent distances  in  the  sky.  Because,  in  the  present 
theory,  the  moon's  picture  was  supposed  invariable 
during  her  ascent  or  descent.  1  he  ratio  of  those  ap- 
parent distances,  by  the  table  in  Art.  486.  Is  about 
1  to  3,  or  3  to  9  J  and  this  v/ould  be  the  ratio  of  the. 
diameters  of  her  circular  discs  in  the  concave,  but 
for  refractions;  by  v/hich  alone  I  reckon  the  hori- 
zontal disc  is  generally  contracted  in  the  ratio  of  two 
circles  whose  diameters  are  nearly  as  9  to  8.  There- 
fore the  highest  meridional  disc  is  generally  to  the 
horizontal  one  but  as  3  to  8  in  diameter." 

489.  Prob.  XII.  Tojincl  the  moon^s  age^  and  time 
cf  coming  io  the  south. 

To  find  the  moon's  age  in  days  at  any  given  time, 
requires  a  knowledge  of  the  cpact,  which  is  the  ex- 
cess of  the  solar  month  above  the  lunar  synodical 
month  ;  or  of  the  solar  year  above^the  lunar  year  of 
1 2  synodical  months  ;  or  of  several  solar  months  or 
years,  above  as  many  synodical  months,  or  dozens 
of  synodical  months.  The  epact  for  the  beginning  of 
any  year  may  be  found  very  easily,  by  reckoning  from 
the  time  of  the  last  mean  conjunction  ;  but  it  is  gene- 
rally stated  among  the  chronological  notes  in  the 
Almanacs.    The  monthly  epacts  are  the  moon's  age 
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at  the  beginning  of  each  month,  when  the  solar  and 
lunar  years  begin  together  j  and  are  thus  • 
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490.  Then  knowing  the  epact  at  the  beginning  of 
the  year,  to  it  must  be  added  the  number  of  the 
month  in  the  above  table,  and  the  day  of  the  month  ; 
their  sum  abating  thirty,  if  it  exceed  that  number, 
is  the  moon's  age ;  aiid  her  age  taken  from  30,  shews 
the  day  of  the  change. 

4y  1 .  To  find  nearly  the  time  of  the  moon's  south- 
ing or  coming  to  the  meridian,  take  ^  of  her  age, 
which  will  be  nearly  the  time ;  after  noon  if  it  be  less 
than  1 2  hours ;  but  if  greater,  the  excess  is  the 
time  after  the  last  midnight. 

495.  Bui  the  above  rule  being  merely  a  gross  ap*i 
proximation,  one  of  the  following  may  be  used,  as 
being-  more  accurate. — Calculate  the  longitude  and 
latitude  of  the  moon,  as  also  the  longitude  of  the 
sun,  and  their  right  ascension,  for  noon,  or  any  other 
hour  of  the  given  day,  in  the  meridian  of  the  given 
place  J  and  subtract  the  sun's  right  ascension  from 
the  moon's,  both  being  expressed  in  time ;  the  re- 
mainder is  nearly  the  time  when  the  moon  is  on  the 
meridian.  Calculate  the  right  ascensions  of  the  sun 
and  moon  again  for  this  time,  and  then  subtract  as 
before  ;  the  true  time  when  the  moon  is  on  the  me- 
ridian will  be  expressed  by  the  remainder.  If  great 
precision  is  required,  calculate  the  right  ascensions 
again  for  the  time  now  found,  and  subtract  as  be- 
fore. 

493.  Or,  the  moon's  right  ascension  being  calcu- 
lated from  her  longitude  and  latitude,  and  converted 
into  time,  subtract  the  sun's  right  ascension  in  time 
at  noon  from  it,  to  find  the  time  of  the  moon'4 
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passing  the  meridian  nearly,  which  call  T ;  take  the 
ditference  of  the  sun's  and  moo.i's  daily  variations  in 
right  ascension  in  time,  which  call  X  ;  then  say,  by 
the  rule  of  proportion,  as  24'^  —  X  :  T  :  :  X  :  e,  and 
T  +  e  will  be  the  correct  time  of  the  moon's  passing 
the  meridian. 

494.  But  it  may,  in  some  instances,  be  found  more 
readily  by  continual  approximation  as  follows  :  Take 
the  proportional  part  of  the  difference  of  the  sun*s 
and  moon's  daily  motion  in  right  ascension,  answer- 
ing to  the  time  of  the  moon's  passing  the  meridian, 
found  nearly  in  proportion  to  24  hours ;  and  take  a 
farther  like  proportional  part  of  this  proportional  part  ; 
and  again  of  this  last,  and  so  on  as  far  as  is  necessary.  The 
sum  of  all  these  proportional  parts,  added  to  the  ap- 
preximate  time  of  the  moon's  passing  the  meridian, 
gives  the  apparent  time  of  her  passing  the  meridian. 
N.  B.  The  last  two  rules  may,  without  difficulty,  be 
applied  to  the  determination  of  the  culminating  of  the 
planets ;  observing  only,  if  the  planet's  motion  be  re- 
trograde, to  take  the  sum,  where  the  difference  is  re- 
quired for  the  moon,  ct  contra  ;  and,  if  the  planet's 
motion  in  right  ascension  be  less  than  that  of  the  sun, 
the  proportion  in  Article  493.  becomes  24^  -f  ^  •  ^^ 
: :  X  :  r,  and  T  —  c,  will  be  the  correct  time. 

Dr.  Maskclijne  has  thus  exemplified  the  last  rule  : 
Let  it  be  required  to  find  the  time  of  the  moon's 
passing  the  meridian  July  i,  1767?  , .  .  The  sun*s 
R.  A.  in  time,  July  i,  is  6^  40"^  25%  and  July  2,  is 
6''  44™  33'  by  the  Ephemer'is.  Therefore  his  daily 
motion  in  R.  A.  is  4'  8^.  The  moon's  R.  A.  July  i, 
at  noon,  by  the  EpJicmcris,  is  159®  2',  answer- 
ing to  10'^  36"'  8^^  of  time,  and  July  2,  is  169°  39',  an- 
swering to  11'^  18"^  'Tf^K  The  difference  is  42"^  48^  of 
time,  from  which  4"^  8*  being  subtracted,  leaves 
38"^  20'.  Subtract  6  40*^  20s  the  sun's  R.  A.  July 
1,  at  noon,  from  10^  36m  8%  the  moon's  R.  A.  the 
same  noon,  the  remainder  3.^  ^^"^  43'  is  the  approx- 
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imate  time  of  the  moon's  passing  the  meridian. 
The  proportional  part  of  38"^  20^  answering  to  this, 
is  6"'  17%  and  the  proportional  part  of  6'"  17^  is  9^  j 
therefore  6'"  17*  and  9%  or  6"^  26%  added  to  3*^  55™ 
^AZ'\  g^ve  4^  2™  9%  the  apparent  time  of  the  moon's 
passing  the  meridian. 


(     324     ) 


CHAPTER   XVir. 
On  the  Satellites. 


Art.  495.  Lord  Bacon,  In  his  advancement  of 
Learning,  when  treating  on  the  best  way  "  of  draw- 
"  ing  down,  as  it  were,  from  Heaven,  a  whole 
*'  shower  of  new  and  profitable  inventions,"  lays' 
considerable  stress  on  "  the  fortunes  or  adventures 
of  experiment^'  which  he  observes  may  frequently 
discover  "  some  secret  of  great  use ;  since  the  won- 
"  ders  of  Nature  commonly  lie  out  of  the  high  road^ 
"  and  beaten  paths"  And  indeed  we  shall  often 
find  that  apparently  trivial  circumstances  have  led, 
by  a  series  of  lucky  incidents  and  conjunctures,  to 
very  important  consequences,  with  which  they  did 
not  at  first  seem  to  have  the  most  remote  connection. 
Who  would  have  ever  conjectured  that  any  thing 
beneficial  to  the  cause  of  commerce,  or  of  science, 
would  have  resulted  from  so  trifling  an  occurrence  as 
that  of  some  children  amusing  themselves  with  spec- 
tacle-glasses ?  Yet  there  is  reason  to  believe  that  the 
children  of  one  Zachariah  Hartsen,  a  spectacle-maker 
of  Middleburgh  in  Holland,  by  mere  accident,  while 
engaged  in  play,  placed  a  concave  and  convex  glass 
in  such  a  manner,  that  in  looking  through  them  at 
the  weather-cock  of  a  church,  it  appeared  to  be 
nearer  and  much  larger  than  usual ;  and  that  this 
circumstance  coming  to  the  knowledge  of  Galileo^ 
4cd  him,  if  not  to  the  first  inventioa  of  telescopes. 
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at  least  to  a  considerable  improvement  of  them,  and 
to  their  first  application  to  astronomical  purposes. 
These  instruments,  in  the  hands  of  GcUileo,  and  rho- 
mas  H arrive  (the  celebrated  algebraist),  soon  en- 
riched astronomy  by  the  discovery  of  the  satelliits  of 
japiter  ;  and  fortified  it  with  strong  confirmations  of 
the  hypothesis  of  Copernicus.  (Art.  403.)  Obser- 
vations on  the  satellites  of  jupiter  have  paved  the 
way  to  the  discoveries  of  the  xdocity  of  liglit,  and 
of  its  aberration,  which  accounts  for  an  apparent 
motion  of  the  fixed  stars  (Art.  631.) :  and  by  means 
of  these  satelHtes,  we  are  enabled  to  perform,  with 
facility,  that  very  important  problem  in  navigation, 
which  requires  the  determination  of  the  longitude  of 
places  on  the  earth.  (Art.  667.) 

MS.  Each  of  the  planets,  jupiter,  saturn,  and 
georgium  sidus,  is  attended  by  satellites ;  of  which 
jupiter  has  four,  saturn  seven,  and  georgium  sidus 
six.  In  order  to  arrive  at  certainty  concerning  the 
laws  of  these  bodies,  it  is  necessary  to  consider  facts  5 
we  therefore  briefly  describe  the  chief  phenomena.— 
I.  These  satellites  are  sometimes  to  the  eastward, 
sometimes  to  |:he  westward,  of  their  respective 
planet?,  moving  successively  from  one  side  to  the 
other :  each  at  its  greatest  excursion,  as  observed 
from  the  earth,  is  nearly  as  far  distant  from  the 
one  side  as  it  was  from  the  other ;  and  is  found 
on  the  same  side  again  in  much  about  the  same  in- 
terval of  time.  2.  All  the  satellites  (except  those  of 
georgium  sidus),  in  going  from  the  western  excur- 
sion to  the  eastern,  are  often  hid  by  the  planet's  disc, 
and  consequently  pass  behind  it :  sometimes  one  or 
other  of  them  passes  above  or  belou',  but  never  ofiy 
the  planet's  disc.  On  the  contrary,  in  going  from 
the  eastern  excursion  to  the  western,  those  which 
passed  behind,  now  pass  over  the  disc  ;  and  those 
which  passed  above,  now  pass  below,  and  recipro- 
cally. 3.  The  paths  of  the  satellites  being  reduced 
^0  thei^  respective  planet's  centre,  sometimes  appe<v 
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,  rectlllne  passing  through  that  centre,  and  inclined  in 
a  certain  direction  to  its  orbit.  Afterwards,  they 
change  more  and  more  into  ellipses,  duiing  one  quar- 
ter of  the  planet's  annual  revolution  ;  and  all  the  su- 
periour  conjunctions  are  then  made  above  the  planet's 
centre,  and  the  inferiour  conjunctions  belozc  it :  dur- 
ing a  second  quarter  of  the  planet's  revolution,  these 
ellipses  become  narrower,  the  satellites  are  nearer  the 
centre  in  their  conjunctions,  and  at  the  end  of  a 
second  quarter  of  the  revolution,  all  the  ellipses  are 
again  become  right  lines  with  equal  inclination,  but 
in  a  contrary  direction.  In  the  third  quarter  of  the 
revolution,  they  are,formed  anew  into  ellipses,  the  su- 
periour  conjunctions  are  made  below  the  centre,  and 
the  inferiour  ones  above  ;  lastly,  in  the  fourth  quai  ter 
of  the  revolution,  when  the  planet  is  returning  to  the 
same  point  of  its  orbit,  these  ellipses  again  decrease 
in  breadth,  and  all  returns  to  its  first  state.  4.  The 
times  of  the  superiour  and  inferiour  conjunctions  of 
the  satellites  being  compared,  their  intervals  are 
nearly  equal  to  their  semirevolution. 

497',  From  the  first  of  these  phenomena,  con- 
sidered jointly  with  the  fourth,  we  conclude,  that 
the  orbits  of  the  satellites  are  curves  returnwg  into 
themselves^  like  a  circle  or  ellipsis ;  that  the  primary 
planet  is  in  one  of  the  diameters  of  each  curve  ;  and 
that  the  motions  (f  the  satellites  are  nearly  uniform. 
From  the  second,  it  follows,  that  all  the  satellites 
(except  those  of  the  georgian  planet),  go  one  way ; 
that  the  primary  planet  is  within  their  orbit ^  or, 
which  amounts  to  the  same,  that  they  move  round 
their  primary  planet ;  and  that  the  planes  of  the^  orbits 
of  the  satellites  are  inclined  to  the  plane  of  the  orbit 
of  their  primary.  And,  from  the  third  phenome- 
non, which  is  a  consequence  of  the  obliquity  of  the 
satellite's  orbit,  it  appears  that  the  paths  of  the  satel- 
lites have  similar  appearances  to  the  spots  of  the  sun 
and  planets.    It  foUow^,  therefore,  i,  When  the  paths 
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«f  the  satellites  appear  rectilinear,  then  the  earth  is  in 
the  right  line  where  the  plane  of  their  orbit  inter- 
sects the  plane  of  the  planet ;  (this  is  called  the  lute 
oj  t lie  nodes;  thQ  ascending  7iode  is  that  where  the 
superiour  conjunctions  commence  above  the  planet's 
centre  ;  and  the  descending  node,  that  where  the  su- 
periour conjunctions  are  formed  below  the  planet's 
centre)  :  therefore  all  the  conjunctions  of  the  satellite 
are  then  made  opposite  to  the  centre  of  the  planet. 
2.  The  inclination  of  these  right  Hnes,  shews  the  in- 
clination of  the  plane  of  the  satellite's  orbit,  to  that 
of  the  planet's  orbit. 

A9^.  Since,  then,  the  satellites  uniformly  describe 
orbits  nearly  circular  or  elliptical,  with  their  respective 
primary  at  their  centre  or  focus,  they  are  probably 
moved  by  a  force  of  the  same  nature  with  that  which 
moves  their  planets  round  the  sun ;  that  is,  they  re- 
volve about  their  primaries  in  consequence  of  a  cen- 
tral force,  and  of  a  constant  impulsive  force  *  if  so 
(which  indeed  observations  render  certain),  they 
must  follow /iTe/^/er's  two  rules  (Art.  209.),  namely, 
I.  The  satellites  must  describe  areas  of  their  orbits 
proportional  to  the  fnnes ;  ?.  Their  mean  distances 
from  the  centres  of  their  respective  primaries,  must 
be  as  the  cube  roots  of  the  squares  of  the  lines  of 
their  revolutions, 

499-  The  time  of  a  si/ nodi c  revolution  of  a  satel- 
lite may  be  found  in  the  following  manner  :  Observe, 
when  the  primary  planet  is  in  opposition,  the  passage 
of  a  satellite  over  its  body,  and  mark  the  time  when 
it  is  half  way  between  the  two  opposite  edges  of  the 
planet's  disc,  for  then  it  will  be  nearly  in  conjunction 
with  the  centre  of  the  planet,  and  also  in  conjunction 
with  the  sun.  After  a  long  space  of  time,  observe 
again  when  the  primary  planet  is  in  opposition,  and 
the  secondary  in  conjunction  with  its  centre  ;  and  di- 
vide the  intervening  space  of  time  between  the  two 
observations,  by  the  number  of  conjunctions  of  the 
Sim  in  that  space^  the  quotient  is  the  time  of  a  syno^ 
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die  revolution.  Or,  the  same  thing  may  be  found  by 
means  of  the  eclipses  of  the  satellite :  observe  when 
the  satellite  enters  the  shadow  of  its  primary,  called 
its  immersion  ;  or  when  it  comes  out  of  the  shadow, 
called  its  emcrsicn  ;  and  after  a  very  long  interval  of 
time,  when  an  eclipse  happens  as  nearly  as  possible 
in  the  same  situation  both  with  respect  to  the  node 
and  to  the  place  of  the  primary  planet,  again  mark, 
the  time  of  the  emersion  or  iininerswn  (whichever 
was  used  in  the  former  observation) ;  and  from  the 
interval  of  these  times,  and  the  number  of  eclipses 
in  that  interval,  the  mean  time  of  a  synodic  revolu- 
tion will  be  obtained  by  division. 

500.  To  determine  the  time  of  a  periodic  revolu- 
tion, it  must  be  considered,  that  in  the  return  of  a 
satellite  to  its  mean  conjunction,  it  describes  a  revo- 
lution in  its  orbit,  together  with  the  mean  angle  w, 
described  by  the  primal  y  planet  in  that  time :  hence 
this  analogy,  «6'  360°  -{-  m  :  360  :  :  time  of  a  synodic 
revolution  :  the  time  of  a  periodic  revolution. 

501.  The  distance  of  a  satellite  from  its  primary 
may  be  easily  found  by  m.eans  of  its  greatest  elonga- 
tion, as  seen  from  the  earth,  in  the  following  manner  : 
Let  S  (fig.  1,  PI.  VII.)  represent  the  sun,  E  the 
earth,  Pany  planet,  one  of  its  satelHtes  at  A,  and 
the  angle  of  elongation  P  E  A  a  maximum  ;  then  the 
distances  P  E  and  E  S  are  known  from  the  theory  of 
the  planet,  and  the  time  of  observation  ;  and  since 
the  angle  P  E  A  is  known  in  the  right-angled  triangle 
A  E  P,  also  the  side  P  E,  the  side  A  P  is  readily  ob- 
tained. After  the  same  manner,  when  the  earth  and 
planet  are  in  any  other  situations,  e,  p,  and  the  satel- 
lite at  a  at  its  greatest  elongation,  find  e  p  by  the 
theory  of  the  earth  and  planet,  and  the  given  time, 
whence  from  the  angle  of  elongation  /;  e  c,  determine 
the  distance  p  a.  Make  a  scries  of  such  observations 
at  all  suitable  opportunities,  and  calculate  ap  or  AP 
from  each  of  them  j  for  thus  we  may  ascertain  the 


•of  the  Satellites,  329 

greatest  and  least  distance  of  the  satellite  from  its 
primary  ;  and  half  the  difference  of  these  will  give 
the  excentricity  of  the  orbit.  These  elements,  if  not 
determined  accurately,  may  be  corrected  by  subse- 
quent observations. 

501.  The  distances  of  a  satellite  from  the  centre 
of  its  primary  may  also  be  found,  by  measuring  with 
a  micrometer  *,  at  the  time  of  the  .satellite's  greatest 
elongation,  its  distance  from  the  centre  of  the  planet, 
also   the  sem-diameter  of  the  planet;  for  then  the 
distance  is   known  in   terms  of  that   semidiameter. 
Or,  if  the  planet  and  satellite  cannot  at   once  be 
brought  into  the  field  of  view  of  a  telescope  (^ which 
may  sometimes  happen),  the  distance  of  the  satellite 
may  be  measured,  at  its  greatest  elongation,  by  ob- 
serving the  time  of  the  passage  of  the  planet's  disc 
over  a  wire  adjusted  as  an  hour  circle  in  the  field  of 
a  telescope,  and  comparing  it  with  the  interval  between, 
the  passage  of  the  planet's  centre,  and  that  of  the 
satellite.     To  give  this  method  the  greatest  degree  of 
accuracy,  the  observations    should   be   repeated  ^o 
long  as  the  interval  from  the  passages  of  the  planet 
to  that  of  the  satellite  continues  increasing ;  for  when 
it  begins  to  decrease,  the  satellite  will  have  passed  its 
greatest  elongation.     The  methods  given  in  this  ar- 
ticle, may  also  be  applied  to  the  determination  of  the 
distances  when  in  the  apsides,  the  excentricity,  and 
the  greatest  equation,  by  means  of  a  long  series  of 
observations, 

,^iYZ.  Or,  when  the  periodic  times  of  all  the  sa. 
tellites  of  a  planet  are  known,  and  the  mean  distance 
of  one  of  them ;  the  mean  distances  of  the  others 
may  be  found  from  the  proportion  between  the  squares 
of  the  periodic  times,  and  the  cubes  of  the  distances, ' 

*  Mr.  Flamstced  invented  an  instniment  for  finding  the  dis- 
tances of  Jupiter's  satellites  from  his  axis,  a  description  of 
which  is  given  in  the  P/«7.  Trans.  No.  178,  or  Abridgement, 
vol,  I. 
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And,  on  the  contrary,  if  the  relative  distances  of  all 
the  satellites  from  their  primary  be  known,  and  the 
peiiodic  time  of  one  of  them,  the  periodic  times  of 
the  others  may  be  found  by  the  same  proportion. 

503.  Attempts  have  been  made  to  determine  the 
magnitudes  of  the  satellites ;  but  they  have  not  been 
very  successful :  indeed  it  is  not  to  be  expected  that 
they  should.  Sometimes  the  magnitudes  have  been 
ascertained  by  observing  the  times  which  they  occupy 
in  entering  into  the  shadow  of  their  primary  in  a  cen- 
tral eclipse  (Art.  505.) :  but  since  we  cannot  tell  the 
exact  instant  when  the  satellite  enters  or  quits  the 
shadow,  this  method  will  give  the  diameters  too  small. 
The  diameters  have  also  been  sometimes  measured, 
by  taking  the  diameters  of  their  shadows  upon  the 
disc  of  their  primary;  or  by  noticing  the  length  of 
time  occupied  in  entering  the  disc,  when  they  pass 
centrally  over  it :  but  the  dijEference  of  the  conclusions 
resulting  from  these  methods,  shews  that  we  must  not 
place  much  dependance  upon  them.  M.  Bailly  and 
IjU  Grange  have  endeavoured  to  ascertain  the  quan- 
tities of  matter  in  the  satellites  of  jupiter,  by  con- 
sidering the  effects  of  their  actions  upon  each  other ; 
yet,  although  by  proper  assumptions  these  may  be 
nearly  determined,  still,  as  the  densities  are  unknown, 
we  cannot  find  the  diameters  by  theory  alone ;  norji 
indeed,  with  accuracy,  by  a  union  of  theory  aiid  ob- 
servation. •  ■ ' 

.504.  Cassini,  ATaraldi,  and  Pound,  conclude  from 
their  observations,  that  the  satellites  revolve  upon 
their-  axes  ;  but  their  very  great  distances  prevent  the 
determination  of  the  periods  of  their  rotation. 

■  .50^'.  I'/ie  eclipses  qj'  the  satellites  are  of  consider- 
able importance  to  astronomy  and  geography;  it 
therefore  becomes  requisite  to  explain  them.  To 
this  end,  let  S  (%.  2,  PI.  VII.)  be  the  sun  ;  Ee  the 
orbit  of  the  earth  ;  P  the  place  of  the  planet ;  v  s  o 
the  orbit  of  a  satellite  :  then,  it  is  evident,  that  when- 
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€ver  the  satellite,  in  its  orbit,  passes  through  the  shadow 
of  the  primary,  its  light  is  obscured,  and  it  becomes 
eclipsed  ;  the  duration  of  the  eclipse  will  depend  upon 
the  ©bliquity  of  the  satelHte's  orbit,  to  that  of  the 
planet,  and  the  distance  of  the  sateHite  from  the 
node  :  for  (fig.  3,  PI.  VII.)  a  less  portion  m  n  of  the 
inclined  orbit  will  pass  through  the  shadow  O  I  m  n, 
than  if  the  orbit  coincided  with  O  N ;  and  in  the 
nodes  the  satellite  is  both  in  its  own  orbit,  and  that 
of  the  planet,  and  n  m  becomes  equal  to  O  I.  Now 
(fig.  2,  PI.  Vll.),  when  the  earth  is  at  E  before  the 
opposition  of  the  planet,  the  spectator  will  see  the 
immersion  at  /,  and  in  some  particular  instances,  the 
emersion  at  0  also  :  when  the  earth  is  at  e  after  oppo- 
sition, an  observer  will  see  the  emersion  at  0 ;  but 
whether  he  sees  the  nnmersiou,  will  depend  upon  the 
position  of  the  earth  with  respect  to  the  plane  of  the 
planet's  orbit.  When  the  earth  is  at  E,  the  conjunc- 
tion of  the  sateUite  happens  later  at  the  earth,  than 
at  the  sun ;  but  when  it  is  at  e^  the  conjunction 
occurs  later  at  the  sun  than  at  the  earth.  If  the  earth 
be  at  c,  and  the  satellite  at  r,  it  cannot  be  seen  by  an 
observer  at  r,  because  the  body  of  the  planet  inter- 
venes ;  this  is  not  an  eclipse,  but  an  occiillation.  In 
order  to  find  the  diameter  of  the  planet's  shadow  at 
the  distance  of  any  of  the  satellites,  let  the  time  of 
an  eclipse  (that  is,  the  time  occupied  from  the  immer- 
sion to  the  emersion)  be  observed  when  the  satellite 
is  in  one  of  its  nodes,  for  then  the  satellite  passes 
through  the  centre  of  the  shadow,  and  the  eclipse  is 
called  central :  then  use  this  analogy,  as  the  time  of 
a  synodic  revohition  of  the  satellite  :  the  duration  of 
the  eclipse  :  :  360°  :  the  diameter  of  the  shadow^  in 
degrees  of  the  satellite's  orbit.  But  fliould  it  so 
happen  that  both  the  immersion  and  emersion  cannot 
be  seen  when  the  satellites  are  in  the  nodes,  which  is 
always  the  case  with  the  first  and  second  of  Jupiter's 
satellites,  then  it  is  usual  to  compare  the  iinmersions 
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some  days  before  the  opposition  of  the  planet,  v.irh 
the  emtrsions  some  days  after,  and  hence,  knowing 
how  many  synodic  revolutions  have  been  made  in  the 
intervening  time,  the  time  of  the  transit  through  the 
shadov/,  and  consequently  the  corresponding  mea- 
sure in  degrees,  become  known. 

506.  Suppose  In  fig.  15,  Fl.  V.  N  h  d  n  the  plane 
of  a  planet's  orbit,  iN  a  en  the  orbit  of  one  of  its  sa- 
tellites, N  n  the  line  of  the  nodes ;  draw  P  c,  P  ^/, 
perpendicular  to  N  n,  and  c  d  perpendicular  to  the 
plane  of  the  planet's  orbit ;  then,  supposing  a  to  be 
-the  point  in  opposition  to  the  sun  at  S,  let  a  b  be 
drawn  parallel  to  e  d.  Put  s  for  the  sine  of  (•  F  d,  the 
inclination  of  the  orbit  of  the  satellite  to  that  of  the 
planet  (radius  being  i),  and  ::  for  Pc;  then  i  :  s  '.  i 
z  :  dc  =  s  z ;  and  if  ic  denote  the  sine  of  N  a  the 
distance  of  the  node  from  the  opposition,  we  have  1  : 
{d  e)  6'  z  :  :  za  :  a  b  =  w  s  z,  the  latitude  of  the  satel-» 
lite  at  the  time  of  opposition. 

.■')07.  Now,  to  find  when  an  emersion  wilt  be  visible 
before  opposition,  and  an  immersion  after  opposition, 
"Vfe  have  the  following  method  given  by  M.  dc  la 
Lande.  Let  s  (fig.  4,  PI.  VII.)  be  the  centre  of  the 
shadow  A  B  of  the  planet,  r  the  centre  of  its  disc 
C  D,  the  radius  s  n  being  expressed  in  minutes  of  the 
orbit  of  the  satellite,  and  r  n  in  the  same  measure : 
let  r  s  be  a  portion  of  the  orbit  of  the  satellite  equal 
to  the  annual  parallax  *,  expressed  also  in  minutes, 
and  let  A  B  and  C  D  be  represented  as  seen  from  the 
earth ;  that  is,  let  the  diameter  of  C  D  be  equal  to 
the  minutes  in  the  planet's  apparent  diameter  ;  and 
let  the  diameter  of  A  B  be  to  that  of  C  D,  as  the 
time  in  which  the  satellite  transits  the  planet*s  disc 
when  in  the  node,  to  the  time  in  which  it  passes 

*  The  angle  S  Pc  subtended  by  Sf  the  distance  of  the  earth 
fronn  the  sun,  at  the  [ilanet  P,  is  called  the  annual  parallax  (fig.  2, 
PI.  VII.)  :  it  is  manifestly  equal  to  the  angle  sPr,  which  is  mc;\- 
sured  by  the  arch  sv  of.  the  satellite's  orbit. 
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ttirough  the  shadow.     Then  if  zc  c  n  be  the  path  of 
the  sateUite,  the  immersion  at  w  being  visible,  the 
emersion  at  n  will  also  be  just  visible,  for  n  is  the  limit 
betv/een  which  and  m  if  the  emersion  happen  it  v.'ill 
be  invisible.     In  the  triangle  r  n  s  wc  knov/  ail  the 
sides,  and  thence  find  the  perpendicular  n  m  let  fall 
on  r  s,  which  as  the  orbit  w  n  is  very  nearly  paral- 
lel to  r  s,  will  be  very  nearly  equal  to  s  c  :  but  (Art. 
506.)  s  c  zz  zv  s  Zy  or,  supposing  z  to  be  repreented 
by    I,  sc  =  ms ;    make    therefore   m  n  =  zc s,  and 
from  thence  deduce  w  the  sine  of  the  distance  of  the 
planet  from  the  node.     Here  the  earth  is  supposed  in 
the   plane   of  the   planet's   orbit ;  but   as  it  is  not 
in   that    plane,    the   planet   will   appear   higher    or 
lower  in  the  shadow  by  the  latitude  of  the  earth  seen, 
from  the  planet ;  this  varies  as  the  sine  of  the  dis- 
tance of  the  earth  from  the  node  of  the  planet.     If 
r  s  represent  the  orbit  of  the  planet,  the  centre  of 
the  shadow  will,  for  six  months  of  the  year,  lie  to 
the  south  of  ,y,  suppose  at  t ;  then,  knowdng  sr  and 
s  /,  we  can  find  r  t  and  the  angle  s  r  t ;  and  there- 
fore we  know  the  three  sides  of  n  r  t,  and   thence 
find  n  r  t,  which  lessened  by  -y  r  t  gives  n  r  s  :  there- 
fore, lastly,  in  the  triangle  ;/  r  v,  are  known  r  w,  r  s, 
and  the  included  angle  r  n  s,  whence  we  find  n  niy 
which  determines  whether  the  emersion  is  visible  or 
invisible. 

608.  The  place  of  a  satellite's  node  being  deter- 
mined (Art.  497. )?  we  are  enabled,  by  the  eclipses 
of  that  satellite,  to  ascertain  the  inclination  of  its 
orbit :  for,  let  I C  O  D  (fig.  3,  PI.  VII.)  be  a  section 
of  the  shadow  of  the  planet  through  which  the  sa- 
tellite passes,  NIO  the  plane  of  the  orbit  of  the 
planet,  N  m  n  the  orbit  of  the  satellite ;  draw  P  ci 
perpendicular  to  N /^,  and  (Art.  ^o6,)Y  az=.wsz^ 
XV  denoting  the  sine  of  N  a  the  distance  of  the  node, 
s  the  sine  of  the  orbit's  inclination,  and  %  represent- 
ing P a.    Let  /■  =  P I,   and  h  —  ma^s^an;  thea 
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^r"^  —  ff  —  XV  s  z :  hence  .y  zz^^- .  Here  we  must 

^  w  z 

convert  r,  z,  and  /;,  into  time  ;  that  is,  r  must  de- 
note half  the  greatest  duration  of  an  eclipse,  h  half 
the  real  duration  of  the  eclipse  at  any  position  out  of 
the  nodes,  and  z  the  time  the  satelhte  would  pass 
over  a  space  equal  to  P  a,  which  may  be  found  by 
saying  as  360° :  ^y*^  17'  455'''  (an  aiT.  equal  hi  Length 
to  radius)  :  :  the  time  oj  a  synodic  revolution  :  the 
time  of  describing  a  space  equal  to  z.  Then  s^ 
the  sine  of  the  inclination  of  an  orbit,  will  be  = 

■      ~  '  .     And,  on  the  contrary,  if  the  inclination 

w  z 

of  the  satellite's  orbit  be  knov/n,  we  shall  find  the 
semiduration  of  the  eclipse,  by  the  equation  h  zz 
\/r^  • —  iG^  s\i^.  If  we  draw  P  c  perpendicular  to  O  I, 
then  in  the  triangle  P  a  c,  knowing  P  a,  the  right 
angle  P  a  r,  and  the  angle  cV  a  =  c  NP  the  inclina- 
tion of  the  orbit,  we  may  find  a  c  the  distance  from 
the  middle  of  the  ecHpse  to  the  conjunction  of  the 
satelhte.  These  conclusions  will  not  be  quite  cor- 
rect, because  we  take  not  into  account  the  spheroidi- 
cal form  of  the  planet,  the  curvature  of  the  orbits, 
and  the  disturbing  forces  of  the  planets  upon  each 
other.  But  we  are  not  sufficiently  acquainted  with 
all  these  particulars,  to  deduce  from  much  more  ope- 
rose  calculations  very  accurate  results. 

509.  The  eclipses  of  the  satellites  afford  us  a 
manifest  proof  of  the  'velocity  of  light*  For,  if  the 
motion  of  Hght  were  infinite,  or  it  came  to  us  from 
immense  distances  in  an  instant,  it  is  evident  we 
should  see  the  commencement  of  an  eclipse  of  a  sa- 
tellite at  the  same  moment,  whatever  distance  ws 
might  be  from  it ;  but,  on  the  contrary,  if  light  move 
progressively,  then  it  is  equally  evident,  that  the 
farther  we  are  from  a  planet,  the  later  it  will  be  be- 
fore we  perceive  the  beginning  of  an  eclipse  of  one 
jof  its  satellites,  because  the  light  will  occupy  a  longer 


the  Velocity  of  Light,  335 

time  in  travelling  to  us.  M.  Rvemer  was  the  first 
who  deduced,  from  actual  observations,  the  real  ve- 
locity of  light :  he  found  (and  it  has  since  been  con- 
firmed by  repeated  experiments)  that  when  the  ea:th 
is  exactly  between  jupiter  and  the  sun,  his  satellites 
are  seen  eclipsed  about  8^  minutes  sooner  than  they 
would  be  according  to  the  tables ;  but  that  when 
the  earth  is  at  its  greatest  distance  from  jupiter,  these 
eclipses  happen  about  85:  minutes  later  than  the  tables 
predict  them.  Hence  it  follows  that  light  takes  up 
about  i6i-  minutes  of  time  in  passing  over  the  dia- 
meter of  the  earth's  orbit,  which  is,  at  a  mean.  190 
millions  of  miles  j  this  is  very  nearly  at  the  astonish- 
ing rate  of  200,000  miles  in  a  second.  Dr.  Brudieu 
found  very  nearly  the  same  velocity  from  observa- 
tions on  the  fixed  stars.  Hence  also  it  appears,  that 
in  determining  the  time  of  an  eclipse  of  a  satel'ite  as 
seen  from  the  earth,  an  allowance  must  be  made, 
corresponding  with  the  different  distances  of  the  earth 
and  planet ;  this  allowance  is  called  the  equation  of 

ilirht  *. 

510.  The  satellites  of  jupiter,  saturn,  and  the  geor- 
gian  planet,  are  subject  to  changes  in  their  orbits, 
with  respect  to  the  situation  of  the  apsides  and  nodes, 
the  inclination  of  the  orbits,  their  excentricity,  &c. 
similar  to  those  of  the  moon,  and  from  similar  causes. 
But  in  many  instances  they  prevail  to  a  greater  de- 
gree, in  consequence  of  the  disturbing  forces  of  the 
satellites  upon  each  other  ;  hence,  therefore,  a  fre- 
quent revision  of  the  tables  is  necessary. 

*  The  various  directions  necessary  for  calculating  the  eclipses  of 
the  satellites,  their  configurations,  &c.  are  not  given  here ;  since 
they  would  be  of  no  service  without  the  tables,  and  the  tables  are 
always  accompanied  by  proper  precepts.  For  the  satellites  of  ju- 
piter the  best  tables  are  those  of  M,  Wargentin,  given  in  the  hau- 
tlaC  Almanac  for  177 1  and  1779.  Very  useful  tables  for  the  sa- 
trjllites  of  both  saturn  and  jupiter,  are  given  in  Mr.  Vince's  Si/stsm 
•f  Astrimom^j, 
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511.  The  satellites  of  jupiter,  being  situated  nearer 
to  the  earlh  than  those  of  any  other  planet,  and 
being  of  very  considerable  importance  in  astro- 
nomy and  navigation,  have  been  more  regularly  and 
carefully  observed  than  the  other  satellites  ;  in  con- 
sequence of  which  the  elements  of  their  orbits  are 
determined  with  greater  precision  than  those  of  the 
other  satellites.  The  chief  of  these  elements,  as  given 
by  M.  de  la  Lande,  are  exhibited  in  the  table  next 
following. 
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51!?.  Of  the  satellites  of  saturn,  five  were  disco-' 
vered  by  Cmsbii  and  Hui/geui^heioYe  the  year  1685J 
and  it  was  imagined  there  were  no  more,  till  two  were 
discovered  by  Dr.  Herscliel^  in  1787  and  1788. 
These  are  nearer  to  saturn  than  any  of  the  other  five ; 
but  in  order  to  prevent  confusion  in  the  numbers, 
with  regard  to  former  observations,  they  are  called 
the  6th  and  7th  satellites.  The  periodical  revolu- 
tions of  these  satellites,  their  distances  from  the  body 
of  saturn  expressed  in  semidiameters  of  that  planet 
and  in  miles,  and  the  angles  under  which  their  or- 
bits are  seen  at  the  earth,  at  the  mean  distance  from 
saturn,  are  expressed  below  : 
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Periods, 

Distances  in 
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9 
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I     14 
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0 

22     40 

46 
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0    57 

The  inclination  of  the  first  four  satellites  to  the 
ecliptic  is  from  30  to  3 1  degrees.  The  fifth  describes 
an  orbit  inclined  in  an  angle  of  from  17  to  18  de- 
grees to  the  orbit  of  saturn.  Dr.  Herscliel  observes 
that  this  satellite  turns  once  round  its  axis  exactly  in 
the  time  in  which  it  revolves  about  saturn  5  in  which 
respect  it  resembles  our  moon. 

o  1 3.  As  to  the  satellites  of  the  georgian,  two  of 
them,  which  were  discovered  by  Dr.  Herschcl  m 
1787,  revolve  about  that  planet  in  periods  of  8''  17*^ 
i|"  19s  and  13^^  iih  5""  i|'  respectively,  the  angular 
distances  from  the  primary  being  33^'  and  441'''' :  their 
erbits  are  nearly  perpendicular  to  the  plane  of  xhQ 
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fecliptic.  The  history  of  the  discovery  of  the  other  four, 
\vith  such  elements  as  could  then  be  ascertained,  are 
given  in  the  Philosophical  Transactions  for  1798, 
Part  I.  The  precise  periods  of  these  additional  sa- 
tellites cannot  be  ascertained  without  a  greater  rium« 
ber  of  observations  than  had  been  made  when  Dr. 
Herschd  sent  the  account  of  their  discovery  to  the 
Royal  Society ;  but  he  gave  the  following  estimates 
as  the  most  probable  which  could  be  formed  by 
means  of  the  date  then  determined.  Admitting  the 
distance  of  the  interiour  satellite  to  be  2 5 •''5,  its  pe- 
riodical revolution  will  be  5^^  21''  25  .  If  the  inter- 
mediate satellite  be  placed  at  an  equal  distance  be- 
tween the  two  old  satellites,  or  at  2)^"^^ S7  ^^^  period 
will  be  lod  23h  4".  The  nearest  exteriour  satellite  is 
about  double  the  distance  of  the  farthest  old  one  j 
its  periodical  time  will  therefore  be  about  38^  i*"  49% 
The  most  distant  satellite  is  full  four  times  as  far 
from  the  planet  as  the  old  second  satellite  ;  it  will  there- 
fore take  at  least  107"*  16''  40"*  to  complete  one  re- 
volution. All  these  satellites  perform  their  revolu- 
tions in  their  orbits  contrary  to  the  order  of  the 
signs  j  that  is,  their  real  motion  is  retrograde. 


(     340     ) 


CHAPTER    XVIII. 


On  the  Ring  of  Saturn, 


Art.  514.  WHEN  speaking  of  the  appearances 
of  some  of  the  planets  when  viewed  through  a  teles- 
cope (Art.  402.),  we  mentioned  the  discovery  of  a 
curious  ring  which  encompassed  the  body  of  saturn. 
This  ring,  according  to  the  observations  of  IIi/ij<j;cn9i 
is  about  22000  miles  broad,  and  its  greatest  diame- 
ter in  proportion  to  that  of  the  planet,  as  9  to  4. 
Later  observations  have  furnished  us  with  a  much 
better  acquaintance  with  this  curioyis  phenomenon. 
De  la  Lande  and  Dc  la  Place  inform  us  that  Cassini 
saw  the  breadth  of  this  ring  divided  into  separate 
parts,  nearly  equal  in  breadth.  And  Mr.  Haillci/., 
with  an  excellent  57  feet  reflector^  saw  the  ring  di- 
vided into  two  parts.  Mr.  Short,  and  some  few 
others,  thought  they  saw  several  divisions  upon  the 
ring :  but  the  long-continued  and  accurate  observa- 
tions of  Dr.  Iler.schti  seem  to  confirm  the  division 
of  the  ring  into  only  two  concentric  parts,  almost 
beyond  the  possibility  of  doubt.  This  gentleman 
says,  tliere  is  one  single,  dark,  considerably  broad 
line,  belt,  or  zone,  which  he  has  constantly  found 
on  the  north  side  of  the  ring.  As  this  dark  belt  is 
subject  to  no  change  whatever,  it  is  probably  owing 
to  some  permanent  construction  of  the  surface  of  the 
riiig  :  this  construction  cannot  be  owing  to  the  sha- 
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dow  of  a  chain  of  mountams,  since  it  is  visible  all 
round  on  the  ring ;  for  there  could  be  no  shade  at 
the  ends  of  the  ring :  a  similar  argument  will  apply 
against  the  opinion  of  very  extended  caverns.  It  is 
pretty  evident  that  this  dark  zone  is  contained  be- 
tween t\vo  concentric  circles  ;  for  all  the  phenomena 
correspond  with  the  projection  of  such  a  zone.  The 
nature  of  the  ringDr.//('/-.5<:7/(r/ thinks  no  less  solidthan 
that  of  Saturn  itself,  and  it  is  observed  to  cast  a  strong 
shadow  upon  the  planet.  The  light  of  the  ring  is 
also  generally  brighter  than  that  of  the  planet ;  for 
the  ring  appears  sufficiently  bright  when  the  telescope 
affords  scarcely  light  enough  for  saturn.  The  doctor 
concludes  that  the  edge  of  the  ring  is  not  flat,  but 
spherical  or  spheroidical.  The  dimensions  of  the 
ring,  or  of  the  two  rings  with  the  space  between  them. 
Dr.  Htrscild  gives  as  below  : 

Miles. 
146345 

184393 
190248 

204883 

20000 
7200 


Inner  diameter  of  smaller  ring 


Outside  diam.  of  ditto 
Inner  diam.  of  larger  ring 
Outside  diam.  of  ditto 
Breadth  of  the  inner  ring 
Breadth  of  the  outer  rlnsr 
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515.  The  ring  revolves  in  its  own  plane  in  io''32"^ 
15^*4,  being  nearly  the  same  time  (Art.  402.)  as  that 
in  which  the  planet  performs  a  rotation  upon  its  axis. 
The  ring,  being  nearly  a  circle,  appears  elliptical 
from  its  oblique  position  ;  and  it  appears  most  open 
when  saturn  is  90°  from  the  nodes  of  the  ring  upon 
the  orbit  of  the  planet,  or  when  saturn's  longitude 
is  about  2^  17*^  and  8'  17°.  In  such  a  situation  the 
minor  axis  is  very  nearly  equal  to  half  the  major, 
when  the  observations  are  reduced  to  the  sun  ;  con- 
sequently the  plane  of  the  ring  makes  an  angle  of 
about  30*-'  with  the  orbit  of  saturn.     Or,  according 
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to  some  observations,  the  inclination  of  the  ring  to 
the  ecliptic  is  about  31°  22'. 

.0  1 6".  There  have  been  various  conjectures  rela- 
tive to  the  nature  of  this  ring.  Some  persons  have 
imagined  that  the  diameter  of  the  planet  saturn  was 
once  equal  to  the  present  diameter  of  the  outer  ring, 
and  that  it  was  hollow  ;  the  present  body  being  con- 
tained within  the  former  surface,  in  like  manner  as 
a  kernel  is  contained  within  its  shell  :  they  suppose 
that,  in  consequence  of  some  concussion,  or  other 
cause,  the  outer  shell  all  fell  down  to  the  inner  body, 
and  left  only  the  ring  at  the  greater  distance  from  the 
centre,  as  we  now  perceive  it.  This  conjecture  is  in 
some  measure  corroborated  by  the  consideration,  that 
both  the  planet  andits  ring  perform  their  rotations  about 
the  same  common  axis,  and  in  very  nearly  the  same 
time.  But  from  the  observations  of  Dr  ticrschel^ 
he  thus  concludes  :  "  It  does  not  appear  to  me  that 
"  there  is  sufficient  ground  for  admitting  the  ring  of 
"  saturn  to  be  of  a  very  changeable  na'ure,  and  I 
"  guess  that  its  phenomena  will  hereafter  be  so  fully 
'*  explained,  as  to  reconcile  all  observations.  In  the 
^^  meanwhile  we  must  withhold  a  final  judgment  of 
"  its  construction,  till  we  can  have  more  observa- 
**  tions.  Its  division,  however,  into  two  very  une- 
'*  qual  parts,  can  admit  of  no  doubt." 

5  17.  As  saturn  moves  round  the  sun  in  an  orbit 
nearly  circular,  his  obliquely  posited  ring,  like  our 
earth's  axis,  keeps  parallel  to  itself,  and  is  therefore 
turned  edgewise  to  the  sun  twice  in  a  saturnian  year, 
which  is  nearly  as  long  as  thirty  of  our  years.  But 
the  rinf^,  though  probably  considerably  broad,  is  invi- 
sible (except  when  very  good  telescopes  are  used) 
whenever  its  plane  passes  through  the  sun,  or  the 
earth,  or  between  them. :  the  chief  phenomena  of  the 
ring  may  be  illustrated  by  fig.  7,  PI.  VII.  where  S 
represents  the  sun,  ABCDEFGH  the  orbit  of 
saturn,  I K  L  M  N  O  that  of  the  earth  j  both  planet? 
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moving  according  to  the  order  of  the  letters.  When 
Saturn  is  at  A,  his  ring  is  directed  towards  the  sun  at 
S,  and  he  is  then  seen  from  the  earth  with  common 
telescopes,  as  though  he  had  lost  his  ring,  let  the 
earth  be  in  whatever  part  of  its  orbit  it  may,  except 
between  N  and  O  ;  fgr  whilst  it  describes  that  space, 
saturn  is  apparently  so  near  the  sun  as  to  be  hid  in  his 
beams.  As  saturn  passes  from  A  to  C,  his  ring  ap- 
pears more  and  more  open  to  an  observer  on  the 
earth  :  at  C  the  ring  appears  most  open ;  and  be- 
comes narrower  and  narrower,  as  saturn  passes  from 
C  to  E.  When  he  comes  to  E,  the  rjng  is  again  di- 
rected edgewise  both  to  the  sun  and  earth,  and  as  nei- 
ther of  its  sides  is  illuminated,  it  is  again  invisible  to 
us.  But  as  he  goes  from  E  to  G,  his  rings  open  more 
and  more  to  our  view  on  the  under  side ;  and  seems  just 
as  open  at  G  as  it  did  at  C ;  and  may  be  seen  in  the  night- 
time from  the  earth  in  any  part  of  its  orbit,  except 
about  M,  when  the  sun  obscures  the  planet  from  our 
view.  As  saturn  passes  from  G  to  A,  his  ring  turns 
more  and  more  edgewise  to  us,  and  therefore  it  seems 
to  become  more  and  more  narrow  ;  and  at  A  it  dis- 
appears, as  before.  Also,  while  saturn  goes  from  A 
to  E,  the  sun  shines  on  the  upper  part  of  his  ting, 
arid  the  underside  is  dark  ;  and  whilst  he  passes  from 
E  to  A,  the  sun  shines  on  the  under  side  of  his  ring, 
and  the  upper  side  is  dark.  According  to  the  compu- 
tation of  Dr.  Jia.fke/i/jic,  the  plane  of  the  ring  passed 
through  the  earth  on  January  29,  1790;  the  earth 
passing  from  the  northern,  or  dark,  to  the  southern 
or  enlightened  side  of  the  ring  ;  the  ring,  therefore, 
then  became  visible,  and  will  continue  so  till  1803. 

6  ]  8.  The  mean  distances  of  the  earth  and  saturn 
from  the  sun,  are  respectively  as  i  :  9*54072 
(Art.  360.);  therefore  the  length  of  the  semidiame- 
ter  of  the  earth's  orbit  will  be  the  sine  of  6"  i'  2'''' in 
Saturn's  orbit.  Saturn,  then,  describes  an  arch  of 
6'^  i'  ^"  from  the  instant  the  plane  of  his  ring  pro- 
duced touches  the  earth's  orbit,  to  the  instant  it  passes 
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through  the  sun  :  and  as  saturn's  periodic  time  in  his 
orbit  is  about  10761-615  days,  he  will  be  1 79*83 
days  in  running  6^^  i'  2f.  The  plane  of  his  ring 
then  takes  nearly  360.  days  to  run  over  the  diameter 
of  the  earth's  orbit ;  but  as  this  is  nearly  the  }^  part 

of  it,  it  is  therefore -"^   X   360     days     in    running 

through  a  space  equal  to  the  whole  orbit :  but  the 
earth  takes  365'2  5  days  nearly  to  run  the  same  dis- 
tance ;  hence,  the  velocity  of  the  earth  in  its  orbit, 
is  to  the  simultaneous  velocity  of  the  ring  of  saturn, 

as  -—  X  360  :   ^6^2^,  or  nearly  as   3*098    to   i. 

Hence,  during  the  179*83  days  the  ring  is  passing 
over  a  part  of  its  orbit  equal  and  nearly  parallel  to. 
I  M,  the  plane  of  the  ring  may  pass  through  the 
earth  three  times,  though  soifietimes  not  so  many. 
This  might  be  pursued  much  farther ;  but  it  is  un- 
necessary here.  Those  who  are  desirous  of  seeing 
more  on  this  head,  are  referred  to  a  treatise  entitled, 
Essal  sur  les  Phhiomhnes  rdatifs  aiLv  Dhparitions 
'periodifjues  de  l*Anneaii  de  Safiovie,  par  M.  D'lonis  dii 
Sejour  *,  in  which  they  will  ftnd  a  curious  analytical 
solution  of  the  problem  respecting  the  times  of  the 
appearance  and  disappearance  of  this  ring,  wherein 
is  also  exhibited  a  new  species  of  curves. 

*  I  cannot  recommend  this  work  more  highly  than  by  extract- 
ing the  encomium  npon  it  (signed  by  D'Alcvihevt,  liorda,  Beioiit, 
Vandermonde,  La  Place,  and  Foiichi)  from  the  Register  of  the, 
Eoyal  Academy  of  Sciences  at  Paris,  for  1775  •' — ■^'^''*  ^'"'^  ^^^ 
objets  que  M  du  Sejour  a  traitts  dam  son  anvrage ;  ct  Pon  roit 
qu'il  n  a  ricn  lam^  a  desiver  sur  la  tlieorie  dcs  p/iasa.'i  dc  Cqnneuu  de 
satur?ie.  Lclegance,  la  Jinesse,  et  la  simplicite  des  incthodes  doiit  il 
a  fait  usage,  reiident  cet  ouxragc  tres  iiitercssant  four  les  geonie- 
ires;  ei  la  discussion  des  j)henomhies  dcptiis  1600  Jiisiju'cn  1900, 
le  rend  necessaire  aux  astronomes  (jui  voudroid  dans  la  siiile  observer 
aiec  precision  ces  apparcnces :  a/nsi  noi/s  croj/ons  (/i/'il  inerlte  d'etre 
imprime  aiec  rapprobation  ct  Ic  privilege  de  l' Academic. 
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CHAPTER   XIX 


Qji Ecl/p-ses  of  the  Sun  am! Moon,  and  GccuUai'tons 
of  the  fixed  Stan: 


Art.  .519.  AN  eclipse  is  a  privation  of  the  light 
of  one  of  the  luminaries  occasioned  by  the  interposi- 
tion of  some  opaque  body,  either  between  it  and  the 
eye,  or  between  it  and  the  sun.  Eclipses  are  divided, 
with  respect  to  the  objects  eclipsed,  into  eclipses'  of  the 
su/i,  !-•;  the  moon,  and  of  tiie  sdteUites,  (Art.  505.) 
And  with  respect  to  circumstances,  into  total,  partiaU 
mhiiiiur,  and  central.  A  total  eclipse,  is  one  in 
which  the  whole  disc  of  the  luminary  is  darkened  ;  a 
parti  li  one,  is  when  only  a  part  of  the  disc  is  dark- 
ened ;  in  an  anna/ar  eclipse,  the  v^'hole  is  darkened, 
except  a  ring  or  annulus,  which  appears  round  the  dark 
part,  like  an  illuminated  border ;  and  in  a  central 
eclipse,  the  centres  of  the  tv/o  luminaries,  and  that 
of  the  earth,  are  in  one  and  the  same  right  line. 


On  Eclipses  of  tlie  Moon. 

550.  An  eclipse  of  the  moon  is  occasioned  by  an 
interposition  of  the  body  of  the  earth  directly  be- 
tween the  sun  and  the  moon,  and  so  intercepting  the 
sun's  rays  that  they  cannot  illuminate  her;  or,  the 
moon  is  eclipsed  when  she  passes  through  part  of  the 
shadow  of  the  earth  as  projected  from  the  sun. 
Hence  it  is  obvious  that  lunar  eclipses  can  only 
happen  at  the  time  of  full  moon,  for  it  is  then  only 
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that  the  earth  can  be  between  the  moon  and  the  sun. 
Were  the  orbits  of  the  earth  and  moon  in  the  same 
plane,  there  would  be  a  lunar  eclipse  at  every  full 
moon  ;  but  as  they  are  not  coincident,  an  eclipse  can 
only  happen,  either  when  the  full  moon  takes  place 
in  one  of  the  nodes  of  the  moon*s  orbit,  or  so  near 
it,  that  the  moon's  latitude  does  not  exceed  the  sum 
of  the  apparent  semidiameters  of  the  moon  and  the 
earth's  shadow  a   the  moon's  orbit. 

5S,\,  To  determine  the  distance  from  the  node, 
beyond  which  there  can  be  no  eclipse  ;  we  must 
ascertain  the  apparent  semidiameter  of  the  earth's 
shadow  at  the  moon  :  but  it  may  be  proper,  first,  to 
shew  that  this  shadow  extends  farther  than  the  moon's 
orbit.  Let  S  (fig.  6,  PI.  VII.)  represent  the  sun ; 
E,  the  earth  ;  M,  the  moon  :  the  respective  diameters 
and  distances  of  all  which  are  known.  Then  A  D 
being  the  difference  between  the  semidiameters  of  the 
sun  and  the  earth,  we  have,  by  similar  triangles, 
AD  :  BE  ::  DBorSE:EC.  Here  the  mean 
distance  of  the  earth  and  sun  being  about  23840  se- 
midiameters of  the  earth,  and  the  excentricity  of  the 
earth's  orbit  about  354  semidiameters,  we  may  take 
24194  for  the  greatest  distance  of  the  earth  and  sun^ 
and  the  diameters  being  very  nearly  as  i  to  112,  we 
have  III  :  I  :  :  24194  :  21 7*99  semidiameters  of  the 
earth  =  E  C  the  length  of  the  earth's  shadow.  Or, 
E  C  may  be  ascertained  by  a  rather  different  process, 
thus :  1  he  angle  B  A  E,  or  the  sun's  parallax,  is  %""j  ; 
and  the  angle  AES^  or  the  sun's  apparent  semidiameter, 
is  about  15'  ^6'^ :  the  former  of  these  taken  from  the 
latter,  leaves  15'  47'''''3  for  the  angle  ACE:  then, 
tang.  1 5'  47'''*3  :  radius  :  :  B  E  =:  i  :  C  E  =  2 1 8 
nearly,  as  before.  Hence,  since  the  moon's  distance 
from  the  earth  varies  from  about  56  to  64  semidi- 
ameters, the  shadow  will  be  extended  considerably 
farther  than  the  moon's  orbit.  But  the  extreme  end 
of  the  shadow  falls  short  of  the  orbit  of  mars,  there- 
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fore  none  of  the  heavenly  bodies  can  be  involved  in 
the  shadow  besides  the  moon. 

o'iii\  The  apparent  semidiametcr  of  the  earth's 
shadow  at  the  moon,  may  be  determined  from  these 
considerations  :  the  angle  rEo  =;  ErA  —  E  CA; 
but  E  C  A  :=  S  B  A  — B  S  E,  therefore  vEoz- 
ErA  4-BS  k  —  SBA;  that  is,  the  sem'niiameter 
of  the  earth's  shadoxv  at  the  moon's  orbit,  appears 
imder  an  angle  equal  to  the  sum  of  the  horizontal 
parallaxes  oj  the  sun  and  moon,  diminished  hy  the 
sun^s  apparent  semidiameter.  Thus,  if  the  moon's 
parallax  be  6i'  \i",  the  sun's  parallax  8''*6,  and  his 
apparent  semidiameter  15'  $^" ',  then  61'  11"  -f-  8''*6 
-—15'  56'''  zz.  45'  i4''^  the  apparent  semidiameter 
of  the  shadow.  Some  astronomers  remark  that  the 
apparent  dimensions  of  the  shadow  are  larger  than 
when  found  by  this  rule,  owing  to  the  earth's  atmo- 
sphere ;  they  therefore  augment  the  semidiameter  of 
the  shadow  by  about  ^V  of  itself. 

5^.''.  The  sum  of  the  apparent  semidiameters  of 
the  shadow  and  of  the  moon  never  exceeds  i"^  4', 
■which  is  equal  to  that  latitude  of  the  moon  between 
which  and  the  node  all  lunar  eclipses  must  happen : 
then,  taking  the  inclination  of  the  moon's  orbit 
at  about  5°  16',  from  which  it  will  not  vary  con- 
siderably, we  have  i  °  4'  the  perpendicular  of  a  right- 
angled  spherical  triangle,  and  5°  ■  6'  the  angle  op- 
posite to  it ;  from  which  we  find  the  side  opposite  the 
right  angle  by  this  analogy,  5°  16'  :  radius  :  :  sine 
1°  4'  :  sine  11°  42'.  Hence,  if  the  moon  be  at  a  less 
distance  from  either  node  than  11°  42^  there  will  be 
an  eclipse  of  some  duration ;  otherwise  none  can 
happen.  This  11°  42'  is  called  the  lunar  ecliptic 
limu  :  or,  more  accurately,  the  limit  is  from  loi® 
to  12°,  according  to  the  different  distances  of  the 
sun,  earth,  and  moon. 

5^4.  To  compute  a  lunar  ecHpse,  there  must  be 
had  the  true  distance  of  the  moon  from  the  node,  at 
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the  mean  opposition  ;  also,  the  true  time  of  the  op- 
position, with  the  true  places  of  the  sun  and  moon 
reduced  to  the  ecliptic  ;  also,  the  moon's  true  latitude 
at  the  time  of  the  true  opposition,  the  angle  of  the 
moon*s  way  with  the  ecliptic,  and  the  true  horary 
motions  of  the  sun  and  moon. 

525.  The  nature  of  the  computations  may  be 
illustrated  by  taking  for  an  example  the  lunar  eclipse 
which  happened  on  the  25th  of  February,  1793. 
The  necessary  elements  deduced  from  Mayer's  lables 
improved  J  are  as  follow : 

The  true  time  of  opposition,  at 
Greenwich 

The  apparent  time 

The  sun's  place       .         .         .11' 

The  moon's  place    ...       5 

The  place  of  the  moon's  ascend- 
ing node      ....      5 

The  moon's  latitude,  south 

The  sun's  horary  motion 

The  moon's  horary  motion 

59.6,  Let  N  B  be  a  part  of  the  ecliptic  (fig.  5, 
PI.  VII.),  S  the  centre  of  the  earth's  shadow;  through 
which,  perpendicular  to  N  B,  draw  S  D  equal  to  the 
moon's  latitude,  either  above  or  below,  according  as 
the  moon's  latitude  is  north  or  south  ;  therefore,  in 
the  present  case,  below  N  B  :  let  N  D  be  the  moon's 
•orbit,  N  the  place  of  the  ascending  node,  and  D  the 
centre  of  the  moon  when  in  opposition  ;  and  suppose 
the  small  circles  described  about  G,  M,  and  K,  to  be 
the  moon's  disc  in  its  proper  situations  at  the  begin- 
ning, middle,  and  end  of  the  echpse.  Now,  the 
moon  is  approaching  her  ascending  node,  and  N  S 

z=  s'  is""  28'  :,f  —  s^fs^'  4f  =  7°  3^'  54"  : 
if  N  A  be  to  N  S,  as  the  sun's  horary  motion  to  the 
moon's,  in  which  case  A  S  zz  6°  58'  49''',  AD  will 
be  the  moon's  relative  orlnf,  or  her  orbit  with  respect 
to  the  eye  of  the  observer,  which  is  in  motion ;  then 
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III  the  right-angled  spherical  triangle  SAD,  are  given 
AS  (as  above),  and  S  D  the  moon's  latitude,  whence 
welind  ADS  i=  84°  32'  /\.i",  the  complement  of 
the  angle  which  the  relative  orbit  makes  with  the 
ecliptic.  M  being  the  relative  place  of  the  moon's 
centre  at  the  middle  of  the  eclipse,  S  M  must  be  per- 
pendicular to  AD;  and  the  triangle  S  D  M  being 
small,  may  be  conceived  rectihnear ;  wherefore, 
knowing  S  D,  and  S  D  M,  we  find  M  S  =:  40'  1%  and 
M  D  =z  3'  50''',  which  is  called  the  reduction.  The 
horary  motion  upon  the  relative  orbit  will  be  found 
by  saying,  as  tlic  co-suie  of  its  Inclination  :  radius  :  : 
tlic  difference  of  the  sun*s  and  mooii^s  horary  motion  : 
the  horary  motion  upon  the  relative  orbit ;  and  as 
this  relative  horary  motion  :  D  M  :  :  one  hour  :  8"^  1 8% 
time  of  describing  D  M,  which  added  to  the  apparent 
time  of  opposition,  gives  lo*^  44"^  2>^^  for  the  time  of 
the  middle  of  the  echpse. 

527.  Now,  at  the  time  of  the  opposition,  the  sun's 
apparent  semidiameter  w^as  16'  ^'\  his  horizontal 
parallax  9''''  ;  the  moon's  apparent  semidiameter 
14'  50%  and  her  horizontal  parallax  54':  hence 
M  H  =:  14'  50;^,  and  SB  or  S  ;/  iz:  54'  +  ^'  — 
14'  50''''  =  39'  '^^'  apparent  semidiameter  of  the 
earth's  shadow  (Art.  522.  ■>.  Then,  in  the  plane  tri- 
angle S  G  M,  equal  and  similar  to  8  K  M,  we 
know  S  M,  and  S  G,  the  sum  of  the  semxidiame- 
ters  of  the  earth's  shadow,  and  of  the  moon's 
disc,  whence  we  find  M  G  =z  M  K  =:  'i^^l  12" -^  the 
time  of  describing  which,  is  i^  18™  20%  and  the 
whole  time  of  moving  from  G  to  K,  2''  -^^^^  40'; 
whence  we  readily  find  the  time  of  the  beginning 
and  end  of  the  eclipse.  The  magnitude  of  the  eclipse 
at  the  middle,  is  represented  by  H  ;^,  being  the 
greatest  distance  of  the  moon  within  the  earth's 
shadow,  which  is  measured  in  twelfth  parts  of  the 
diameter  of  the  moon's  disc,  called  digits:  to  find 
which,  we  know  S  M  =  40'  i\  and  S  yz  =r  S  B  = 
39'  1 9'' 5  hence  M  ?/  =  o'  42^':  which  taken  from 
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HM  =1  14^  50''',    leaves   i  /  8"  =  H  w;    therefore 
14!  ^o"  :  14'  8'' :  :  6  digits  or  360'  :  5**  43'.     Conse- 
quently, on  the  night  of  the  25th  February,  179J, 
The  eclipse  began  a[  . 

Middle 

End 

Duration   . 

Digits  eclipsed    . 
And  since  the  moon   did  not  set  till  nearly  four 
hours  after  midnight,  it  is  evident  the  whole  of  the 
eclipse  was  visible,  unless  the  moon  was  hidden  from 
view  by  clouds. 

5 '2  8.  The  chief  circumstances  in  lunar  eclipses  are 
here  mentioned  :  i.  All  lunar  eclipses  are  universal, 
or  visible  in  all  parts  of  the  earth  which  have  the  moon 
above  their  horizon,  and  are  every-where  of  the 
same  magnitude  and  duration.  2.  In  all  lunar 
eclipses,  the  eastern  side  (or  the  left-hand  side,  as  we 
look  towards  her  from  the  north)  is  what  first  im- 
merges  into  the  shadow,  and  emerges  again  ;  for  the 
proper  motion  of  the  moon  being  swifter  than  that  of 
the  earth's  shadow,  the  moon  approaches  it  from  the 
west,  overtakes  and  passes  through  it  with  the  moon*s 
east  side  foremost,  leaving  the  shadow  behind,  or  to 
the  westward.  3.  Although  total  eclipses  of  the 
longest  duration  happen  in  the  node,  yet  there  may 
be  total  eclipses  within  a  small  distance  of  the  nodes, 
namely,  within  that  distance  where  the  moon's  lati- 
tude is  equal  to  the  apparent  semidiameter  of  the 
earth* s  shadow^  minus  the  semidiameter  of  the  moon's 
disc,  but  in  these  situations  the  duration  of  total  dark- 
ness will  be  short ;  whereas  in  central  eclipses  it  will 
continue  nearly  two  hours.  4.  If  the  earth  had  no 
atmosphere,  the  moon,  when  she  was  totally  eclipsed, 
would  be  invisible ;  but  as  the  earth  has  an  atmo- 
sphere, some  of  the  light  from  the  sun  will  be  re- 
fracted thereby,  and  transmitted  to  the  moon,  oa 
which  account  the  moon  will  be  visible  at  that  time^ 


Eclipses  of  the  Sum  351 

6nd  appear  of  a  dull  red  colour.  5.  The  moon  be- 
comes sensibly  more  and  more  dim  previous  to  her 
entering  the  real  shadow  of  the  earth  ;  and,  after  she 
has  passed  through  the  shadow,  becomes  more  and 
more  bright  till  she  acquires  her  native  lustre :  this 
is  occasioned  by  a  part  of  the  sun*s  rays  being  ob- 
structed while  she  passes  over  the  portions  of  her  orbit 
r  ;/,  and  <y  m,  contained  between  the  hnes  B  ,;,  F  w, 
which  bound  the  part  e  B  C  F  i  (fig.  6,  PI.  VII.) 
called  the  Penumbra, 


On  Solar  Eclipses. 

525.  An  eclipse  of  the  sun  is  an  occultatlon  of  his. 
body,  occasioned  by  an  interposition  of  the  moon, 
between  the  earth  and  sun  :  on  which  account  it  is  by 
some  considered  as  an  eclipse  of  the  earth,  since  the 
light  of  the  sun  is  prevented  from  coming  to  the 
earth  by  the  moon,  whose  shadow  involves  a  part  of 
the  earth.  Let  S  A  R  (fig.  8,  PI.  VII.)  be  asectioa 
of  the  sun,  T  G  H  that  of  the  earth,  and  B  D  G 
that  of  the  moon  interposed  directly  between  them  ; 
then  the  part  B  K  C  bounded  by  the  lines  B  K,  C  K, 
drawn  from  A  and  R  to  touch  B  and  C  respectively, 
will  be  the  section  of  the  moon's  shadow,  or  nmhi^ay 
and  the  parts  B  G  e^  n  C  H,  bounded  by  R  B  and 
A  C  produced,  will  represent  the  penumbra.  Now, 
if  the  shadow  of  the  moon  extend  so  far  as  to  cover 
a  portion  of  the  earth's  surface  e  a  ??,  an  observer 
any-where  in  that  portion  will  have  the  sun  totally 
eclipsed  or  hidden  from  his  sight ;  but  if  the  vertex 
of  the  conical  shadow  reach  not  so  far  as  a^  a  spec- 
tator there  will  have  the  sun  centrally,  but  not  to- 
tally, eclipsed  ;  for  his  disc  will  appear  like  a  bright 
annulus,  or  luminous  ring,  the  width  of  which  will 
be  equal  to  half  the  difference  of  the  apparent  dia- 
meters of  the  two  luminaries :  and  an  observer  situ- 
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ated  in  any  part  c  G  or  ii  H  within  the  penumbra, 
Vvili  have  the  smtl  pintiallij  eclipsed,  some  pa  t  of  his 
disc  being  visible,  and  the  remainder  hidden  by  the 
intervening  body  of  the  moon.  That  the  moon*s 
shadow  does  soiYietimes  extend  sufficiently  far  to  cover 
a  part  of  the  earth's  surface,  and  at  other  times  does 
not  reach  so  far,  may  be  thus  shewn  :  the  angle 
SDR  =  DRK+  DKR,henccDKR  =SDR 

—  D  R  K  ;  but  S  D  R  :  S  T  R  :  :  S  T  :  S  D  :  • 
390  :,  389  (Art.  457.),  therefore  S  D  R  =  f^4  STR ; 
and  DC  being  to  T  L,  as  2*180  :  7960  Art.  461.), 
or  nearly  as  '274  :  i,  D  R  C  will  be  to  T  R  L,  the 
sun's  horizontal  parallax,  in  a  ratio  compounded 
of  the  direct  ratio  of  D  C  :  T  L,  and  of  the  inverse 
ratio  of  S  D  :  S  T ;  whence,  T  R  L  being  nearly  9% 
DRC  will  be  9'''  X  tV^^  X  4;;;^,  or  nearly  3''': 
consequently  D  K  R  =  .:|.?-  STR  —  2f.  Now, 
the  angle  S  T  R,  when  least,  is  c.bout  15'  47'''' 
(Art.  304.);  and  in  this  case  D  K  R  =  1 5'  47'''  X  ^ff 

—  3^''=  15'  4i^'''  hence,  sine  15'  4.1^  :  radius  :  : 
BD  :  DK:  :  '274  :  6o*o6  semidiameters  of  the 
earth,  length  of  the  moon's  shadow,  when  the  earth 
is  in  its  aphelion  ;  and  when  it  is  in  perihelion,  STR 
will  be  greater,  and,  of  consequence,  D  K  will  be 
less.  But  the  moon's  distance  from  the  earth  varies 
from  about  c^6  to  64  semidiameters  of  the  earth, 
therefore  in  some  cases,  the  shadow  of  the  moon  may 
fall  upon  a  part  of  the  earth,  and  in  others,  the  ver- 
tex of  the  shadow  may  not  extend  so  far  by  two  or 
three  semidiamete.s. 

5'M).  Let  us  next  determine  how  much  of  the 
earth's  surface  may  be  involved  in  the  moon's  shadow  j 
in  order  to  which,  we  must  find  the  angle  c  T  a  : 
here  we  will  suppose  the  sun  to  be  in  apogee  and  the 
moon  in  perigee,  and  in  that  case,  the  conical  shadow 
will  be  extended  about  43  semidiameters  beyond  T  ; 
then,  as  T  e  (i ) :  T  K  (4^)  :  :  sine  T  K  e  =  15'  41^^  : 
sine  K  e  T  =  i''  7'  16'',  wherefore  K  e  T  +  T  K  e 


Eclipses  of  the  Sun,  35  J 

»s=:  I*'  22'  ^j"  =.  aTe  or  the  arc  ae,  and  double 
this,  or  2*^  45'  54''"',  is  the  measure  of  w  a  e,  supposing 
the  earth  to  be  a  sphere ;  allowing  69!  miles  to  a 
degree,  we  have  179*98,  or  very  nearly  180  English 
miles,  for  the  breadth  of  that  spot  on  the  earth's  sur- 
face which  is  covered  by  the  moon's  dark  shadow, 
when  the  sUn's  distance  is  greatest,  and  the  moon's 
distance  least. 

531.  After  a  nearly  similar  manner,  the  greatest 
portion  of  the  earth  ever  covered  by  the  penumbra 
may  be  ascertained  :  in  this  case,  the  moon  will  be  in 
apogee,  and  the  sun  in  perigee.  The  angle  B I  D  =s 
BRD  +  SDR  =  SDR  +DRK=  16' 21''^  + 
f  -  16'  24^  for  here  S  D  R  =  f^f  X  16'  i  ^ 
and  BG  D  ~  14'  45''''  (Art.  461.).  Then,  as  sine 
B  ID  :  sme  B  G  D  :  :  G  D  :  I  D  :  :  64  :  57-561 
semidiameters  of  the  earth  ;  hence,  D  T  being  04, 
we  have  IT  —  121  '56  semidiameters,  and  T  G  : 
IT : :  sine  TIG  (16'  2/)  :  sine  TGI  =  144°  33'  36'; 
therefore  I  G  N  =  35"  26'  24^^.  But  I  G  N  = 
TIG  +  IT  G,  of  courselTG  =  IGN  — ITG 
=  35^  I®' ;  the  double  of  which  is  70*^  20'  for  the 
arch  HaG  :  the  English  miles  answering  to  which 
are  4888,  or  nearly  4900;  the  breadth  of  the  por- 
tion of  the  earth's  surface  under  the  penumbral 
shadow  *.  It  is  manifest  from  this  article,  and  the 
preceding,  that  when  7u;  under  the  shadow,  is  a 
maximum,  H  G,  under  the  penumbra,  is  a  minimum, 
and  vicb  versa. 

53i\  The  moon's  mean  motion  about  the  centre  of 
the  earth  is  nearly  33'  in  an  hour,  and  33'  of  the 
moon's  orbit  is  about  2280  miles  ;  which,  therefore, 
we  may  consider  as  the  horary  velocity  with  which 

*  In  the  case  here  Considered,  the  moon  is  supposed  In  the  node, 
and  the  axis  of  the  shadow  and  penumbra  pass  through  the  centre 
of  the  earth  3  but  in  every  other  case,  both  the  shadow  and  pe- 
numbra will  be  cut  obliquely  by  the  earth's  surface,  and  the  bound* 
ot  the  sections  will  be  ovals,  and  very  nearly  true  ellipses. 

A  A 
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the  moon's  shadow  passes  over  the  earthy  or,  at  leasf, 
over  that  part  on  which  the  shadow  falls  perpendicu- 
larly j  in  every  other  place  the  velocity  will  be  in- 
creased in  the  proportion  of  the  sine  of  the  angle 
which  D  K  makes  with  the  surface,  in  the  direction  of 
its  motion,  to  radius.  But  it  must  also  be  recol- 
lected, that  the  earth's  rotation  upon  its  axis  will 
affect  the  apparent  velocity  of  the  shadow,  and  con- 
sequently the  duration  of  the  eclipse  :  if  the  point  of 
the  earth's  surface  be  moving  in  the  direction  of  the 
shadow,  its  velocity  in  respect  to  that  pvoint  will  be 
diminished,  and  consequently  the  time  in  which  the 
shadow  passes  over  that  point  will  be  increased  ;  but 
if  the  point  be  moving  in  a  direction  contrary  to  that 
of  the  shadow,  as  is  the  case  when  the  shadow  falls  on 
the  other  side  of  the  pole,  the  relative  velocity  of  the 
shadow  will  be  increased,  and  the  time  diminished. 

533.  If  the  moon's  parallax  were  insensible,  or  very 
small,  the  limits  of  a  solar  eclipse  would  be  deter- 
mined after  the  same  manner  as  those  of  a  lunar  ; 
but  because  the  parallax  is  considerable,  the  method 
is  rather  altered,  i.  Add  together  the  apparent  se- 
midiameters  of  the  luminaries,  both  in  apogee  and 
perigee  ;  this  gives  2^2}  ^^'^  ^^^  ^^^  greatest  sum,  and 
30'  31^  for  the  least.  2.  Since  the  parallax  dimi- 
nishes the  northern  latitude,  and  augments  the 
southern,  let  the  greatest  parallax  in  latitude  be 
added  to  the  former  sums,  and  also  subtracted  from 
them  ;  the  sum  or  difference  will  in  each  case  give 
the  latitude  beyond  which  there  can  be  no  eclipse ; 
this  latitude  being  given,  the  distance  from  the  node 
is  readily  determined,  and  is  found  to  be  from  i6i^ 
to  1  S-j'^,  according  to  circumstances,  for  the  limity. 
T3eyond  which  there  can  be  no  solar  eclipse.  Or,  for 
this  purpose  M.  Cassini  gives  the  following  directions : 
*'  Find  the  time  of  the  mean  conjunction,  and  at 
that  time  find  the  sun's  mean  longitudej  also  the  lon- 
gitude of  the  moon's  node  ;  and  if  the  difference  of 
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these  be  less  than  2 1°,  there  iJiai/  be  an  eclipse ;  but 
if  the  diiference  be  less  than  ,15°,  there  m?ist  be  one  ** 
But  perhaps  it  may  be  better  to  explain  more  fully  on 
what  the  solar  ecliptic  limit  depends  ;  to  this  purpose 
let    us   enquire   what  would   be  the    apparent   semi- 
diameters    of  the   earth's   disc,    and  of  the  moon's 
shadow  and  penumbra  thereon,  if  viewed  from  the 
moon  :  the  earth's   apparent   semidiameter  is   mani- 
festly equal  to  the  moon's  horizontal  parallax  ;  the 
apparent  semidiameter  of  the  moon's  dark  shadow  is 
nearly  equal   to  the  moon's   apparent  semidiameter 
minus  the  sun's  apparent  semidiameter  (unless   the 
sun's   apparent  semidiameter   be  greatest,  at  which 
time  the  shadow  does  not   reach  the  earth)  j  for  in 
the   triangle   BrtK,    KB^/  =  Br/S  —  BKSs« 
B^/D  —  AKS  =  B^D  mimes  sun's  apparent  se* 
midiameter  nearly ;    and    the   apparent   semidiame* 
ter  of  the  moon's  penumbra  upon  the  earth's  surface 
is  nearly  equal  to  the  apparent  semidiameter  of  the 
sun,  plus  the  horizontal  semidiameter  of  the  moon 
augmented  according  to  its  altitude  5  for  G  D  <?  = 
GID  +  lOD  =  BID  +BGD  z=  (by  reason  of 
the  great  distance  of  S.T  with  respect  to  T  D)  ATS 
4-  B  G  D  nearly.    Therefore,  let  A  E  (%.  9,  PI.  VII.) 
represent  a  portion  of  the  annual  orbit,  and  F  H  the 
visible  path  of  the  centre  of  the  lunar  shadows,  which 
will  exactly  correspond  to  the  position  of  the  moon's 
orbit  with  respect  to  the  ecliptic  in  the  heavens,  and 
therefore  the  point  of  intersection  N  will  be  the  node, 
and  the  angle  H  N  E  the  inclination  of  the  lunar  orbit 
to  the  plane  of  the  ecliptic.     Also,  let  JE  P  Q^S  re- 
present the  disc  of  the  earth  (according  to  the  ortho- 
grapJiic  projection ym  the  severa!  places  N,  B,  C,  D, 
its  semidiameter  being  made  equal  to  the  minutes  in 
the  moon's  horizontal   parallax  at  the  time  of  the 
eclipse  ;  let   the  small   dark  circles  described  about 
the  centres  N,  R,  L,  G,  be  the  apparent  sections  of 
the  shadow  in  those  positions.^  and  the  larger  dotted 
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circles  about  the  same  centres,  the  respective  sectiony 
of  the  penumbra.  Then  it  is  evident,  if  the  moon, 
when  near  conjunction,  be  at  the  distance  N  G  from 
the  node,  the  penumbra  will  not  fall  near  the  earth's 
disc,  wherefore  there  can  be  no  eclipse  in  that  situa- 
tion. If  the  moon's  distance  from  the  node  be  equal 
to  N  L,  the  penumbra  will  just  touch  the  disc,  and 
consequently  N  C  will  be  the  earth's  greatest  distance 
from  the  node  at  which  the  sun  can  be  at  all  eclipsed  : 
here  L  C  is  perpendicular  to  N  L,  and  is  nearly  equal 
to  the  moon's  horizontal  parallax,  added  to  the  sum 
of  the  sun's  and  moon's  apparent  semidiameters, 
which  varies  from  about  i^  35'  to  1°  32',  and  gives 
the  solar  ecliptic  limit  as  before  stated.  When  the 
moon's  distance  from  the  node  is  N  R,  the  ecliptic 
conjunction  being  at  11,  the  dark  circle  touches  the 
earth's  disc,  and  N  B  is  the  hmit  for  total  eclipses  ; 
therefore  between  B  and  C,  or  R  and  L,  the  eclipse 
will  be  partial.  If  the  moon  be  new  at  N  the  node, 
there  will  be  a  central  eclipse,  which  will  be  either 
total  or  annular,  according  to  the  respective  distances 
of  the  sun,  moon,  and  earth,  as  has  been  previously 
observed  in  Art.  529. 

.534.  Solar  eclipses,  or,  as  they  may  be  called^ 
eclipses  of  the  earth,  may  be  calculated  in  the  same 
manner  as  eclipses  of  the  moon,  if  we  have  not 
respect  to  a  particular  place  ;  but  when  we  wish  to 
know  the  times  of  beginning  and  ending,  the  digits 
eclipsed,  &c.  as  seen  from  any  particular  point  on 
the  earth's  surface,  the  calculations  become  much 
more  complicated  and  tedious ;  we  will,  however, 
endeavour  to  exemplify  them  by  taking  a  particular 
instance,  as  was  done  in  lunar  eclipses.  At  the  new 
moon  which  happened  on  September  5,  1793,  the 
place  of  the  moon  was  within  the  Umits  for  solar 
eclipses  5  let  us,  therefore,  ascertain  the  duration  and 
magnitude  of  the  eclipse,  as  it  was  then  observed  at 
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Greenwich.     Here  the  elements,  as  deduced  from 
AJayer's  Tables  improved^  are  as  below  : 
The  true  time  of  conjunction,  Sept. 

Longitude  of  the  sun  and  moon 

Latitude   of  the  moon  N,  as- 
cending    ...» 

Moon's  horizontal  parallax 

Her  apparent  diameter    .         , 

The  sun's  apparent  diameter    . 

The  moon's  horary  motion     » 

The  sun's  ditto 

Horary  motion  of  the  moon 

from  the  sun      ...  27    22 

S'^5.  In  the  first  place  we  must  find  the  way  of  the 
moon  from  the  sun ;  in  order  to  which,  let  H  Z  O 
(fig.  I,  PI.  VIII.)  be  the  meridian  of  the  place,  H  O 
the  horizon,  G  B  the  equinoctial,  G  E  B  the  eclip- 
tic, Z  the  zenith,  P  the  elevated  pole,  S  and  M  the 
places  of  the  sun  and  moon  in  conjunction ;  P  S  F  the 
sun's  meridian.  Having  found  ;^  S  '=.  y°  37'  39^^, 
the  sun's  distance  from  the  node,  take  n  A  to  ^/  S  as 
the  sun's  horary  motion  to  that  of  the  moon ;  then 
S  A  =  6°  59'  52''.  DrawMA:  then  in  the  spheric 
cal  triangle  ASM,  right-angled  at  S,  are  given  A  S 
and  SM,  to  find  the  angle  AM  S  ==  84^  32'  i8^ 
iy[  A  being  the  moon's  way  from  the  sun.  But  be- 
cause the  eye  of  the  observer  is  in  motion,  in  conse- 
quence of  the  rotation  of  the  earth,  which  commu- 
nicates an  apparent  motion  tp  the  moon,  contrary  to 
that  of  the  observer,  the  quantity  and  direction  of 
that  motion  must  be  found.  Here^  since  the  observer 
is  carried  eastward,  tjiat  is,  towards  the  point  C,  the 
apparent  motion  in  the  moon  caused  thereby  will  be 
in  the"  line  C  S  ;  tq  determine  the  position  of  which  in 
respect  of  A  M  or  S  M,  it  is  requisite  to  proceed  as 
follows :  in  the  right-angled  triangle  B  F  S,  there 
are  given  S^  and  the  angle  B,  to  find  FS  =  6°  35'  f^ 
^nd  B  S  F  =5:  P  S  A  =  67"^  24'  58^    In  the  triangl^ 
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Z  P  S  are  given  P  Z  the  co-latitude,  P  S  the  com* 
plement  of  F  S,  and  the  hour  angle  Z  P  S,  to  find 
ZS=44°58',PZS  =  177°  22'32^andZSP== 
lO  38'  34^  Then  Z  S  P-f  A  S  P— A  S  M  (90°)  =: 
Z  S  M  =;  20°  ^6'  2%".  In  the  right-angled  triangle 
C  S  D  are  given  C  D  and  D  S,  for  C  D  is  the  mea- 
sure of  the  angle  C  Z  D  =^  P  Z  S— C  S  P  (90°),  and 
I)  S  ==  the  comp.  Z  S  ;  whence  C  S-  ==  88°  8'  45^ 
and  C  S  D  =:  N  S  Z  =  88°  8'  42^  Then  N  S  Z 
^Z  S  M  =  N  S  M  =  67*'  12'  i/,  and  180°  — 
A  M  S  ==  N  M  S  =-.  95°  27'  42'';  consequently,  S  M 
being  known,  the  angle  M  N  S  may  be  found  =17° 

20' 46''. 

5^6.  The  quantity  of  the  apparent  motion  along 
S  N  must  then  be  found,  and  compounded  with  that 
along  A  N,  which  is  already  known.  The  sine  of 
15°,  the  horary  motion  of  a  point  in  the  equator,  is 
♦258819  to  the  radius  i  ;  and  if  /;  be  the  moon's 
horizontal  parallax,  the  radius  of  the  earth  appears 
at  the  moon  under  the  angle  /?,  and  1 5°  of  the  equa- 
tor under  the  angle  •2588/;,  which  is  the  horary 
motion  of  a  poini  ji,  the  equator,  viev/ed  directly  from 
the  moon  j  and  the  moon's  apparent  motion,  as  seen 
from  that  point,  is  manifestly  the  same.  But  this 
motion  must  be  diminished,  first,  in  proportion  to  the 
co-sine  of  the  latitude  of  Greenwich  (or  any  other 
place  given  out  of  the  equator  ,  because  its  motion  is 
in  a  parallel  circle;  and,  secondly,  in  proportion  to  the 
sine  of  C  S,  the  sun's  distance  from  the  east  (or  west) 
point  of  the  horizon  (Art.  S^i^'^'f  therefore,  to  the 
log.  of '2588/?,  add  the  log.  co-sine  latitude,  and 
the  log.  sine  of  C  S,  the  sum,  abating  twice  log.  ra- 
dius, is  log.  of  8'  41'^,  the  apparent  horary  motion  \ 
along  S  N.  To  compound  this  with  the  known  mo- 
tion along  A  M  N,  let  A  S  (fig.  2,  PL  VIII.;  be  apor^ 
■  tion  of  the  ecliptic,  M  A  the  moon's  way  from  the 
sun,  S  N  the  direction  of  the  apparent  motion :  draw 
M  R  parallel  to  S  N,  and  let  M  R  be  the  horary 
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■motion  along  S  N,  and  M  K  the  horary  motion  of 
the  moon  from  the  sun;  then  complete  the  paral- 
lelogram R  M  K  W,  draw  the  diagonal  M  W  Q, 
which  is  the  direction  of  the  motion  compounded  oF 
that  of  the  observer  and  that  of  the  moon,  and  M  W 
is  the  total  apparent  horary  motion,  supposing  the 
observer  at  rest.    Then,  in  the  plane  triangle  M  W  K 
are  given  MK  =  27'  22\  and  KW  =  8^  41^'',  and 
the  angle  MKW  =  MNS  =  17°  20'  46''';  vi^hence 
wefind  WMK  =  7^  45'  43'',  and  M  W  =  19'  13' 
the  absolute  horary  motion  ;  and  the  angles  WMK 
and  KMS  being  known,  we  know  S  N  W  =  92* 
18'  i''.     Here,  the  sun  being  in  the  eastern  hemi- 
sphere, the  concave  side  of  that  hemisphere  is  projected 
in  fig.  1,  PI.  VIII.  the  moon's  motion  from  the  sun 
is  from  M  towards  A,  and  the  other  apparent  motion 
from  S  towards  N  in  either  figure.     But  when  the 
sun  is  in  the  western  hemisphere,  the  convex  side  of 
the  sphere  is  represented  in  the  projection ;  and  then 
the  moon  moves  from  the  sun  in  the  direction  AM; 
the  other  apparent  motion  is  also  contrary. 

5  "37*  Next  find  the  moon's  parallax  of  altitude, 
by  saying,  as  radius :  co-sine  D  S,  the  sun's  altitude, 
:  :  54'  ^"  the  moon's  horizontal  parallax :  her  paral- 
lax M  w  =  V^  (fig.  3,  PL  VIII.)  =  38'  11'".  Then, 
in  the  right-angled  spherical  triangle  M  /i  ?w,  are 
given  M  m,  and  the  angle  vi  M  /?,  to  find  M  -'^  = 
35'  38'^  her  parallax  in  latitude,  whence  S  /^  =  40' 
2.1"  —r  2,$'  38'^'  =  4'  43''''  her  remaining  latitude,  and 
mn  =  S  .y  ==  13'  39'''  her  parallax  in  longitude,  which 
must  be  added,  because  the  moon  is  to  the  cast  of  the 
nonagesimal  degree ;  but  ic  must  be  subtracted  when 
the  moon  is  to  the  west. 

538.  Draw  GS  (fig. 4,  PI. VIII.)  for  the  ecliptic,  and 
at  any  point  S  erect  the  perpendicular  M  S  ==  4'  43^ 
the  moon's  latitude  corrected  for  parallax  ;  through 
M  draw  the  line  N  M  (X  making  the  angle  S  M  Q^= 
92°  18'  \^'  found  Art.  536.J  j  this  line  will  be  the 
0100)1' s  apparent  path.    Draw  S  P  perpendicular  19 
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M  O,  then  S  P  will  be  the  least  distance  of  the  cen- 
tres of  the  luminaries,  and  S  the  point  of  greatest 
obscuration  ;  or,  on  the  supposition  that  L  Q^  is  a 
straight  line  (which  is  nearly,  though  not  exactly, 
true),  P  will  be  the  place  of  the  moon's  centre  in  the 
middle  of  the  eclipse.  From  the  centre  S,  with  the 
radius  S  B  ==  15'  527^  describe  the  circle  BD  C  for 
the  sun's  disc  5  and  from  the  centre  P,  with  the  ra- 
dius P  A  =  14'  44",  describe  the  circle  D  A  C  for 
the  moon's  disc  ;  also  make  S  H  and  S  L  each  equal 
to  the  sum  of  the  radii  of  the  discs  of  the  sun  and 
moon ;  and  the  moon's  centre  will  appear  at  L  when 
the  moon's  disc  first  touches  the  sun's,  or  at  the  be- 
ginning of  the  eclipse,  and  H  will  be  the  apparent 
place  of  the  moon's  centre  at  the  end  of  the  eclipse. 
Then,  in  the  triangle  P  S  L  are  given  S  L  and  S  P 
(found  from  the  triangle  S  P  M),  to  find  P  L  = 

v/S  L^  —  S  P-  =  30'  14.'  =  BH:  hence,  19'  if 
(Art.  536.)  :  I  hour :  :  30'  14"^ :  i''  34'"  23*  half  the 
duration  of  the  eclipse.  Now  the  moon  at  the  mid- 
dle of  the  eclipse  is  past  P,  or  (since  P  and  M  are 
exceedingly  near)  past  the  apparent  conjunction  by 
the  distance  of  13'  39''  her  parallax  in  longitude, 
which,  at  the  rate  of  19'  if  per  hour,  gives  42™  37* 
to  be  subtracted  from  the  time  of  apparent  conjunc- 
tion, for  the  middle  of  the  eclipse. 

539»  To  find  the  digits  eclipsed,  we  have  no  =. 
S;z+Po  —  PS,  or  the  sum  of  the  apparent  semi- 
diameters  of  the  luminaries  minus  the  moon's  appa- 
rent latitude,  v>^hich  gives  25'  53''''  for  the  scruples 
immersed  ;  then  15'  52'''  :  6^  :  :  25'  ^f  :  <f  4']^  the 
digits  eclipsed,  on  the  sun's  north  or  upper  limb. 

Hence,  on  Sept.  5,  1793,  the  apparent  time  at 
Greenwich,  of  the 

Beginning,  was        ,        ,      P*"  35™  3  2'  A.  M. 

Middle  .         .         .    11       9     55 

End  .         ,         .      o    44    48  P.  M, 

Duration         .         ,         .      3      8     46 

Digits  eclipsed         •        .      pd  47' 
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In  latitudes  north  of  Greenwich  the  eclipse  was 
greater  ;  in  the  northern  parts  of  Scotland  it  was  an- 
nular, and  the  digits  eclipsed  were  about  i  if.  But 
this  eclipse  was  not  any-where  iotal^  because  the  dark 
conical  shade  of  the  moon  did  not  quite  extend  to 
the  earth.  This  was  the  greatest  solar  eclipse  which 
has  happened  in  England  since  that  on  April  i, 
1764.  There  will  be  one  nearly  as  great  on  Nov.  19, 
i8i6;  when  about  9!  digits  will  be  eclipsed:  and 
on  Sept.  7,  1820,  and  May  15,  1836,  there  will  be 
solar  eclipses  which  will  be  nearly  total,  in  the  middle 
parts  of  England  *. 

540.  In  the  above  calculation  no  allowance  has 
been  made  for  the  variation  of  the  moon*s  apparent 
velocity  during  the  time  of  the  eclipse ;  this  will  in- 
duce some  errour,  which,  as  well  as  other  errours 
which  may  have  crept  into  the  process,  may  be  thus 
corrected.  At  the  estimated  time  of  the  beginning 
of  the  eclipse,  find,  from  the  horary  motions  and 
computed  parallaxes,  the  apparent  latitude  L  ?•  of  the 
moon,  and  its  apparent  longitude  S  ;-  from  the  sun  ; 
then  SL  =  ^S  r-  +  rL-:  if  this  be  equal  to  the 
sum  of  the  apparent  sen.idiameters  of  the  sun  and 
moon,  and  the  horary  raotions  be  properly  taken, 
the  estimated  time  requires  no  correction  ;  but  if  S  L 
be  not  equal  to  this  sum,  assume  another  time,  either 
a  small  interval  he/ore  or  after  the  estimated  time  of 
beginning,  according  as  S  L,  thus  found,  is  /ws  or 
greater  than  the  sum  of  the  apparent  semidiameters; 
to  that  time  compute  the  moon's  apparent  latitude 
and  longitude,  and  thence  find  S  L,  by  taking  the 
square  root  of  the  sums  of  the  squares  of  this  com- 

*  Other  great  solar  eclipses  will  happen  in  England,  on  Oct. 
9,* 1 847,  A.M.  .  .  March  15,  1858,  AM.  .  ,  Aug.  19,  1887, 
A.M.  .  .  April  17,  1912,  A.M.  .  .  April  8,  192 1,  A.M.  .  .  Feb. 
j5,  196  r,  A.M.  .  .August  II,  1999,  A.M.  The  duration  and 
magnitude  of  either  of  which,  the  student  may  calculatCj  as  aa 
agreeable  exsrcise  for  his  leisure  hours. 
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puted  latitude  and  longitude  ;  from  these  two  values 
of  S  L  the  correction  in  time  may  be  readily  obtained 
by  the  method  of  trial  mid  errour :  and  in  a  similar 
way  we  may  correct  the  estimate  time  of  the  end  of 
an  ecHpse.  But  even  after  all  this  additional  labour, 
the  result  can  only  be  considered  as  accurate  in  pro- 
portion to  the  reliance  which  may  be  placed  upon  the 
tables;  and  we  have  no  lunar  tab k.s  but  what  are 
subject  to  an  errour  of  about  half  a  minute  in  longi- 
tude, which  may  occasion  an  errour  of  about  a  minute 
and  a  half  in  the  calculation  of  a  solar  eclipse. 

541.  Precepts  for  the  computation  of  solar  eclipses 
might  have  been  delivered  in  smaller  compass ;  but 
then  what  was  gained  in  pr.int  of  room  would  not 
compensate  for  the  want  of  conviction  which  would 
attend  a  mere  delivery  of  such  rules  as  do  not  carry 
their  rationale  along  with  them ;  on  this  account  we 
have  combined  the  precepts  with  an  example,  and 
shall  now  mention  a  few  other  circumstances,  most 
of  which  naturally  follow  from  what  has  been  pre- 
viously shewn,     i.  An  eclipse  of  the  sun  does  not 
appear  the  same  in  all  parts  of  the  earth  where  it  is 
seen,  but  is  in  some,  total  or  annular,  while  in  others 
it  is  partial.     i.  A  solar  eclipse  does  not  happen  at 
the  same  time  in  all  places  where  it  is  seen  ;  but  ap- 
pears more  early  to  the  western  parts,    and  more 
late  to  the  eastern  ;    as  th^  motion  of  the  moon 
beyond  the  sun,  and  consequently  of  her  shadow, 
is  from  west  to  east.     3.  An  eclipse  of  the  sun  be- 
gins on  the  xcesienf  side,  and  ends  on  the  eastern* 
4.  No  eclipse  of  the  sun  happens  to  all  places  where 
the  sun  is  visible  ;  for  the  penumbra  does  at  no  time 
cover  a  hemisphere  of  the  earth.     5.  The  position 
of  the  cusps  of  the  horns  of  the  unobscured  part  of 
the  sun's  disc  may  be  easily  found  in  the  middle  of 
the  eclipse  ;  for  the  line  which  joins  them  is  parallel 
to  the  moon's  apparent  way.     6.  The  middle  of  a 
solar  eclipse  will  ngt  be  at  the  same  time  in  all  places 
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©n  the  same  meridian  ;  for  the  parallax  of  longitude 
will  be  different  in  different  latitudes.  7.  The  ex- 
cess of  the  apparent  semidiameier  of  the  moon  above 
that  of  the  sun  in  a  total  eclipse  is  so  small,  tl>at 
total  darkness  seldom  continues  more  than  four 
minutes  in  the  latitude  of  London.  8.  In  most  so- 
lar echpses  the  moon's  disc  is  covered  with  a  faint 
light,  which  is  attributed  to  the  reflection  of  the 
light  from  the  illuminated  part  of  the  earth.  9.  lu 
total  eclipses  of  the  sun,  the  darkness  is  sometimes  so 
great  as  to  render  visible  the  planets  above  the  hori- 
zon, and  stars  of  the  second  magnitude.  In  such 
eclipses  the  moon's  limb  is  seen  surrounded  with  a 
ring  which  appears  much  brighter  and  whiter  near 
the  moon's  body  than  at  a  distance  from  it ;  this 
ring  in  all  respects  resembles  the  appearance  of  an 
enlightened  atmosphere  viewed  from  a  distance  ;  but 
whether  it  belongs  to  the  moon  or  the  suq,  is  not  en- 
tirely decided,  though  it  is  generally  supposed  that  it 
belongs  to  the  former  *. 

54L'.  With  respect  to  the  mimhcr  of  eclipses  of 
bbth  luminaries,  it  may  be  observed  that  there  can- 
not be  fewer  than  two,  nor  more  than  seven,  in  one 
year ;  the  most  usual  number  is  four,  and  it  is  rare 
to  have  more  than  six.  The  reason  is  obvious  ;  for 
the  sun  passes  by  both  the  nodes  of  the  moon's  orbit 
but  once  in  a  year,  unless  he  pass  by  one  of  them  in 
the  beginning  of  the  year,  in  which  case  he  will  pass 
by  the  same  again  a  httle  before  the  end  of  the 
yearj  because  (Art.  448.)  the  nodes  retrograde  about 
193-  degrees  every  year,  and  therefore  the  sun  will 
come  to  either  of  them  about   173  days  after  the 

lO— ° 

other,  for  he  will  have  to  move  180° ^,  which 

*  A  very  Ingenious  method  of  constiiicting  and  calculating  so- 
lar eclipses  was  tirst  given  by  Mr.  Ilomstead  in  vol.  I.  of  Sir  Jonas 
Moure  s  System  of  ]\hitiicm<jiics :  ihc  same  method  in  substance  is 
given  by  Dr.  Kri//,  M.  de  la  (JaUk,  JMr.  I'ergusun,  and  Mr.  Vuu:<, 
in  their  resi^ective  treatises  on  Astronomy. 
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will  occupy  nearly  173  days.  And  if  neither  node 
be  within  1 7°  of  the  sun  at  the  time  of  new  moon, 
he  will  be  eclipsed  ;  and  at  the  subsequent  oppo- 
sition the  moon  will  be  eclipsed  near  the  other 
node,  and  come  round  to  the  next  conjunction  be- 
fore the  former  node  be  1 7°  from  the  sun,  when  he 
will  be  again  eclipsed.  When  three  eclipses  hap- 
pen about  either  node,  the  like  number  commonly 
happens  about  the  opposite  one  ^  as  the  sun  comes 
to  it  in  173  days  afterward,  and  six  lunations  con* 
tain  only  four  days  more.  Thus  there  may  be  two 
eclipses  of  the  sun,  and  one  of  the  moon,  about  each 
of  the  nodes  ;  and  the  twelfth  lunation  from  the 
eclipse  in  the  beginning  of  the  year  may  give  a 
new  moon  before  the  year  is  ended,  which,  in  con- 
sequence of  the  retrogradation  of  the  nodes,  may 
be  within  the  solar  ecliptic  limit ;  and  hence  there 
may  be  seven  eclipses  in  a  year.  Jive  of  the  sun 
and  tzco  of  the  moon.  But  when  the  moon  changes 
in  either  of  the  nodes,  she  cannot  be  near  enough 
the  other  node  at  the  next  full  moon  to  be  eclipsed; 
and  in  six  lunar  months  afterwards  she  will  change 
near  the  other  node  ;  in  which  case  thei  e  cannot 
be  more  than  two  eclipses  in  a  year,  both  of  the 
sun.  The  ecliptic  limits  of  the  sun  (Art.  533.)  are 
greater  than  those  of  the  moon  (Art.  523.),  and 
hence  there  will  be  more  solar  than  lunar  eclipses, 
as  they  will  nearly  bear  the  proportion  of  their  limits, 
viz.  about  four  to  three.  But  more  lunar  than  solar 
eclipses  are  seen  at  any  given  place ;  because  a  lunar 
eclipse  is  visible  on  a  whole  terrestrial  hemisphere  at 
once,  whereas  a  solar  eclipse  is  visible  only  on  a  por» 
tion  of  a  hemisphere. 

o4:j.  Since  eclipses  depend  upon  the  position  of 
the  sun  and  moon,  with  respect  to  the  nodes,  it  is 
manifest,  that  when  they  are  in  the  syzygies,  and 
have  the  same  situation  with  respect  to  the  nodes,  the 
eclipses  will  return  and  appear  as  before :  the  spac^ 
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©f  time  after  which  the  same  eclipses  return  again  is 
called  the  period  of  eclipses.  Now,  as  the  nodes 
move  backwards  1 93-*'  every  year,  they  would  shift 
through  all  the  points  of  the  ecliptic  in  eighteen  years 
and  225  days ;  and  this  would  be  the  regular  period 
of  the  return  of  eclipses,  if  any  complete  number  of 
lunations  were  performed  in  it,  without  a  fraction ; 
but  this  is  not  the  case.  However,  in  223  mean 
lunations,  after  the  sun,  moon,  and  nodes,  have  beea 
once  in  a  line  of  conjunction,  they  return  so  nearly 
to  the  same  state  again,  that  the  same  node  which 
was  in  conjunction  with  the  sun  and  moon  at  the 
beginning  of  these  lunations  will  be  within  28'  12''^  of 
the  line  of  conjunction,  when  the  last  of  these  lunations 
is  completed  ;  and  in  this  period  there  will  be  a  regu- 
lar return  of  eclipses,  till  it  be  repeated  about  forty 
times,  or  in  about  720  years,  when  the  line  of  the 
nodes  will  be  28'  X  40  from  the  conjunction,  and 
will,  consequently,  be  beyond  the  ecliptic  limits: 
this  is  called  the  Plinian  period^  or  Chaldean  saros  ; 
it  contains,  according  to  Dr.  Halley^  1 8  Julian  years 
1 1  days  7  hours  43  minutes  20  seconds ;  or, 
according  to  Mr.  Ferguson,  18^  ii'^  y^  42™  44*. 
In  an  interval  of  ^^jf  21'^  18^  11™  51%  in  which 
there  are  exactly  6890  mean  lunations,  the  conjunc- 
tion or  opposition  coincides  so  nearly  with  the  node, 
as  not  to  be  distant  more  than  11^.  If,  therefore,  to 
the  mean  time  of  any  solar  or  lunar  eclipse,  we  add 
this  period,  and  make  the  propi::r  allowance  for  the 
intercalary  days,  we  shall  have  the  mean  time  of  the 
return  of  the  same  eclipse.  This  period  is  so  very 
near,  that  in  6000  years  it  will  vary  no  more  from  the 
truth,  as  to  the  restitution  of  eclipses,  than  8-|-  minutes 
of  a  degree. 

544.  The  doctrine  of  eclipses  is  of  considerable 
advantage  and  utility.  From  hence  we  deduce  a 
strong  confirmation  of  the  conclusions  arrived  at  in 
the  first  chapter,  respecting  the  figure  of  the  earth  j 
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for,  in  all  lunar  eclipses,  the  shadow  of  the  earth  upon 
the  moon's  disc  is  always  bounded  by  an  arc  very 
nearly  circular  j  which  could  not  happen,  unless  the 
shadow  of  the  earth  in  all  situations  was  nearly  coni- 
cal, and,  consequently,  the  earth  itself  nearly  spherical. 
Lunar  eclipses  also  prove  that  the  sun  is  larger  than 
the  earth,  and  the  earth  larger  than  the  moon  ;  that 
the  sun  is  larger  than  the  earth,  because  the  shadow 
of  the  earth  ends  in  a  point,  which  it  could  not  do  if 
the  sun  were  smallest ;  and  that  the  earth  is  larger 
than  the  moon,  because  the  whole  of  the  moon's 
body  is  sometimes  involved  in  the  earth's  shadow,  and 
a  section  of  this  shadow  at  the  moon's  orbit  is  much 
less  than  the   earth  itself.     Eclipses   also,   that   are 
similar  in  all  circumstances,  and  that  happen  at  con- 
siderable  intervals  of  time,  serve  to   ascertain   the 
period  of  the  moon  s  motion  (Art.  440.).     In  geo- 
graphy, the  advantages  resulting   from  ecHpses  are 
very  great ;  for  by  them  we  can  discover  the  longi- 
tudes of  different  places,  especially  by  those  of  the 
moon,  v/hich  are  most  often  visible,  and  the  same 
lunar  eclipse  being  of  equal  magnitude  and  duration, 
and  beginning  at  the  same  au.^i  Intc  moment,  at  all 
places  where  it  is  seen  (Art.  666.^.     Eclipses  also 
lend  their  assistance  in  removing  doubts  respecting 
the  particular  times  of  ancient  historical  events,   and 
thus  render  essential  service  to  chrGUology ;  for  we 
find  that,  even  in  the  histories  of  Herodotus  and 
Thucydide-s,  there  are  no  regular  dates  for  the  events 
recorded,  and  that  no  attempts  were  made  to'estabhsh 
a  fixed  asra  until  the  time  of  Ptolemy  Ph'iladelphus, 
■who  endeavoured  to  effect  it,  by  comparing  and  cor- 
recting  the  dates  of  the   Olympiads,    the  Idngs    of 
Sparta,  and  the  succession  of  the  priestesses  of  Juno  at 
Argos.     Now  if,  near  the  time  of  any  memorable 
event  recorded  in  history,  a  remarkable  solar  or  lunar 
eclipse  be  also  recorded,  we  may  know  whether  the\ 
realtime  of  this  event  is  rightlydetermined,by  a  proper 
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application  of  the  doctrine  of  eclipses.     Thus   we 
learn  from  the  testimony  of  the  ancients,  that  T/iales 
predicted  a  total  solar  eclipse,  which  was  to  happen 
either  at  Sardis,  or  Miletu^i,  in  the  4th  year  of  the 
48th  Olympiad  ;  which  happening  agreeably  to  the 
prediction,  brought  about  a  peace  between  the  Mtdes 
and  Lydians,     Modern  chronologers  say  this  peace 
took  place  in  the  585th  year  before  Christ;  and  we 
find,  by  means  of  the  periods  of  eclipses,  that  a  very 
signal  solar  eclipse  happened  on  the  28th  of  May  in 
that  year,  corresponding  to  the  present  loth  of  that 
month,   which   confirms  the  accuracy  of  the  date. 
Again,  Thucydides  relates,  that  a  solar  eclipse  hap- 
pened on  a  summer's  day  in  the  afternoon,  in  the 
first  year  of  the  Peloponnesian  war,  which  eclipse 
was    so    great    that    the   stars  appeared.      This   is 
Stated  by  modern  authors  to  have  been  in  the  year 
43 1  before  Christ ;  and,  by  coraputation,  it  appears, 
that  on  the  3d  of  August  that  year  there  was  a  great 
solar  eclipse,  which  passed  ovef  Athens  about  six 
o'clock  in  the  afternoop ;  this,  therefore,  corrobo- 
rates  the  decision  of  the   chronologers.     And  the 
same  might  be  shewn  in  many  otfier  instances,  where 
the  appearances  resulting  from  the  computations  are 
found  to  correspond  as  nearly  wiih  those  recorded  a* 
can  reasonably  be  expected,  considering  the  unavoid- 
able errours  which  must  attend  the  best  constructed 
tables.      In   one  material  instance,  the  doctrine   of 
eclipses  furnishes  us  with  an  important  correction  to 
the  vulgar   mode    of    reckoning :    "  All   the   best 
masters  of  chronology,"  as  Mr.  IVhiston  observes  in 
his  Astronomical  Lectures^  "  an  bold  to  assert  that 
the  christian  asra,  which  hath  been  used  for  so  many 
ages  past,  is  less  than  what  it  ougat  to  be,  by  three 
whole  years  at  least.     For  whereas  it  is  most  certain, 
that  the  christian  sera,  which  is  taten  from  the  birth 
of  our  Saviour,  ought  to  begin  in  t^e  reign  of  Herod 
the  Great ;  and  by  the  testimony  of  Josephus^  an 
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eclipse  of  the  moon  happened  in  Judea  a  few  months 
before  the  death  of  that  Herod  ;  which  same  eclipse 
the  astronomical  tables  do  most  certainly  shew  to 
have  been  the  fourth  year  before  the  christian  aera, 
and  in  the  month  of  March ;  it  appears  plain  that 
there  is  a  great  mistake  in  the  christian  accounts,  and 
that  there  is  more  credit  to  be  given  to  this  one 
astronomical  criterion,  than  to  the  longest  tradi- 
tion."* 


Oil  Occultations  of  the  fixed  Stars  by  the  Moon, 

54:5.  There  is  no  method  of  determining  whether 
there  will  be  an  occultation  of  a  fixed  star  by  the 
moon,  previous  to  the  calculation  of  the  apparent 
place  of  the  moon  it  the  ecliptic  conjunction ;  but 
we  may,  from  the  :ourse  of  the  moon,  conjecture 
when  there  will  probably  be  one.  According  to  M. 
Cassini^  those  stars  whose  north  and  south  latitudes 
do  not  exceed  6°  36'  may  suflfer  an  occultation  some- 
where upon  earth  ;  and,  if  the  latitudes  are  not  greater 
than  4°  32',  they  miy  be  eclipsed  on  any  part  of  the 
€arth.     Compute  ths  time  of  the  mean  conjunction, 

*  It  appears  worth  while  to  observe  here,  that  the  time  of  a 
very  celebrated  event  inihe  early  history  of  ovir  own  country  has 
been  ascertained  with  gieat  exactness,  and  that  in  a  considerable 
decrree,  though  not  entirely,  by  means  of  an  eclipse.  The  inva- 
sion of  Julius  Casar  is  stated  by  some  historians  to  have  taken 
place  in  the  year  52  befcre  Jesus  Ciuist,  by  others  in  the  year  541 
and  by  others  in  the  yea- 56.  But  Dr.  Haliey,  in  No.  193  of  the 
PbiL  Trans,  determines  r.ie  time  of  this  invasion  to  a  day^  and  says 
the  landing  was  effectei  on  the  26th  of  August,  in  the  year  of  the 
world  3950,  the  year  cf  Rome  699,  or  the  55th  before  the  usual 
christian  sera.  He  wis  led  to  this  decision,  partly  by  calculating 
the  time  of  that  lunar  clipse^  of  which  Drusus  made  such  successful, 
use  to  quiet  the  Pamonian  army  upon  the  death  of  Augustus,  and 
partly  by  cwmputing  'he  time  ofnhe  full  moon,  previous  to  which 
Caesar  landed  hib  legbns,  and  considering  the  phenomena  of  the 
tides  oa  the  Kentish  :oast  at  that  particular  period. 
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and  at  that  time  the  moon's  true  latitude ;  then,  if 
the  difference  of  the  latitudes  of  the  moon  and  star 
exceed  i^  37'j  there  can  be  no  occultation ;  if  the 
difference  be  less  than  5 1',  there  musi  be  one  some- 
where on  the  earth ;  between  these  limits  it  is  doubt- 
ful whether  there  will  be  one  or  not. 

64i6,  When  it  is  determined  that  there  may  be  an 
occultation,  deduce  from  astronomical  tables  the 
apparent  time  of  the  ecliptical  conjunction  of  the 
moon  and  star  at  the  place  for  which  the  calculation 
is  made,  and  for  the  same  time  their  longitudes  and 
latitudes,  parallax  and  true  diameter  of  the  moon,  the 
horary  motion  of  the  moon  in  longitude  and  latitude, 
as  also  the  star's  right  ascension,  declination,  and  the 
obliquity  of  the  ecliptic  ;  then  take  the  moon's  side- 
real horary  motion,  which  is  her  horary  motion  dimi- 
nished by  tIt  of  itself;  for  the  latitude  of  the  moon 
at  her  conjunction  with  the  star,  take  the  e.vcess  or 
defect  of  the  moon's  latitude,  compared  with  that  of 
the  star  either  north  or  south  ;  assume  the  apparent 
time  of  the  star's  transit  over  the  meridian,  which  is 
(Art.  171.)  the  sun's  right  ascension  in  time  sub- 
tracted from  that  of  the  star  j  and  to  calculate  the 
time  of  occultation  proceed  agreeably  to  the  follow- 
ing rules : — 

047.  Ride  I.  To  the  arithmetical  complement  of 
the  co-sine  of  the  star's  latitude,  add  the  co-sine  of  its 
right  ascension,  and  the  sine  of  the  obliquity,  the  sum 
is  the  sine  of  the  angle  of  inclination  ;  and  is  to  the 
right  hand  of  the  northern  axis  of  the  ecliptic,  if  the 
star's  longitude  be  between  three  and  nine  signs, 
otherwise  to  the  left. 

548.  11.  To  the  arithmetical  complement  of  the. 
logarithm  of  the  moon's  sidereal  horary  motion  in 
seconds,  add  the  logarithm  of  the  moon's  horary 
motion  in  latitude  in  seconds,  the  sum  is  the  tangent 
of  the  angle  of  inclinatioii  of  the  moon's  way  with  the 
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northern  axis  of  the  ecliptic ;  which  Is  to  the  right 
hand,  if  the  moon  has  north  latitude  ascending^  or 
south  latitude  descending ;  otherwise  to  the  left. 

549.  III.  In  case  the  axis  of  the  moon's  way,  and 
the  earth's  axis,  are  both  on  the  mme  side  of  the  axis 
of  the  ecliptic,  the  complement  of  their  difference; 
but  when  on  centrally  sides,  the  complement  of  theii* 
sum  to  90^  is  an  angle,  which  call  E. 

5o0.  IV.  The  time  that  the  moon's  centre  Is  at  E 
is  before  the  true  conjunction,  if  the  earth's  axis  is  to 
the  right  hand  of  the  northern  axis  of  the  ecliptic, 
and  the  moon's  latitude  at  the  conjunction  norths 
otherwise  ajter  ;  but  if  the  moon's  latitude  at  con- 
junction is  souths  the  contrary. 

55\.  V.  When  the  northern  axis  of  the  moon's 
way  is  to  the  right  hand  of  the  earth's  northern  axis, 
the  motion  in  the  direction  of  the  earth's  axis  is  from 
7wrth  to  south  for  any  time  before  E,  but  from  south 
to  north  for  any  time  aJter  E ;  otherwise,  the  con- 
trary. 

5i2.  VI.  In  order  to  reduce  the  latitude  of  the 
place,  and  the  horizontal  parallax  of  the  moon,  to  the 
spheroidal  figure  of  the  earth,  subtract  the  logarithm 
of  the  less  from  that  of  the  greater  axis  of  the  earth 
(or  of  any  numbers  expressing  their  ratio),  the 
remainder  added  to  the  co-tangent  of  the  latitude 
in  the  sphere^  gives  the  tangent  of  an  arc ;  to  which 
add  again  the  remainder,  the  sum  is  the  cc-tangent 
of  the  latitude  in  the  spheroid ;  or,  to  twice  the 
remainder  add  the  co-tangent  of  the  latitude  in  the 
sphere,  the  sum  is  the  co-tangent  of  the  latitude  in 
the  spheroid, 

552.  From  the  sine  of  the  said  arc  subtract  the 
cO'Sine  of  the  latitude  in  the  ,spheroid,  and  to  the 
remainder  add  the  logarithm  of  the  seconds  contained 
in  the  moon's  horizontal  parallax  in  the  sphere  (being 
the  equatoreal  horizontal  parallax},  the  sum  wiU  be 
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the  logarithm  of  the  moon's  horizontal  parallax  in 
the  .9/;/zemf/ in  seconds,  or  radius  of  the  disc. 

554.  Take  out  from  the  tables  the  following  six- 
teen logarithms,  and  place  them  one  under  another, 
as  below  ? 

Call  the  co-sine  complement  arithmetical  of  the 

angle  of  the  moon's  way e 

The  logarithm  of  the  moon's  sidereal  horary 

motion .     *     .     .    y 

Add  6*44370  to  e,  the  sum  call  .....  ^ 
The  co-sine  of  the  angle  of  the  moon's  way  .  h 
The  logarithm  of  the  seconds  in  the  moon's 

latitude,  at  the  conjunction  .  .  .  4  .  i 
The  arithmet.  comp,  sine  of  the  angle  E,  .  .  .  k 
To  the  sine  of  the  angle  of  the  earth  s  axis  add 

3'5563o,  call  the  sum / 

The  arith.  comp.  of  the  sum  of  e  andy,  call    ,    m 

The  sine  of  the  angle  E n 

The  sUin  of  ^>' andy .     ;     6 

The  co-siiie  of  the  angle  E ^    P 

The  sine  of  the  star's  declination  .  .  .  .  ^r 
The  co-sine  of  the  latitude  of  the  place  in  the 

spheroid .....*      r 

The  logarithm  of  the  seconds  in  the  radius  of 

the  disc        ,     .      s 

The  sine  of  the  latitude *     »      t 

The  co-sine  of  the  declination u 

Collect  the  following  sums ;  the  sum  of  ?,  k,  1,  w,  is 
the  logarithm  of  a  number  of  seconds  of  time  before 
or  after  the  conjunction  that  the  moon's  centre  is  at 
E,  by  Rule  IV.  from  which  you  have  the  apparent 
time  E. 

The  sum  of  s,  t^  u,  is  a  constant  logarithm  F,  the 
seconds  answering  thereto  G  ;  the  sum  of  h,  /,  k,  is 
a  constant  logarithm  H,  the  seconds  corresponding 
thereto  I. 

The  sum  pf  n  and  0  is  a  constant  logarithm  .  A 
The  sum  of  0  and  p •    .     B 
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The  sum  of  r  and  ^     *    •    .    .    .    ^    .    •    C 

The  sum  of  q,  r,  and  s D 

Now,  to  find  the  apparent  distance  of  the  centres  of 
the  moon  and  star,  reduced  to  the  plane  of  projection, 
at  any  interval  of  time  from  E,  proceed  thus : 

555.  VII.  To  the  constant  logarithms  A  and  B  add 
the  logarithm  of  the  assumed  interval  of  time  in 
seconds,  the  number  of  seconds  answering  to  the  sums 
call  a  and  b,  and  to  the  constant  logarithm  C  add 
the  sine,  and  to  D  the  co-sine,  of  the  hour  from  the 
star's  culminating,  the  number  of  seconds  answering 
to  the  sums  call  c  and  d ;  then,  if  the  time  is  before 
E,  and  the  hour  befor^e  the  star's  culminating,  or  the 
time  after  E,  and  the  hour  ajter  culminating,  the 
di^erence  of  a  and  c,  otherwise  their  suniy  is  a  num- 
ber of  seconds,  which  call  K. 

556.  VIII.  Take  the  sum  of  G  and  d,  when  the 
star's  declination  and  the  latitude  of  the  place  are  of 
the  same  denominations ;  but  if  of  di^erent  deno- 
minations, the  difference ;  which  sum  or  difference^ 
call  L. 

551.  IX.  Take  the  ]  d'fferehce  \^^^  ^"^  ^  ^^  ^^^■ 
motion  in  the  direction  of  the  earth's  axis  is  from 

irnh  I  m  i'  ^^  ^"'«  V-  -".  "^^  --'^  '«■- 

tude  at  the  conjunction  north  ;  but  if  south,  the  con- 
trary ;  which  sum  or  difference  call  M :  then  take  the 
difference  of  L  and  M,  except  when  the  dffcrence  of 
G  and  d  is  to  be  taken  for  L*,  and  d  is  greater  than 
g ;  in  which  case  take  the  sum  of  L  and  M,  unless 
it  should  happen  at  the  same  time  that  b  is  greater 
than  I ',  and  the  difference  of  them  is  to  be  taken  for 

*  Which  is,  when  the  assumed  time  is  nearer  twelve  hours  from 
culminating  than  it  is  to  the  time  of  culminating  :  for  then,  to  C 
and  D,  in  Rule  VII.  the  sine  and  co-sine  of  the  hour  from  the  star's 
being  on  the  ineridian  belo-vj  the  horizon^  is  added  to  obtain  c  and 
d;  and  then,  in  Rule  VIII.  the  difference  of  G  and  d  is  taken 
instead  of  the  su*/:. 
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M,  then  the  difference  of  L  and  M  must  still  be 
assumed ;  this  sum  or  diiference  will  be  one  leg,  and 
K  the  other,  of  a  right-angled  triangle,  by  which  may- 
be found  the  hypothenuse,  which  is  the  apparent 
distance  of  the  centres  at  the  time  required. 

N.B  For  the  distance  of  the  centres  at  the  time 
E,  ^  is  equal  to  K,  and  I  is  equal  to  M. 

55^.  In  case  equal  intervals  of  time  are  taken  from 
the  time  E,  a  and  b  wjU  be  doubled,  tripled,  &c.  and, 
therefore,  need  only  be  computed  once  for  any  num- 
ber of  instants :  and  the  time  between  the  instants 
converted  into  degrees,  being  added  to,  or  subtracted 
from,  the  time  in  degrees  of  the  first  instant,  reckoned 
from  culminating,  or  twelve  hours  from  it,  as  the 
times  recede  from,  or  approach  to,  the  one  or  the 
other,  will  produce  the  hour  angles  at  their  respec- 
tive instants. 

559.  When  the  apparent  distance  of  the  centres  of 
the  moon  and  star,  apprnaching  to,  or  receding  from, 
each  other,  is  equal  to  the  semidiameter  of  the  moon, 
the  beginning  or  nnmersioiiy  and  end  or  emer-sum,  of 
the  occultation  takes  place.  ...  In  any  of  these  opera- 
tions, when  the  indices  of  the  logarithms,  exceed  ten, 
&c.  reject  the  tens. 

56*0.  The  chief  advantage  of  this  method  is,  that 
after  the  apparent  distance  of  the  centres  is  obtained 
for  any  instant  of  time,  as  many  more  as  is  thought 
proper  may  be  derived  from  it,  with  the  greatest 
facility,  by  four  analogies  only  ;  whereas,  in  the  com- 
mon way,  by  parallaxes,  three  times  the  labour,  at 
least,  is  requisite  to  arrive  at  the  same  accuracy*. 

*  This  method  is  capable  (with  slight  alterations)  of  being 
applied  with  great  benefit  to  the  computation  of  solar  eclipses,  as 
may  be  seen  in  Dr.  Hutton^s  Miscellanea  Mathematical  where  the 
rules  were  first  given  by  Mr.  J.  Keech,  and  accompanied  by 
examples,  the  results  of  which  agreed  exceedingly  nearly  with, 
the  actual  observations  of  Professor  Hornsby  and  Mr.  Reevet* 
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.;    .  [CHAPTER    XX. 

On  the  Transits  of  Mercury  and  Vmus  over  the 

Suii*s  Disc. 


Art.  561.  IF  the  orbits  of  the  inferiour  planets^ 
mercmy  and  ve?ms,  were  in  the  same  plane  with  thq 
orbit  of  the  earth,  it  is  obvious  that  every  time  either 
of  these  planets  was  in  conjunction  with  the  sun,  it 
would  seem  in  actual  contact  with  the  body  of  the 
luminary  ;  or,  since  the  unillumined  or  darkened  side 
of  the  planet  would  be  then  towards  the  earth,  it 
would  appear  like  a  small  dark  spot  upon  the  sun's 
disc.  But  since  the  orbit  of  mercury  makes  an  angle 
of  7°,  and  that  of  venus  an  angle  of  3°  23 1'',  with  the 
orbit  of  the  earth  (Art.  2)5^')^  neither  of  these  planets 
can  pass  over,  or  transit,  the  sun's  disc,  unless  at  th^ 
time  of  conjunction  the  planet  be  so  near  its  node, 
that  its  geocentric  latitude  is  less  than  the  apparent 
semidiameter  of  the  sun.  Now  if  we  know  the  time 
in  which  a  transit  happened  at  either  node,  we  may 
determine  when  there  will  be  another  transit  at  the 
same  node,  by  considering  that,  before  another  transit 
can  80  happen,  the  earth  must  perform  a  certain 
number  of  complete  revolutions  through  its  orbit,  in 
very  nearly  the  same  period  that  the  planet  performs 
a  greater  certain  number  of  complete  revolutions, 
which  will  bring  both  the  earth  and  inferiour  planet 
in  the  same  situation  relatively  to  the  sun.  The 
respective  numbers  of  the  revolutions  of  the  earth  and 
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planet  will  manifestly  be  in  the  inverse  ratio  of  the 
times  of  revolution ;  and  as  the  periodic  times  of  the 
earth,  mercury,  andvenus,  are  2,^y2^6,  SygSS,  and 
224*7,  respectively,  we  must  find  whole  numbers  in 
the  ratios  of  87*968  :  365*256,  and  2247  :  365*256. 
Here  7  :  29,  13  :  54,  33  :  137,  and  46  :  191,  are 
ratios  which  approximate  more  and  more  nearly  to 
that  of  87*968  :  365*256  ;  therefore,  in  seven  years, 
mercury  will  have  nearly  performed  twenty-nine 
revolutions,  in  thirteen  years,  fifty-four  revolutions, 
and  so  on,  approaching  nearer  the  truth  as  the  num- 
bers expressing  the  ratio  increase.  Hence,  if  to  the 
rime  of  a  transit  of  mercury,  which  happened  at  either 
its  ascending  or  descending  node,  thirteen  years, 
thirty-three,  or  forty-six,  be  continually  added,  the 
times  when  other  transits,  at  the  ascending  or  de- 
scending node,  may  be  expected,  will  be  nearly 
known  ;  and  if  for  each  of  these  times  the  shortest 
geocentric  djptance  of  mercury  from  the  sun's  centre 
^t  the  time  of  conjunction  be  computed,  we  may  be 
assured  there  will  be  a  transit,  if  that  distance  is  less 
than  the  sun's  apparent  diameter.  Now,  on  May  7, 
1799,  there  was  a  transit  of  mercury  at  its  descending 
node,  and  by  adding  thirteen,  thirty-three,  &c.  ic 
appears  that  others  may  be  expected  at  the  descend- 
ing node  in  May,  1832,  1845,  1871,  and  1891. 
Also,  on  November  5,  1789,  there  was  a  transit  of 
inercury  at  the  a-^cending  node,  whence  others  may 
be  expgcte4  {it  that  node  in  |^02,  181 5,  1822,  1835, 
1848,  1 861,  ;86p,  and  1894.  Again,  with  relation 
;o  venus,  the  ratios  are  8  :  13,  235  :  382,  243  :  395, 
713  *.  1 159,  approximating  more  and  more  nearly  to 
equality  with  the  ratio  of  224*7:  365*256;  conse- 
quently, the  periods  are  8,  235,  243,  and  713  years, 
at  the  ends  of  which  transits  may  be  expected  to  hap- 
pen. Now  these  transits-  oj  veniis  are  of  considerable 
advantage  in  astronomy,  on  which  account  the  times 
of  their  taking  place  have  been  carefully  computed, 
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part'cularly  by  Dr.  Halley*^  who,  after  exhibiting  the 
principles  on  which  these  calculations  depend,  pro- 
ceeds as  follows : 

562.  '•  After  eight  years  venus  returns  to  the  sun, 
taking  away  2^  10^  522"^  from  the  moment  of  the 
foregoing  transit,  and  the  planet  proceeds  in  a  path 
which  is  24'  41^''  more  to  the  south  than  the  former. 

56  •.  "  After  235  years,  adding  2^  ^o"  9"™,  venus 
may  again  enter  the  sun,  but  in  a  more  northern  path 
by  II'  33'''' J  but,  if  the  foregoing  year  is  bissextile, 
3^  10.  9^^  must  be  added. 

564.  '•  After  24-  years  venus  may  also  pass  the 
sun,  only  taking  away  o''  4^™  from  the  time  of  the 
former,  but  proceeds  more  southerly  by  13'  %^^ ;  but, 
if  the  foregoing  year  be  bissextile,  add  23^  17"'. 

5o  .  "  And  in  all  these  appulses  of  venus  to  the 
sun  in  the  month  of  November,  the  angle  of  her  path 
with  the  ecliptic  is  9*-*  5',  and  her  horary  motion 
withm  the  sun  is  4'  Y^ ;  and,  since  the  semidiameter 
of  the  sun  is  16'  21^^,  the-  greatest  duration  of  the 
transit  of  the  centre  of  venus  comes  out  7''  56"^. 

5(56.  "  Then  let  the  sun  and  venus  be  in  conjunc- 
tion at  the  descending  node  in  the  month  of  May, 
and  by  the  same  numbers  the  same  intervals  may  be 
computed.  After  eight  years,  let  there  be  taken 
away  2'^  6^  55.11,  and  venus  will  make  her  transit  in  a 
more  northern  path  by  19'  58''''. 

66;.  "  After  2t^<,  years,  add  2^*  8^  18" ;  or,  if  the 
fore>^oIng  year  Ipe  bissextile.  3-'  8  18,  and  you  will 
hav£  viinus  mor^  to  the  south  by  9  21''''. 

.5^-.  '  Lastly,  after  243  years,  add  o"^  i^^  23'"',  or, 
if  the  foregoing  year  be  bissextile,  i  1  23  ,  and  venus 
will  be  tound  in  conjunction  with  the  sun,  but  in  a 
more  noriherl.-  path  by  10'  37''''. 

5''  .  *'  In  -very  transit  within  the  sun  at  this  node, 
the  angle  of  vtnus's  path  with  the  ecliptic  is  8^  28', 

*  Seo  ihduyjpt^ical  Transactioiii,  No.  193,  ox  Abrid^tmeut  of 
ditto,  vol.  1.  p.  427. 
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and  her  horary  motion  is  4'  o^'' ;  and  the  semidia- 
raeter  of  the  sun  subtending  15'  51'',  the  greatest 
duration  of  the  central  transit  comes  out  also  7^  56™, 
exactly  the  same  as  the  other  node. 

5/0.  "  As  to  the  epochs,  from  that  only  ingress 
which  HorroT  observed,  the  sun  being  then  just 
ready  to  set,  it  is  concluded  that  venus  was  in  con- 
junction with  the  sun  at  London  in  the  year  1639, 
Nov.  24"  6^  37*",  and  that  she  declined  towards  the 
south  8'  30''.  But  in  the  month  of  May,  no  mortal 
has  seen  her,  as  yet,  within  the  sun.  But  from  my 
numbers,  which  I  judge  to  be  not  very  diiferent  from 
the  heavens,  it  appears  that  venus  for  the  next  time 
will  enter  the  sun  in  1761  *,  May  25'  ly^  c,,^"",  that 
being  the  middle  of  the  eclipse,  and  then  will  be 
distant  from  his  centre  4'  15''''  towards  the  south. 
Hence,  and  from  the  foregoing  revolutions,  all  the 
phenomena  of  this  kind  will  be  easily  exhibited  for 
a  whole  millennium,  as  I  have  computed  them  in  the 
following  table. 


TABLE. 

InN 

)vember- 

In  May. 

Years. 

Times  of 

Con-     Distance 

from 

Years 

Time  of 

Con-      D  stance  irum 

junction.        1  Su-.'s  Centre. 

juncti. 

n.           Sun's  Centre 

918 

20^1   2lh 

.SV" 

6     12' 

N. 

1048 

24^1 

13'' 

45'"  i  3'  50" 

N. 

I  j6i 

20      21 

10 

6    S^ 

S. 

I2S3 

23 

8 

14 

5   31 

S 

139O 

23         7 

20 

4  38 

JSI. 

1291 

^-I 

I? 

9 

14  27 

N., 

1631 

20       17 

29 

16    ri 

N 

1518 

2^ 

i6 

32 

H  52 

S. 

^^:i-j 

24      6 

17 

8   30 

S. 

1526 

K3 

9 

37 

.■;    6 

N. 

1874 

26   16 

46 

3     3 

N. 

1761 

-5 

17 

51 

4    15 

S 

2109129     2 

.57 

»4   36 

N. 

11769 

23 

1 1 

0 

i.5    43 

N. 

21  j; 

26    16 

3 

'o     5 

S. 

19962^ 

2 

13 

13    36 

S. 

2004125 

^9 

18 

6   22 

N. 

*  T)  e  dates  which  Dr,  Hal  ley  here  givca,  are  conformable  to 
the  old'tyk.  thty  therefore  require  an  uddi.iou  of  <lev.  n  days  for 
the  las.  centu-y,  twelve  days  fur  the  present,  thirteen  for  the  next, 
and  so  on,  m  ouier  to  reduce  thtin  to  the  current  dates ;  o  that 
these  transits,  instead  of  falling  in  May  and  November,  will  hap- 
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571.  ^'As  for  the  durations  of  these  edipses  of 
venus,  they  may  be  computed  after  the  same  man- 
ner as  those  of  mercury  in  respect  of  the  centre  *- 
But  since  venus's  diameter  is  pretty  large,  and  since 
the  parallaxes  also  may  bring  a  very  notable  differ- 
ence as  to  time,  a  particular  calculation  must  neces- 
sarily be  made  for  every  place. 

57C.  "  Now  the  diameter  of  venus  is  so  great, 
that  while  she  adheres  to  the  sun*s  limb,  almost  twenty 
minutes  of  time  will  be  elapsed,  that  is,  when  she 
applies  directly  to  the  sun.  But  when  she  is  incident 
obliquely,  she  continues  longer  in  the  limb.  Now 
that  diameter,  according  to  Horrox's  observation, 
takes  up  i'  18'''',  when  she  is  in  conjunction  with  the 
sun  at  the  ascending  node^  and  i'  12''  at  the  other 
node. 

573'  "  Now  the  chief  use  of  these  conjunctions, 
is,  accurately  to  dete?inine  the  sun's  distance  from  the 
earth,  or  his  paratla.v,  which  astronomers  have  in 
vain  attempted  to  find  by  various  other  methods  ;  for 
the  minuteness  of  the  angles  required,  easily  eludes 
the  nicest  instruments.  But  in  observing  the  ingress 
of  venus  into  the  sun,  and  her  egress  from  the  same, 
the  space  of  time  between  the  moments  of  the  i?itei'' 
nal  contacts],  observed  to  a  second  of  time,  that 

pen  in  June  and  December}  that  in  1761^  for  instance^  happening 
on  the  6th  of  June, 

*  Thus,  if  CODI  (fig.  3,  PI.  Vri.)  represent  the  disc  of  the 
sun,  N  m  n  the  ofbit  of  vefius,  then  the  duralion  of  the  transit  when 
"wenus  enters  the  disc  at  7ii,  and  quits  it  at  n,  will  be  to  the  duration 
of  the  central  transit  (Art.  565.  569.)  as  m  n  to  the  diameter.  And 
P  a  being  known,  we  shall  have,  O P X P I :  OP'  :  :  OP-f  Pa X 
OP — P«  :  an^-j  whence  na  becomes  known,  and  consequently  nm. 

f  What  Dr.  Halley  meanb  by  the  internal  cotitacts,  will  appear 
from  the  following  passage  extracted  from  Dr.  Maskelyne'^  instruc- 
tions relative  to  the  observation  of  the  transit  of  venus,  on  June 
3,  1769  :  '^  Venus  will  begin  to  enter  the  sun's  disc  to  the  norths 
east  part  of  the  same,  reckoning  the  point  of  the  sun's  circumfer- 
ence or  limb  nearest  the  north  pole  of  the  world,  to  the  north  point. 
Her  diameter  will  subtend  near  a  minute  \  therefore,  as  that  of  the 
5.yn  is  about  5J2  minutes,  her  diameter  will  be  about  ^  of  that 
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IS,  -^-^  of  a  second,  or  a!"  of  an  arch,  may  be  ob- 
Itained  by  the  assistance  of  a  moder  ite  telescope,  and 
a  pendulum  clock,  that  is  consistent  with  itself  ex- 
actly, for  the  space  of  six  or  eight  hours.  Now, 
from  two  such  observations  rightly  made  in  proper 
places,  the  distance  of  the  sun  within  a  500^^  part 
may  be  certainly  concluded."  These  remarks  of 
Dr.  H-l:  are,  in  the  main,  consistent  with  truth, 
his  deductions  deviating  from  accuracy  no  farther  than 
his  tables  stood  in  need  of  correction  j  and,  with 
respect  to  the  chief  purpose  to  which  he  recommends 
these  transits  to  be  applied,  it  has  since  been  done 
with  very  singular  success,  jn  the  transits  which  took 

of  the  sun.     Sht"  will  move  a  space  of  about  four  minutes,  or 

four  times  her  own  diameter,   in  an  hour,  along  a  line  or  chord, 

which  at  its  nearest  approach  is  ten  minutes  distance  from  the  sun's 

centre.     Tnus  she  will  take  about  six  hours  and  twenty  minutes 

(exclusive  of  the  effect  of  parail.ixj  to  move  over  the  sun's  disc, 

from   her  first  making  a  small  impression  in  the  limb  on  the  NE. 

point,  tQ  her  going   out   of  the  sun's  disc  on  the  NW.  point, 

and  leaving  the   sun*s  limb  there  entire   again.     The  first  least 

visible  impression  made  by  venus's  inner  limb    upon   the   sun's 

limb,  is    coxVimo<\\<j  c?^tAx\\& 'iwn''^  first  external  contact ;  though, 

properly  speaking,  the  true  external  contact  of  venus,  and  the 

sun's  limb,  happens  a  few  $econds  of  time  sooner,  before  the 

least  particle  of  venus  has  entered  upon  the  sun.  .  .  .  After  this, 

venus  gradually  makes  a  deeper  and  deeper  impression,  or  notch, 

in  the  suri's  hmbj  and  in  about  nine  minutes  half  her  opaque 

body  will  be  seen  upon  the  sun*s  body,  eclipsing  an  equal  part  of 

the  sarjie,  the  other  half  of  her  body  being  without  the.  sun's  disc, 

and  therefore  invisible:  in    nnie   minutes  more,  the  whole  body 

of  venus  will  be  introduced  within  the  sun's  disc,  and  her  outer 

limb  will  touch  the  sun's  limb  internally,  or  form  what  is  called 

the  first  internal  contact.  .  .  .  She  will  now  recede  from  the  sun's 

limb,  by  approaching  nearer  to  h^s  centre,  and  in  about  2^  52Ja 

more,  will  be  found  at  the  nearest  distance  of  ten  minutes  from 

the  centre ;  she  will  then  recede  from  the  centre  again,  and  in 

all  5a»n  more,  her  outer  limb  will  touch  the  sun's  iimb  internally 

on  the  north-west  part  of  the  sun's  circumference,  and  form  the 

second  internal  contact:  she  will  now  be  leaving  the   sun,  and  in 

jiine  minutes   her  centre  will  appear  upon  the  sun's  limb,  and 

ab6ut  nine  minutes  after  that,  her  inner  limb  will  touch  his  limb 

externally,  or  make  the  second  external  contact  \  and  the  impression 

made  by  her  body  in  the  sun's  limb  being  gradually  imperceptible, 

she  will  go  entirely  out  of  the  sun."     See  Th(  Nautical  Jlmanac^ 

£011769, 
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place  in  1761  and  17%,  by  means  of  which,  the 
sun*s  parallax  and  distance  have  been  ascertained 
with  as  much  precision  as  the  nature  of  the  enquiry 
will  permit  us  reasonably  to  look  for. 

574.  A  general  idea  of  this  method  of  determining 
the  parallax  of  venus,  and  thence  that  of  the   sun, 
may   be  obtained  by  referring  to   fig.  ii,  PI.  VIII. 
where  DBA  represents   the   earth,  V  venus,   and 
T  S  R  the  eastern  limb  of  the  sun.     To  an  observer 
at  B,  the  point  t  of  that  limb  will  be  on  the  meridian, 
its  place  referred  to  the  heaven,  will  be  at  E  j  and 
venus  will   appear  just  within  it  at  S.     But,  at  the 
same  instant,  to  an  observer  at  A,  venus  is   east  of 
the  sun,  in  the  right  line  A  V  F,   the  point  t  of  the 
sun's  hmb  appears  at  e  in  the  heavens,  and  if  venus 
were  then  visible,  she  would  appear  at  F.     The  angle 
C  V  A  is  the  horizontal  parallax  of  venus,  and  is 
manifestly  equal  to  the  angle  F  V  E,  whose  measure 
is  the  arc  FE.     A  S  C  is  the  sun's  horizontal  paral- 
lax, equal  to  the  opposite  angle  e  S  E,  whose  mea- 
sure is  the  arc  e  E  :  and  F  A  E  =  V  A  t;  is  venus's 
horizontal  parallax  from  the   sun,  which   may  be 
found  by  observing  how  much  later  in  absolute  time 
(allowing  for  the  diiference   of  the  meridians  of  A 
and  B)  her  total  ingress  on  the  sun  is  as  seen  from 
A,  than  as  seen  from  B,  which  is  the  time  she  takes 
to   move  from  V  to  u  in  her  orbit.     Now  V  A  f  == 
A  V  C  —  A  S  C,  the    difference  of  the  horizontal 
parallaxes  of  venus  and  the  sun  ;  and  from  the  nature 
of  parallax  (Art  82.;  AVC:ASC^:SC:VC, 
consequently  V  A  v  varies   asSC  —  VCorSV: 
but,  from  the   respective  theories  of  venus  and  the 
earth,  the  proportions  of  S  V,  S  G^  or  of  S  V,  VC, 
may  be  known  at  the  time  of  the  transit ;  therefore 
we  have  SV  :  S  C  :  :  V  A-j  :  A  VC,and  SV  :  VC  :  : 
V  A  I? :  A  S  C,  whence  the  horizontal  parallaxes  of 
venus  and  the  sun  become  known. 
575.  Or,  it  is  possible  to  effect  the  same  thing  by 
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a  femgle  observer,  as  may  be  shewn  in  the  following 
manner  :  Let  B  M  A  (fig.  5,  PI.  VIII.)  be  the  earth, 
V  venus,  and  S  the  sun.  The  earth's  motion  on  its 
axis  from  west  to  east,  or  in  the  direction  AM  B,  car- 
ries an  observer  on  that  side  contrary  to  the  motion, 
of  venus  in  her  orbit,  which  is  in  the  direction  U  V  W, 
and  will,  therefore,  cause  her  motion  to  appear 
quicker  on  the  sun's  disc,  than  it  would  appear  to  an 
observer  placed  at  the  earth's  centre  C,  or  at  either  of 
its  poles ;  for,  if  venus  were  to  stand  still  in  her  orbit 
at  V  for  twelve  hours,  and  the  earth  had  no  motion, 
but  that  of  rotation,  the  observer  on  the  earth's  sur- 
face Vould,  in  that  time,  be  carried  from  A  to  B, 
through  the  arc  A  M  B.  When  he  was  at  A,  he 
would  see  venus  on  the  sun  at  R  ;  when  at  M,  he 
would  see  her  at  S  ;  and  when  he  was  at  B,  she 
would  appear  at  T ;  so  that  ^lis  own  motion  would 
cause  the  planet  to  appear  in  motion  on  the  sun, 
through  the  line  R  S  T,  which  being  in  the  direction 
of  her  apparent  motion  on  the  sun,  as  she  moves  in, 
her  orbit  (J  W,  and  the  earth  in  its  orbit,  that  appa- 
rent motion  will  be  accelerated  on  the  sun  to  this 
observer,  just  as  much  as  his  own  motion  would  shift 
her  apparent  place  on  the  sun,  if  neither  she  nor  the 
earth  moved  in  their  respective  orbit.  But  as  the  whole 
duration  of  the  transit,  from  the  first  to  the  last  in- 
ternal contact,  seldom  exceeds  six  hours,  an  observer, 
who  has  the  sun  on  his  meridian  at  the  middle  of 
the  transit,  will  be  carried  only  from  ato  h  during  the 
whole  time  thereof ;  and,  therefore,  the  duration  will 
be  much  less  contracted  by  his  own  motion,  than  if  the 
planet  were  to  be  twelve  hours  in  passing  over  the  sun, 
as  seen  from  the  earth's  centre.  Now  it  is  manifest, 
that  the  nearer  venus  is  to  the  earth,  the  greater  is  her 
parallax,  and  the  more  will  the  true  duration  of  her 
transit  be  contracted ;  the  farther  she  is  from  the 
.earth,  the  contrary  j  so  that  the  contraction  will  be 
^i  direct  proportion  to  the  parallax.    Therefore,  by 
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observing,  at  proper  places,  how  much  the  duration. 
of  the  transit  is  less  than  its  true  duration  at  the 
earth's  centre,  as  given  by  the  Astronomical  Tables, 
the  parallax  of  vcnus  may  be  ascertained,  and  thence 
that  of  the  sun. 

576\  Dr.  Jlaskelijue^  the  astronomer  royal,  whose 
labours  have,  for  a  series  of  years,  been  so  successfully 
directed  for  the  promotion  of  science,  and  the  honour 
of  his  country,  has  paid  a  peculiar  regard  to  the  doc- 
trine of  transits  ;  he  has  given  a  method  of  computing 
the  effect  of  parallax  in  accelerating  or  retarding  the 
time  of  the  beginning  or  end  of  a  transit  of  venus  over 
the  sun's  disc,  which,  as  we  think  it  preferable  to  any- 
other  method  that  has  yet  been  given.  Is  here  inserted. 
The  diagram  (fig.  6,  PL  VIII.)  refers  particularly  to 
the  transit  of  venus,'which  took  place  in  May,  1769  ; 
but  the  method  is  equally  applicable  to  any  other 
transit  of  venus,  or  mercury.  C  represents  the  centre 
of  the  sun's  disc  L  (X  P  the  celestial  north  pole  of  the 
equator,  S  the  south  pole,  P  C  S  a  meridian  passing 
through  the  sun,  Z  the  zenith  of  the  place,  A  D  B  is 
the  relative  orbit  of  venus,  is  being  the  relative  place 
of  the  descending  node,  A  the  geocentric  place  of 
venus  at  the  ingress,  B  at  the  egress,  and  D  at  the 
nearest  approach  to  the  sun's  centre,  as  seen  from  the 
earth's  centre,  and  0  the  apparent  place  of  venus  at  the 
egress  to  an  observer  whose  zenith  is  Z  :  draw  0  u  Z, 
and  //  is  the  true  place  of  venus  when  the  apparent 
place  is  at  r;,  and  11  o  is  the  parallax  in  altitude  of  venus 
from  the  sun  ;  the  time  of  contact  will  manifestly  be 
diminished  by  the  time  which  venus  takes  to  describe 
n  B  :  draw  ;/  (J  lioiiY.  parallel  to  A  B,  meeting  Z  B 
produced  in  E,  and  B  a',  A  iJ^  tangents  to  the  circle, 
and  let  C  //  D  be  perpendicular  to  A  B.  Now,  the 
trapezium  ?/  0  E  B,  on  account  of  the  minuteness  of 
its  sides,  may  be  considered  as  rectilinear,  and  as  Z  B 
is  of  immense  magnitude  in  comparison  with  B  //,  BE 
may  be  considered  as  parallel  to  ti  0 ;  consequently, 
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tt  0  E  B  iriay  be  looked  upon  aS  a  parallelogram,  and 
E  0   as   equal  to   u  B.      But  E  o  zz  E  ?z  +  ?^  o,   the 

upper  or  lower  sign  obtaining,  according  a$  E  falb 
without  or  within  the  circle  representing  the  sun*$ 
disc  ;  and,  by  trigonometry,  E  >/ :  E  B  : :  sine  E  B  ;i 
iz  co-sine  C  B  Z  ;  sine  B  ;^  E  zz  sine  BCD  —  co-sine 

C  B  D ;  hence,  E?izz cbd — ~~  '  *^^^°' ^^  ^^^ 

nature  of  the  circle  nozz  — ^  z=  -r~  very  nearly ;  but 

B  ;2 :  B  E : :  sine  B  E  w  =:  sine  Z  B  D  :  sine  B ;/  E  == 

r^-D-n.         I.        c  -D     ^  B  E-  X  sine  Z  B  D^ 

co-sme  CBD;   therefore,  ±5/2=  • —     •     ;^of^r~ 

,  BE=  XsIneZBD'  ^   ^  ,  ,       .  , 

and  n  0  =  -—^ ■. — ^^t^..     rut  h  =  norizontal 

A  B  X  co-sine  C  B  JJ^ 

parallax  of  venus  from  the  sun,  and  (Art.  8^.)  BE 
=  A  X  sine  Zo  =  h  X  sine  Z  B  ;  hence  11  B  zz  0  E 

CO  co-sineCBD  — 

v  15    vy  sineZBD^  7   vx    •       t  t>  v^ 

^^   Xbax  co-sine  CBD-  ==  ^^  X  sme  Z  B  X  co-sme 

/-"■nrr  v^  r>iT>T-k  -i_/<'XsineZB'XsineZBD'xsec.CBD* 

CBZ  X  sec.CBD  + j^ -. 

Put  t  =  the  time  which  venus  takes  by  her  geocen- 
tric relative  motion,  to  describe  the  space  h  ;  to  find 
which,  let  711  be  the  relative  horary  motion  of  venus; 

then  m-.h'.'.  i  hour  =  '^600^' :  t  =  - — - — -- ;  hence, 

to  find  the  time  of  describing  ii  B,  we  have  k  :  to  the. 
last  value  of  u  B  above  expressed  \  '.  t :  t  X  sine 

Z  B   X  co-sine   C  B  Z  X    sec.   C  B  D  + 

CO 

^  X /z  X  sine  ZB' X  sine  ZBD-  X  sec.  CBD^     *u      *•  c 

-j^ ,  the  time  of 

describing  u  B,  or  the  effect  of  parallax  in  accelerating 
or  retarding  the  time  of  contact ;  the  upper  sign  is 
to  be  used  when  C  B  Z  is  acute,  and  the  lower  when 
it  is  obtuse.  If  C  B  Z  be  very  near  a  right  angle,  but 
obtuse,  it  may  happen  that  n  E  may  be  less  than  n  Oy 
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in  which  case  n  E  is  to  be  taken  from  n  o,  according 
to  the  rule.  The  principal  part  a-  E  of  the  eflfect  of 
parallax  will  increase  or  diminish  the  planet's  distance 
from  the  sun's  centre,  according  as  the  angle  Z  B  C 
is  acute  or  obtuse  ;  but  the  small  part  n  o  of  parallax 
will  always  increase  the  planet's  distance  from  the 
centre  ;  take,  therefore,  the  sum  or  difference  of  the 
effects,  with  the  sign  of  the  greater,  as  to  increasing 
or  decreasmg  the  planet's  distance  from  the  centre  of 
the  sun.  ,y  the  rule  may  be  otherwise  stated  thus  : 
take  the  sum  or  difference  of  ?i  E  and  n  o,  according 
as  Z  B  C  is  acute  or  obtuse,  and  the  distance  of  the 
planet  from  the  sun's  centre  will  always  be  increased 
in  the  first  case,  and  diminished  in  the  second,  except 
>^hen  Z  B  C  is  obtuse  and  near  90°,  for  then  n  E  may 
be  less  than  n  r/,  and  the  distance  from  the  sun's  centre 
will  be  increased  by  the  difference.  If  Z  B  C  be 
acute,  the  part  //  E  will  retard  the  ingress,  and  accele- 
rate the  egress ;  but  if  Z  B  C  be  obtuse,  the  part  n  E 
will  accelerate  the  ingress,  and  retard  the  regress. 
In  like  manner,  the  parallax  affects  the  time  of  the 
planet's  coming  to  any  given  distance  from  the  sun's 
centre,  before  or  after  the  middle  of  the  transit.  The 
second  part  of  the  correction  did  not  exceed  9^  or  i  o* 
of  time  in  the  transits  of  venus,  in  1761  and  1769, 
where  the  nearest  appoach  to  the  sun's  centre  waa 
about  I  o'.  In  the  transits  of  mercury,  the  first  part 
of  the  correction  will  generally  be  sufficient. 

577.  The  transit  of  1769  was  observed  at  JVard" 
htiySf  a  seaport  of  Danish  Lapland,  standing  on  a 
small  island  of  the  same  name,  near  the  continent ; 
also  at  {jdhcitc,  an  island  in  the  Sobth  Pacific  Ocean ; 
and  it  appeared,  from  a  compandor  of  the  observa- 
tions that  the  duration  at  the  forner  place  exceeded 
that  at  the  latter  by  23'"  10'.  But,  from  the  known 
situation  of  the  two  places.  Dr.  ^luskebine^  assuming 
the  sun's  mean  horizontal  paralli::  8*83  (agreeably 
to  the  result  of  observations  on  the  transit  in  1761), 
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jand  calculating  froiti  the  expression  m  Art.  ^y6. 
found  that  the  ingress  at  JViudhuys  was  accelerated 
by  the  parallax  6m  38=  74-^  and  the  egress  retarded 
4'n  38'*  14 ;  so  that  the  whole  duration  was  lengthened 
iim  16 '88.  kx.Otaheite^  according  to  this  gentle- 
man*s  calculation,  the  ingress  was  retarded  5"^  /\y"\\^ 
and  the  egress  accelerated  6""  26'*96  ;  so  that  the 
whole  duration  was  diminished  12'^  io'*o7  ;  conse- 
quently, the  computed  ditFerence  of  the  times  is 
'23m  26' '05. 

578.  Now,  since  the  observed  difference  of  the 
total  durations  at  iFardhuys  and  Otaheite  is  23m  10% 
and  the  computed  difference,  from  the  assumed  sun's 
mean  horizontal  parallax  8''''*83,  is  23"'  26'*95,  the 
true  parallax  of  the  sun  is  less  than  that  assumed. 
Let  the  true  parallax  be  to  that  assumed  as  i  —  e  to 
I,  and  (Art.  576.)  the  first  parts  of  the  computed 
parallax  will  be  lessened  in  the  ratio  of  i  — e  '.  1,  and 
the  second  parts  in  the  ratio  of  i  —  el '  :  1 ,  or  of 
I  —  2c  I  I  nearly.  All  the  first  parts,  according  to 
Dr.  Ajaskcl(/Ht*s  calculation,  viz.  4o6'*o5,  287^*05^ 
34.1/48,  382^*47,  in  all  =  I4i7~'05,  combine  the 
same  way  to  make  the  total  duration  at  JVardhm/s 
longer  than  that  at  Otaheite,  As  to  the  second  parts, 
the  effects  at  I'/ardhuijs  are  —  7"3i  and  — 8 ''91, 
and  at  Otahc'ite  are  +  V'G"^  and  +  4 '49  ;  these  four 
incorporated  give  —  10 'lo.  Therefore,  1417^*05 
X  I-— e —  10*10  X  1  —  2e=  1390%  the  excess  of 
the  observed  total  duration  at  Wardhuys  above  that 
at   Otaheite;    or    1417-05  —  io'*io  —  13905  =: 

1417-05  —  20^*2o  X  e,  and  e  =  ■■'  J\    =  o'oi2i  : 

1395-85 

hence  the  mean  horizontal  parallax  of  the  sun  = 
§^''•83  X  I  —  o-oiVi  =  8'''723i6.  And  by  com- 
puting the  effects  of  this  parallax  at  both  places,  and 
comparing  them  with  the  observations,  the  differences 
\vere  so  trifling,  that  the  above  conclusion,  or  8f*, 
or  8tt,  which  is  very  near  it,  must  be  reckoned  within 

c  c 
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a  \^ery  smdi  degree  of  the  true  horizontal  parallax 
at  the  sun's  mean  distance  from  the  earth. 

^70.  Mr.  Short  states  the  mean  horizontal  parallax:^ 
as  a  medium  resuking  from  many  observations,  at 
about  8^' 47  ;  i!J«/t';- makes  it  8'''68  ;  YSx,  tiornsbijy 
8"-69  and  S^-pz;  M.  P'lugre.W''^',  M.  du  Scjoiiry 
8''-8i  ;  M.  de  la  Lande^  8'''6.  The  mean  of  all  these 
determinations  agrees  very  nearly  with  the  parallax^ 
as  deduced  from  the  calculations  of  Dr.  Maskelyne, 
Hence,  then,  knowing  the  radius  of  the  earth,  we  may 
find  the  mean  distance  of  the  sun,  according  to  the 
method  given  in  Chap.  XI.  Prob.  7. 

580.  The  transits  of  mercury  and  venus  are  not 
only  useful  in  determining  the  sun*s  parallax,  but 
they  may  be  applied  to  the  ascertaining  of  the  longi- 
tudes of  different  places ;  they  occur  so  seldom, 
however,  that  they  cannot  be  of  great  utility  in  this 
respect.  They  are  of  considerable  benefit  in  correct- 
ing the  elements  of  the  respective  planets,  particularly 
the  places  of  the  aphelia  and  nodes,  and  the  inclination 
of  the  orbit.  The  transits  of  venus  in  1761  and  1769 
contributed  much  to  the  correction  of  the  theory  of 
that  planet ;  as  to  the  transit  of  mercury  in  1799,  the 
weather  in  England  was  so  unfavourable,  that  the  sun 
could  not  be  viewed  at  the  time  of  the  transit  j  it  was, 
however,  observed  in  France,  by  La  Landt,  who,  in 
his  History  of  Astronomy  for  1800,  says,  "The 
transit  of  mercury  over  the  sun  enabled  me  to 
verify  the  place  of  the  aphelion,  and  by  ray  result 
there  appears  no  necessity  for  changing  the  Tables 
of  mercury.'*  Dr.  Herschcl,  in  consequence  of 
the  effect  of  the  solar  rays  upon  the  glasses  of  his 
seven-feet  telescope,  when  prepared  for  viewing  this 
transit,  was  led  to  an  enquiry  into  the  method  of 
viewing  the  sun  advantageously,  v/ith  telescopes  of 
large  apertures  and  high  magnifying  jx)wers;.  ia 
pursuit  of  this  enquiry  he  instituted  a  series  of  very 
curious  experiments,  an  account  of  which  is  inserted 
in  the  Philosophical  Tra/mictions  for  1 800,  Part  IL 
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The  results  he  obtained  from  them  furnished  him 
with  various  means  of  adapting  his  telescopes  more 
successfully  to  solar  observations  ;  and,  as  the  two 
methods  which  he  found  most  effectual  may  be  highly 
useful  to  the  practical  astronomei*,  they  are  here 
described :  he  placed  a  very  dark  green  glass  behind 
the  second  eye-ghss,  that  it  might  be  sheltered  by 
both  glasses,  which,  in  his  double  eye-piece,  are  close 
together,  and  of  an  equal  focal  length.  Here,  as  the 
rays  were  not  much  concentrated,  the  coloured  glass 
received  them  on  a  large  surface,  and  stopped  light 
and  heat,  in  the  proportion  of  the  square  of  its  dia- 
meter then  used,  to  that  on  v/hich  the  rays  would 
have  fallen  had  it  been  placed  in  the  focus  of  pencils. 
For  the  same  reason  he  also  placed  a  dark  green 
smoked  glass  close  upon  the  former,  with  rhe  smoked 
side  towards  the  eye,  that  the  smoke  might  likewise 
be  protected  against  heat,  by  a  passage  of  the  rays 
through  two  surfaces  of  coloured  glass.  This  posi- 
tion had  the  advantage  of  leaving  the  telescope,  with 
its  mirrours  and  glasses,  completely  to  perform  its 
operation,  before  the  application  of  the  darkening 
apparatus ;  and  thus  to  prevent  the  injury  which 
must  be  occasioned  by  the  interposition  of  the  hete- 
rogeneous colouring  matter  of  the  glasses,  and  of  the 
smoke.  .  .  .  He  also  placed  a  deep  blue  glass,  with 
a  blueish-green  smoked  one  upon  it,  as  in  the  former 
method,  and  found  the  sun  of  a  whiter  colour  than 
before ;  there  wa^  no  disagreeable  sensation  of  heat, 
though  a  little  warmth  might  be  felt.  .  .  .  The 
doctor  adds,  that  with  either  of  these  "  he  has  seen 
uncommonly  well ;  and  that,  in  a  long  series  of  very 
interesting  observations  upon  the  sun,  the  glasses  have 
met  with  no  accident."* 

*  In  the  Memoirs  of  the  Academy  of  Sciences  at  Berlin,  from 
A.ugust,  1/86^  to  the  end  of  7787,  there  is  inserted  an  account  of 
"  Observations  on  the  Passage  of  JMercuii/  over  the  Svns  Disc,  on 
Maif  i^th,  1786."  by  Professor  Britler,  of  Mitaw,  in  Courland. 
From  these  observations  the  diameter  of  mercury,  seen  from  the 
earth,  was  found  to  be  lo'-^"]  ;  as  seen  from  the  sun,  i2'-836j 
and  as  seen  at  the  mean  distance  of  the  sun  from  the  earth,  5'  ^o. 
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Art.  581.  BESIDES  the  ordinary  planets,  wliicRi 
are  always  in  our  neighbourhood  (if  we  may  so  speak), 
and  within  our  view,  or,  at  least,  within  the  reach  of 
our  telescopes,  there  is  another  sort  of  planets,  which 
may,  perhaps,  be  called  temporary  j  for,  after  any- 
one of  them  has  been  conspicuous  for  a  season,  it 
withdraws,  and  is  no  longer  visible  :  these  bodies  are 
called  comets,  or,  vulgarly,  blazing  stars,  having  this 
to  distinguish  them  from  other  stars,  that  they  are 
usually  attended  with  a  long  train  of  light,  tending 
always  opposite  to  the  sun^  and  being  of  a  fainten 
lustre  the  farther  it  is  from  the  body  of  its  r-espective 
comet.  There  is  a  popular  division  of  comets  into 
three  kinds,  bearded,  tailed,  and  hairy  ;  but,  in  gene* 
ral,  this  division  rather  relates  to  the  several  circum- 
stances of  the  same  comet  than  to  fhe  phenomena  of 
several.  Thus,  when  the  comet  is  eastward  of  the 
sun,  and  moves  from  him,  it  is  said  to  be  beardedy 
because  the  light  precedes  it  in  the  manner  of  a  beard ; 
when  the  comet  is  westward  of  the  sun,  and  s€ts  after 
him,  it  is  said  to  be  tailed,  because  the  train  of  lighc 
follows  it ;  and  lastly,  when  the  sun  and  comet  arc- 
diametrically  opposite,  the  earth  being  between  them, 
all  the  train,  except  the  extremities,  is  hid  behind  the , 
body  of  the  comet ;  this,  therefore,  appears  round  ir 
l^ke  a  border  of  hair  or  {:<}ma,  whence  it  is  called  hairi/^ 
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,^ud  whence  the  name  of  comet  is  derived.  The 
magnitude  of  comets  has  been  observed  to  be  very 
<lifterent  j  many  of  them  without  their  hair  have 
appeared  no  larger  than  stars  of  the  first  magnitude; 
but  some  authours  have  given  us  accounts  of  others, 
which  appeared  much  greater ;  such  was  that  which 
appeared  in  the  time  of  the  emper«or  Nero,  which,  as 
Ac,  tCt/  relates,  was  not  inferiour,  in  apparent  magni- 
tude, to  the  sun  himself.  The  comet  which  Hevdius 
observed,  in  the  year  1652,  did  not  seem  to  be  less 
than  the  moon,  though  it  was  deficient  in  splendour, 
for  it  had  a  pale,  dim  light,  and  appeared  with  a  dis- 
mal aspect.  Most  comets  have  dense  and  dark  atmo- 
spheres surrounding  their  bodies,  which  weakens  the 
sun's  rays  that  fall  upon  them;  but  within  these 
appears  the  7iitcieu6\,  or  soHd  body  of  the  comet, 
which,  when  the  sky  is  clear^  will  often  give  a  more 
splendid  light. 

5H^2.  The  arkcient  philosophers  allowed  comets  a 
place  among  the  heavenly  bodies,  and  ranked  them  in 
stations  far  above  the  moon  ;  for  Aristotle  (in  his 
first  book  oi  Meteors,  Chap.  VI.*),  Plutarch  (in  his 
third  book  of  Philosophical  Opinions,  Chap.  II.  f), 
and  Seneca  (in  his  seventh  book  of  Natural  QueS' 
tions.  Chap.  ilL),  testify,  that  the  Pythagoreans,  and 
the  whole  Italian  sect,  maintained,  that  a  comet  was  a 
kind  of  planet,  or  tvandering  star,  which  did  not 
constantly  appear  in  the  heavens,  but  in  stated  times, 
after  having  gone  through  a  determinate  circuit,  arose 
or  appeared  again.  Flippocrates;  Chios,  and  Demo- 
critus,  were  of  the  same  opinion,  as  we  are  informed 
by  Aristotle  and  Seneca,  Seneca  also  assures  us,  that 
ApoUonius  Myndlus,  one  of  the  most  skilful  in  the 

*  Twji  6i  ITa^»(«;»  wnj  ««»  ttaXafUtuv  Uv^xyofuuv  no,  'K'yt^ani  oivtj»  men 
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search  of  natural  causes,  asserted,  "  that  the  Clt^i" 
cleans  reckoned  comets  among  the  other  wandcruig 
stars,  and  that  they  knew  their  courses."  ApoUonius 
himself  maintained,  that  a  comet  was  a  stanof  its  own 
kind,  as  the  sun  and  moon  are,  but  that  its  course  wa? 
not  yet  known ;  that  by  its  motion  it  mounts  very 
high  in  the  heavens,  and  only  appears  when  it  descends 
into  the  lower  part  of  its  orbit.  iSaieca  himself 
embraces  this  opinion  (see  the  2 2d  chapter  of  th^ 
book  before  referred  to)  :  ^'  I  cannot  believe,"  says 
he,  "  that  a  comet  is  a  fire  suddenly  kindled,  but 
that  it  ought  to  be  ranked  among  the  eternal  works 
of  nature.  A  comet  has  its  proper  place,  and  is  not 
easily  moved  from  thence ;  it  goes  its  course,  and  is 
not  extinguished,  but  runs  off  from  us.  But  you 
will  say,  if  it  were  a  wandering  star,  it  would  keep  in 
the  zodiac ;  but  who  can  set  one  boundary  to  all  the 
stars  ?  who  can  restrain  the  works  of  the  divinity  to  a. 
narrow  compass  ?  for  each  of  those  bodies,  which  you 
imagine  to  be  the  only  ones  that  have  motion,  haye 
very  different  circles  ;  why,  therefore,  may  there  not 
be  some  that  have  peculiar  ways  of  their  own,  wherein 
they  recede  far  from  the  rest  r" 

5S3.  Yet,  for  all  this,  the  whole  sect  oi  Peripate- 
tics, fearing  that  generations  and  corruptions  should 
be  introduced  into  the  heavens  by  placing  the  comets 
in  them,  maintained  that  they  were  nothing  more 
than  a  peculiar  kind  of  meteors  within  our  atmo- 
sphere ;  and  some  later  philosophers  have  held  nearly 
the  same  opinion.  But  that  comets  are  far  beyon^ 
the  limits  of  our  atmosphere,  and,  indeed,  at  a  greater 
distance  than  the  moon,  is  manifest,  because,  when 
seen  from  different  places,  they  appear  at  the  same 
distance  from  fixed  stars  which  are  near  them,  which 
could  not  be,  unless  their  parallax  was  very  small, 
and,  consequently,  their  distance  very  great.  We 
may  easily,  by  the  help  merely  of  a  thread,  find  if  a 
comet  have  any  sensible  parallax  j  for  a  comet,  just 
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before  it  disappears,  goes  so  slowly,  that  for  se^'eral 
■days  it  appears  to  have  scarcely  any  motion  among 
the  fixed  stars :  let  it,  then,  be  twice  observed  ;  first, 
■when  it  is  very  high  above  the  horizon,  take  any  two 
stars  between  which  the  comet  lies  in  a  right  line 
parallel  to  the  horizon,  which  may  be  easily  found  by 
extending  the  thread  directly  between  the  stars  ;  after- 
wards, when  the  comet  approaches  near  the  horizon, 
it  must  again  be  tried,  whether  it  continue  in  the  right 
line  between  the  same  two  fixed  stars.  Now,  if  there  be 
any  sensible  parallax  which  depresses  the  comet,  it  can- 
not be  seen  on  the  same,  right  line  in  both  situations ; 
therefore,  since  this  is  found  to  be  the  case  with  all 
comets  at  their  first  appearance,  or  just  before  they 
disappear,  it  is  a  convincing  proof  that  they  have,  in 
these  positions,  no  sensible  parallax,  and  must,  there- 
fore, be  at  a  prodigious  distance  from  us.  Since 
refraction  will  equally  affect  the  comet  and  the  stars, 
it  need  not  be  regarded  in  these  observations, 

584.  Comets,  since  they  are  at  such  distances 
from  the  earth,  must,  like  all  other  stars,  have  their 
apparent  motion  round  it  from  east  to  west,  which 
arises  only  from  the  rotation  of  the  earth  upon  its 
axis.  But,  besides  this,  they  have  a  real  and  proper 
motion  of  their  own,  by  which  they  are  continually 
shifting  their  place  in  the  heavens,  and  have  their 
proper  courses  in  the  celestial  regions  :  but  the  deter- 
mination of  their  orbits  is  a  very  troublesome  and 
difficult  business,  chiefly  because  none  of  them  is 
visible  through  the  whole  of  its  revolution.  A  comet 
is  very  seldom  seen  in  conjimction  or  opposition  to 
the  sun,  and  seldom  at  its  node  in  the  plane  of  the 
ecliptic  ;  and  as  it  can  be  observed  but  in  a  very  small 
part  of  its  orbit,  we  cannot  apply  those  methods 
which  enable  us  to  ascertain  the  orbit  of  a  planet. 
Our  mode  of  procedure  must,  however,  in  many  re- 
spects be  similar  to  them ;  and  all  possible  diligence 
^cnust  be  used  in  making  the  observations.     It  will  be 
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advisable  to  take  the  apparent  diameter  of  the  comet 
Tery  frequently  ;  as  by  these  means  a  judgment  may 
be  formed  of  its  relative  distance  at  different  times : 
its  degree  of  motion,  its  brightness,  &c.  must  also 
be  regarded;  for  when  it  moves  with  greatest  velocity, 
or  appears  most  bright,  it   may  be  fairly   concluded 
that  it  is  near  its   perihelion.     If  the  place  of  the 
comet  can  be  observed  when  it  has  no  latitude,  the 
place  and  time  of  its  being  in  one-of  its  nodes  will 
then  be  exactly  known ;  but  as  this  can   seldom  be 
actually  observed,  these  elements  are  generally   ap- 
proximated to,  from  other  observations.     The  proper 
course  of  a  comet  may  be  found  by  observing  every 
night  its  distance  from  tv/o  fixed  stars,  whose  longir 
tudes  and  latitudes  are  known  ;  or  by  finding  its  al- 
titude when  in  the  same  azimuth  with   two  known 
fixed  stars ;  or,  by  noting  four  fixed   stars,  in  the 
point   of  intersection   of  the   two  lines   connecting 
which  the  comet  is   found  ;  for  by  either  of  these 
means  we  can  easily  compute  (Art.  190.  191.  192.) 
the  place  of  the  comet  for  each  night,  and  thence  its 
course.     If  the  places  of  the  comet,  as  thus  observed 
every  night,  be  marked  on  the  celestial  globe,  a  line 
drawn    through   them    will    represent    the    comet's 
path  among  the  stars :  a  great  circle  drawn  through 
three  distant  places,  will  nearly  shew  the  way  it  has  to 
go  ;  if  it  be  continued  till  it  intersect  the  ecliptic,  it 
will  shew  nearly  the  place  of  the  node,  and  the  incli- 
nation of  the  orbit  to  the  ecliptic  :  the  place  of  the 
node  and  inclination  of  the  orbit  being  thus  found 
from  several  triplets  of  places  independent  of  each 
other,  a  medium  of  the  results  may  be  looked  upon 
as  tolerably  accurate. 

585.  Now,  from  observations  thus  conducted,  with 
proper  calculations,  it  appears  that  comets  describe 
curve  lines  about  the  sun ;  they  must  therefore,  by  the 
first  law  of  motion  (Art.  262.),  be  acted  upon  by 
some  force  which  draws  them  from  their  rectilinear 
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course.     Since  this  force,  in  all  the  planets,  tends  to 
the  sun,  as  being  by  far  the  largest  body  in  the  sys- 
tem :  we  conclude,  for  the  same  reason,  that  in  the 
comets  it  respects  the  sun  also  ;  and,  as  this  force  in 
the  planets  is  inversely  in  the  dupHcate  ratio  of  the 
distance  from  the  sun  (Art.  281.),  the  same  law,  we 
conclude,  is  observed  by  the  comets ;  which,  there- 
fore,  move  in  conic  sections  about  the  sun,  having 
one  of  th^ir  foci  in  the    centre   of   that  luminary. 
Hence,  if  comets  return  in  their  orbits  (as  w^  know 
some  qf  them  do,  and  as  we  conclude  all,  or  nearly 
all,  do\  those  orbits  must  be  e////),sf.y,  or  nearly  so ; 
and  their  periodical  times  will  be  to  the  periodical 
times  of  the  planets  in  the  sesquiplicate  ratio  of  their 
principal  axes.  (Art.  284.)  Comets,  therefore,  being 
for  the  most  part  beyond  the  planetary  regions,  and, 
pn  that  account,  describing  orbits  with  much  larger 
major-axes  than  the  planets,  revolve  more   slowly. 
Thus,  if  the  m.ajor-axis  of  a  comet*s  orbit  be  four 
times  as  long  as  that  oi  the  orbit  of  ^eony'ium  .sidus, 
the  time  of  the  comet's  period,  would  be  to  that  of 
^he  planet  as  4v  :  i,  or,  as  8  :  i  ;  its  periodic  time 
would  therefore  be  nearly  666  years. 

58^".  The  orbits  in  which  comets  move,  are  ex- 
tremely excentric  j  therefore,  since  astronomical  cal- 
culations of  very  excentric  ellipses  are  complex  and 
tedious,  and  as  comets  are  visible  during  only  a 
very  short  part  of  their  revolution,  during  which  the 
portions  of  their  elliptic  orbits  are  nearly  of  the  same 
iLurvature  as  para  bo/a. s^  it  follows,  that  t/n:  arc  of  a 
comet's  visible  orbit  may,  without  am/  sensible  errofa\ 
be  taken  for  a  portion  of  a  parabola.  We  therefore,  for 
the  ease  of  computation,  imagine  the  orbits  of  comets, 
or  at  least  tho^e  parts  of  them  which  chiefly  come 
under  our  consideration,  to  be  parabolic  ;  and  on  this 
hypothesis,  the  motions  of  these  bodies  when  near  the 
vertices  or  perihelia  of  their  orbits  are  ascertained. 
Let  Y  p   (fig.  9,  PI.  VIII.)  be  an  indefinitely  small 
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arc  (described  by  the  body,  S  the  place  of  the  sun, 
is  N  a  Hne  drawn  from  the  focus  S,  perpendicular  to 
a  tangent  to  the  parabola  A  P  D  at  the  point  P ; 
then,  ift,  The  'velocity  u  in  any  point  P  of  the  para- 
bola^ is  as  the  square  root  qj  the  parameter  to  the 
a.vis,  divided  by  S  N  :  for,  the  velocity  is  as  the  arc 
P  /;  or  u  =r=  y;  P  :  now,  p  M  being  perpendicular  to 
P  S  in  the  similar  right-angled  triangles  />  P  M,  P  S  N, 

S  N  :  S  P  :  : ;;  M  :  /;  P  =  ^^-^.    But  the  para- 

meter  is  as  the  square  of  the  described  sectors ; 
therefore  R  (the  parameter)  = /;  M-  X  SP%  and 
V^R=/;MXSP;  and  by  substitution,  pV  or  u 

zz    Vi^j  or  u  =  'iLl^    from  the  nature  of  the  pa- 

rabo'a.  iA\y,  The  relocify  u  in  any  point  P  of  the 
parabola^  is   to  the  velocity  V  oj  a   body  running 

through  the  circumference  of  a  circle  with  a  central 
force  tending  to  its  centre,  the  radius  being  equal  to 

S  P,  as  v/2  :  I.     For,    since   u  =  ^L±±^^  u  z  = 


;    or,  because  S  N^  =  S  P  X  S  A  {llutton  on 


4  A  S 

Parabola,  Prop.  VI.  Cor.  3.),  u^  =  sTTXs  ^  S>* 
But  the  circle  whose  radius  is  S  P,  being  taken  as  an 
ellipsis,  its  parameter  is  =  2  S  P ;  and  the  velocity 

V  being  uniform,  it   is  every-where   (Art.  283.)  as 

^  "      ;  therefore  V  V  =  —^  =  — :  consequently 

^/2  :  V-  :  :  ^  :  g^     :  :  2  :  i  j    and    therefore    u  : 

V  :  :  v^2  :  \/i  :  :  y/z  :  i. 

087.  Since  the  comets  appear,  as  far  as  we  are 
acquainted  with  their  motions,  to  follow  the  same 
laws  as  the  planets,  we  must  therefore  with  these,  on 
a  like  account  as  we  did  with  them,  distribute  the  in- 
equalities of  their  motions  in  the  different  parts  of 
their  orbits  :  and  in  order  to  do  this  the  more  readily, 
it  will  be  neceifary  to  premise  a  few  properties  o£ 
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parabolic  areas,  which    are   either  well  known,  or 
manifestly  deducible  from  such  as  are. 

588.  The  parabolic  area  APQ^(%.  8.,  PL  VIII.) 
comprehended  between  the  curve  A  P,  its  ordinate 
P  Q^  and  absciss  A  Q^  is  equal  to  two-thirds  of  the 
rectangle  contained  by  P  Q^and  A  Q. 

5  8,«-:.  If  A  P  and  the  tangent  P  T  be  drawn,  then 
the  area  of  the  triangle  A  P  Q^is  to  the  parabolic  area 
A  P  Q,  as  y  is  to  f  5  or  as  3  to  4  :  and  the  parabolic 
segment  included  between  the  arc  A  P  and  the  right 
line  A  P,  is  one-third  of  the  triangle  A  P  Q^ 

5<-)(^  The  area  of  the  triangle  P  (^T,  is  to  the 
parabolic  area  APQ,  as  i  to  I,  or  as  3  to  2  : 
for  A  Q  =  A  T,  whence  P  O  T  is  double  the  triangle 
APQ^ 

0.9  i.  If  the  ordinate  SM  pass  through  the  focus 
S,  the  parabolic  area  A  S  M  is  equal  to  tV  of  the 
square  of  the  parameter  :  for  putting  A  S  =  u/,  the 
parameter  will  be  denoted  by  4  h^  and  the  ordinate 
S  M  by  2  Z» ;  the  parabolic  area  will  therefore  be  ^  of 
2  A  /;,  and  the  square  of  the  parameter  will  be 
16  hb',  the  former  of  which  is  evidently  _^  of  the 
latter. 

59^2.  When  there  are  geveral  parabolas,  their  areas 
included  between  the  part  A  S  of  the  axis,  from  the 
vertex  to  the  focus,  and  the  ordinate  S  M  passing 
through  the  focus,  are  to  one  another  as  the  areas  of 
circles,  whose  radius  is  AS  :  for  the  relation  of  those 
parabolic  areas  being  expressed  by  t  of  2  /;  h,  by 
substituting  unity  for  the  constant  quantities,  they  be- 
come as  b  by  that  is,  as  the  squares  of  AS  :  but  the 
areas  of  circles  whose  radii  are  A  S,  are  to  each  other 
as  the  squares  of  AS;  therefore  the  parabolic  areas 
ASM  are  to  one  another  as  the  areas  of  circles, 
having  A  S  for  radius. 

593.  Since  the  times  are  always  as  the  areas,  the 
tune  a  comet  requires  to  pas's  from  the  perihelion  to 
90^,  is  ahvaijs  as  the  time  it  would  take  to  describe  a 
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circle^  who^c  radius  is  equal  to  the  comet's  perihelion 
distance.  .  .  .  Thus  much  being  premised,  we  may 
lay  down  the  chief  rules  respecting  the  motion  of 
comets  in  the  three  following  problems. 

oy4.  Prob.  I.  Tojiml  an  equation  expressing  ths 
relation  between  the  true  anomalies,  or  a  cornet^ s  true 
motions  reckoned j rom  its  perihelion;  the  time  it  re- 
quires to  pass  from  its  perihelion  to  90°;  and  also 
the  time  required  to  arrixe  at  those  true  anomd' 
iies. 

Put  ^  for  the  tangent  of  half  any  true  anomaly 
A  S  P  (fig.  8,  PI.  VIII.)  ;  a  for  the  time  taken  to  go 
from  the  perihelion  to  go'' ;  b  for  the  time  in  passing 
from  the  perihelion  to   the  point  P ;  and    make  the 
perihelion  distance  S  A  =z  1.  From  P  draw  PD  per* 
pendicular  to  the  tangent,  meeting   the  axis  in  D : 
draw  the  ordinate  P  0,  and  join  PA.     Then,  ist, 
the  angle  P  D  A  -  i  A  S  P :  for,  let  S  N  be  drawn 
perpendicular   to  P  T ;  then   the   triangle   P  S  T  i$ 
isosceles,  the  angle  P  S  N  iz  1  AS  P  ;  and,  because 
of  the  similar  right-angled  triangles  P  S  N^  T  P  D, 
the  angle  PD  A  -  N  SP  =  4  AS  P.     2dJy.  4P  (^ 
=  t :  for,  taking  D  Q^for  radius,  P  Q^is  the  tan- 
gent  of  the  angle   PDQ^    Now  {Huiton,  Farab. 
Pr.  VL  Cor.  2.),  D  Q^=  2  A  5 ;  therefore,  taking 
A  S  for  radius,  P  (^is  double  the  tangent  of  P  D  (X 
or  PQ^=  2  t,  consequently  i  VQj=  ^     3dly,  A  C^ 
:=L  tt :  for  in  the  right-angled  triangle  T  P  D,  Q^D  ; 
P  Q^:  :  P  Q^:  Q^T  ;  ox  1  \  1  1 1  \  1 1  \  1 1 1  ~  (^T 
^=  2  A  C^(by  Conic  Sections) ;  therefore  A  Q  ^=^c  t, 
4thly.  The  area  of  the    parabolic   sector  ASP,  is 
t  +  \  f^'.  for,  the   area   of  the   triangle  Qji  P  = 
^  Q^P  X  Q^A  =  ^  X  ^^"  =  ^3,  and  the  area  of  tlie 
segment  A  O  P  A  =  v  f^  (Art.  589.)  ;  also  the  are^ 
of  the   triangle   APS  is^rASxP  Q^=  t  X  2  ^ 
=  t :  therefore  the  area  of  the  sector  ii  S  P   is  j  ^3 
^-  t.      5thly.  The  area   of  the  sector  A  S  M  O  A 
is  t :  for  it  is  (Art.  528.)  I  of  S  M  X  S  A,  or  1  of 
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1  X  1  ^"^^  -•  Lastly,  since  the  time  a  Is  as  the  area 
A  S  P  O  A,'  and  the  time  b  as  the  area  A  S  M  O  A, 
we  have  this  proportion,  a  i  ^  i  :  b  ',  ^  t^  +  t ;  from 
this  analogy,  we  deduce  t^  a  t  -{-  a  V  :=^  4  A,  for  the 
equation  sought. 

595.  CoRoL.  I.  The  times  a  and  b  being  given, 
the  tangent  of  half  the  true  anomaly  P  S  A  is  mani- 
festly found  by  resolving  the  cubic  equation  3  «  /  -f 

(Z  ^3  zz  4  Z*,  or  ^3  -|-  3  ^  iz  7- .     There  are  various 

methods  of  doing  this ;  but  it  may  m  many  cases  be 
easily  effected,  as  follows :  Let  the  side  A  B  of  the 
triangle  A  B  C,  right-angled  at  A,  be  —  i ,  A  C  zi 

^  (fig.  7,  PL  VIIL);    compute  B  C  the  hypothe- 

nuse ;  and  find  two  mean  proportionals  between  B  C 
4-  A  C,  and  B  C  —  AC,  the  difference  of  these 
mean  proportionals  is  the  value  of  t.  This  process 
may  be  readily  performed  by  means  of  logarithms. 

596,  CoROL.  2.     The   equation  ^  a  t  -^  a  t^  = 

4  b,  being  reducible  to  i  ^3  -f.  |  /  zz  -  ,    it  follows, 

that  if  the  same  true  anomalif  be  found  in  different 
parabola^,  the  times  required  to  arrive  at  those  ano^ 
ma  lies  from  the  perihelion  of  each  orbit,  are  to  each 
other  as  the  time  of  passin<s,  from  the  perihelion  to 
90*^;  and  the  com rar If.  for  if  those  anomalies  arc 
equal,  Lf^  -^  I  i  is  a  constant  quantity ;  therefore 

—  is  in  a  constant  proportion,  of  the  times  occupied 

in  running  through  those  anomalies,  to  the  times  of 
passing  from  the  pe;ibelion  of  each  parabola  to  90°. 

597.  CoROL.  3.  A  true  anomaly,  and  the  time 
a  comet  takes  to  pass  from  its  perihelion  to  90°,  being 
given  ;  the  time  corresponding  to  that  true  anomaly 
is  found  by  the  equation  b  zn  I.  a  t  -^  \  a  O,  ox  a^  b. 
•zz  I  at  -^  at'!', 

598.  CoRoL.  4,  A  true  anomaly,  and  the  cor- 
responding time,  being  given  ;  the  time  of  a  comet's 
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passage  from  its  perihelion  to  90",  is  determined  by 
the  equation  a  n:  — 7-7-73  •     ^^^  mstance,  suppose  a 

comet's  perihelion  distance  is  equal  to  the  earth's 
mean  distance  from  the  sun,  the  time  required  by 
the  comet  to  pass  from  its  perihelion  to  90**,  may  be 
thus  computed  : 

The  time  of  the  earth's  sidereal  revolution  is 
365^  6^  9  12'  (Art.  ^6.)  ;  whence  we  get  2'  27'' 
50'" 4-  for  the  horary  motion  at  the  mean  distance. 
But  at  equal  distances  from  the  centre  of  force,  the 
velocity  In  a  circle,  is  to  that  in  a  parabola,  as  1  to  v^2 
(Art.  5  8  6.) ;  therefore  the  horary  velocity  of  the  comet 
in  its  perihelion  is  2'  i^  50"' 4  X  v  2  zz  3'  29''' 
/^''  \-zz  1  t.  Now  4  />  —  4.  hours  zz  |  of  a  day,  the 
logarithm  of  which  is  9*2218488  ;  the  logarithm  of 
the  tangent  of  /*,  or  of  i'  44''  32''' f,  is  67048558, 
to  which  the  logarithm  of  3  being  added,  the  sum  is 
7-1819771,  the  log.  of  3  ^;  67048558  X  3  =: 
o'i-i45674  the  log.  of  t}^  the  number  expressing  the 
value  of  this  logarithm,  is  so  exceedingly  minute 
(having  nine  cyphers  preceding  the  first  significant 
figure),  that  it  may  be  safely  neglected.  Therefore, 
lessening  9*2218488  by  7'i8i977i,  the  remainder 
2-0398717  is  the  log.  of  ^/,  the  value  of  which  is 
109-615429,  or  109'*  14*^  46'"  13%  for  the  time  oc- 
cupied by  a  comet,  whose  perihelion  distance  is  equal 
to  the  earth's  mean  distance  from  the  sun  in  going 
from  the  perihelion  to  90°. 

599.  Prob.  II.  To  find  an  equation  expressing 
the  relation  betxveen  a  cornet's  perihelion  distance  S  A 
(fig.  8,  PI.  VIIL),  any  one  of  its  true  anomalies 
ASP,  and  the  distance  S  P  from  the  swu 

Let  /;  denote  the  perihelion  distance,  c  the  co-sine 
of  half  the  true  anomaly,  r  the  tabular  radius,  and  d 
the  distance  from  the  sun  :  then,  because  S  N  is  per- 
pendicular to  TP,  the  angle  NSP  is  half  ASP; 
therefore  S  P  N  is  the  complement  of  half  the  true 
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anomaly.  But,  taking  S  P  for  radius,  we  have,  r  : 
sine  S  P  N  =:  6'  :  :  S  P  :  S  N  ;  consequently,  by  the 
nature  of  proportions,  r  r  '.  c  c  :  id',  p,  and  there- 
fore c  cd  =  p  r  r,  is  the  equation  sought. 

CoROL.  If  in  different  parabolas,  the  same  true 
anomaly  be  found,  the  corresponding  distances  from 
the  sun  are  as  the  periheHon  distances  ;  for  the  con- 
stant relation  of  c  c  to  r  r,  gives  also  that  of  d  to  p. 

600.  Prob.  III.  To  reduce  all  the  perihelion  dis' 
fauces  of  different  comets  to  a  common  measure,  viz, 
to  the  earth*  s  mean  distance  from  the  sun,  supposed 
unttfj. 

The  time  of  a  comet's  passage  from  its  perihelion 
to  90°,  is  (Art.  593.)  as  the  time  it  would  take  to 
describe,  about  the  sun  as  a  centre,  a  circle  whose 
radius  r  is  equal  to  its  perihelion  distance  p.  But  it 
has  been  shewn  (Art.  285.)  that  the  time  of  a  revo- 
lution in  a  circle,  is  as  s/r^ :  the  times  therefore  of 
passing  from  the  perihelia  to  90^,  are  as  \//;^.  Hence, 
when  the  measure  of  a  comet's  perihelion  distance  is 
to  be  determined  in  parts,  such  as  those  of  which  the 
earth's  mean  distance  from  the  sun  is  i,  say,  as 
109*615429,  or  109^  14^  46'^  13'  (Art.  598.),  to 
the  time  of  a  comet's  passage  from  perihelion  to  90°  ; 
so  is  I  (for  v/i^  =  1)5  to  v^/p^  or  to  the  square 
root  of  the  cube  of  the  perihelion  distance  required. 

601.  CoHOL.  From  hence  and  the  preceding  de- 
monstrations, it  follows,  that  the  true  anomalies  in 
am)  parabola  being  computed,  they  may  he  tised  for 
all  C07net^s  zvhose  perihelion  distances  arx  known  :  for 
when  true  anomalies  are  the  same  in  different  para- 
bolas, the  distances  d  from  the  centre  of  force,  are  as 
the  perihelion  distances /;  (Art.  599,),  orv/^/sIsas 
\/p^.  Now  (Art.  600.)  the\//)3  ai-e  as  the  times 
required  to  pass  from  the  perihelion  to  those  ano- 
malies ;  therefore,  when  the  true  anomalies  are  the 
same  in  different  parabolas,  the  \/ p^  are  as  the  times 
of  passing  from  the  perihelion  to  those  true  anomalies. 
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(in?.  Having  thus  explained  the  nature  of  the  corti-» 
putations  for  the  motions  of  comets,  we  proceed  to 
the  caicu'us  for  the  geocentric  longitudes  and  lati- 
tudes of  these  bodies,  which  is,  in  almost  every 
respect,  similar  to  ihat  which  was  pursued  in  deter- 
mining these  particulars  in  the  planets  ;  the  necessary 
elements  are : 

1.  The  epoch  and  place  of  the  comet*s  perihelion* 

2.  The  distance  of  the  perihelion  from  the  sun,  iii 
terms  of  the  radius  of  the  earth's  orbit. 

3.  The  position  of  the  ascending  node. 

4.  The  inclination  of  the  comet's  orbit  to  the 
ecliptic. 

These  being  known,  proceed  in  conformity  to  the 
following  precepts  : 

0"!).:.  I.  Subtract  two-thirds  o^  the  logarithm  of  the 
perihelion  distance  from  the  logarithm  of  the  time  (in 
days  and  decimals)  between  the  comet's  passing  the 
perihehon  and  the  given  time,  the  remainder  will  be 
the  logarithm  of  that  interval,  reduced  to  the  distance, 
in  days,  from  the  perihehon  of  the  orbit. 

604.  11.  Find  the  true  anomaly  ansv/ering  the  time 
found,  and,  when  the  comet  is  direct,  add  that  ano- 
maly to  the  perihelion's  place,  if  the  given  time  follow 
that  of  its  passage  through  the  perihelion  ;  or  subtract 
it,  if  the  given  time  precede  the  passage.  But  when 
the  comet  s  motion  in  its  orbit  is  retrograde,  add  the 
true  anomaly  to  the  place  of  the  perihehon,  if  the 
given  time  precede  that  ot  the  passage  ;  or  subtract  it, 
if  the  time  be  after  the  passage  of  the  perihelion  ;  the 
result  will  be  the  true  heliocentric  place  of  the  comet 
in  its  orbit. 

6"().5.  III.  The  place  of  the  ascending  node,  taken 
from  the  comet's  true  heliocentric  place,  will  leave 
the  argument  of  the  comet's  latitude  (Art.  370). 

6()t).  IV.  As  radius,  to  the  xo-sine  of  the  orbit's 
inchnation,  so  is  the  tangent  of  the  argument  of  lati- 
tude, to  the  tangent  of  the  comet's  distance  from  the 
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ascending  node,  measured  in  the  ecliptic,  /.  e,  the 
tangent  of  the  reduced  distance  (.Art.  372.). 

607.  V.  Add  the  reduced  distance  just  found  to 
the  true  place  of  the  node,  the  sum  will  be  the 
comet's  true  heliocentric  place  reduced  to  the  ecliptic, 
or  (Art.  373.)  the  comet's  true  heliocentric  longitude. 

608.  VI.  As  radius,  to  the  sine  of  the  inclination 
of  the  comet's  orbit ;  so  is  the  sine  of  the  argument  of 
latitude,  to  the  sine  of  the  heliocentric  latitude 
(Art.  371.;. 

^Oy.  VII.  Calculate  the  sun's  distance  from  the 
earth,  and  his  true  place,  when  the  earth's  true  helio- 
centric place  is  known,  being  six  signs  distant ;  then 
the  difference  between  the  comet's  true  heliocentric 
longitude,  and  the  heliocentric  longitude  of  the  earth, 
will  give  the  angle  at  the  sun  between  the  earth  and 
the  comet,  that  is  (Art.  292.),  the  angle  of  commuta- 
tion. 

610.  VIII.  As  the  square  of  the  co-sine  of  half  the 
anomaly,  to  the  square  of  radius ;  so  is  the  comet's 
perihelion  distance,  to  its  true  distance  from  the  sun 
(Art.  599.). 

611.  IX.  As  radius,  to  the  co-sine  of  the  comet's 
lieliocentric  latitude ;  so  is  the  comet's  real  dis  ance 
from  the  sun,  to  its  distance  measured  upon  the  plane 
of  the  ecliptic,  that  is,  to  its  curtate  distance  (Art. 

3740- 

612.  X.  As  the  sum  of  the  comet's  curtate  distance 

from  the  sun,  and  of  the  earth's  real  distance  from 
the  sun,  to  their  difference  ;  so  is  the  tangent  of  the 
complement  of  half  the  angle  of  commutation  (Art. 
609.),  to  the  tangent  of  an  arc;  which  added  to  this 
complement,  if  the  comet's  curtate  distance  from  the 
sun  exceed  the  earth's  real  distance  from  him  ;  or 
subtracted,  if  the  comet's  curtate  distance  from  the 
sun  be  less  than  the  earth's  distance,  the  sum  or  dif- 
ference will  give  the  angle  at  the  earth  comprehended 
between  the  sun's  place  and  the  comet's  geocentric 

D  D 
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plajce,  that  is,  the  angle  of  the  comet's  elongation; 
whence  may  easily  be  deduced  the  comet's  geocen- 
tric longitude  (Art.  375.)- 

6\:5»  XI.  Lastly  (Art.  376.),  as  the  sine  of  the 
angle  of  commutation  (Art.  609.),  to  the  sine  of  the 
angle  of  elongation,  just  found;  so  is  the  tangent  of  the 
comet's  heliocentric  latitude  (Art.  608.),  to  the  tan- 
gent of  its  geocentric  latitude. 

614.  Prob.  IV.  To  determine  that  part  of  a 
comet* s  orbit  through  which  it  moves  xohen  subject  to 
observations  from  the  earth. 

This  is  a  problem  which  is  universally  acknow- 
ledged to  be  of  considerable  difficulty  ;  such,  indeed, 
that  as  the  data  are  not  sufficiently  accurate  for  a 
direct  geometrical  method,  the  solution  is  generally 
effected  by  repeated  approximations.  Several  of  the 
approximating  methods  which  have  been  adopted  arc 
exceedingly  tedious;  and  as  it  would  not  be  consistent 
with  the  plan  of  this  work  to  enter  at  length  into  an 
account  of  these,  we  shall  merely  explain  the  nature 
of  one,  namely,  that  given  by  Hoscoiich,  which  is  in 
substance  as  follows  :  Having  collected  the  greatest 
possible  number  of  observations,  choose  three  of  them 
which  were  taken  when  .the  comet  was  not  too  near 
its  perihehon  (because  near  the  perihelion  the  orbit 
does  not  differ  sensibly  from  a  circle^,  and  make  these 
the  basis  of  the  operations :  let  S  (fig.  10,  PI.  VIII.) 
be  the  sim,  UW  the  orbit  of  the  earth,  supposed 
here  to  be  a  circle,  E  the  place  of  the  earth  at  the 
first  observation,  e  at  the  third ;  draw  EC,  e  c,  to 
represent  the  observed  directions  of  the  comet,  and 
let  L,  /,  w,  be  the  longitudes  of  the  first,  second,  and 
third  observations,  m  and  ii  the  geocentric  latitudes 
of  the  comet  at  the  fiirst  and  third  observations,  and 
ty  T,  the  intervals  of  time  between  the  first  and 
second,  second  and  third  observations.  Assume  G 
for  the  place  of  the  comet  at  the  first  observation, 
reduced  to  the  ecliptic  j  then,  to  determine  the  place 
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at  the  third  observation,  say  T  X  sine  ?<^'  —  /  :  t  X 
sine  /  —  L  :  :  E  C  :  e  c,  and  c  will  be  nearly  the 
place  required ;  join  C  r,  and  it  will  represent  the 
path  of  the  comet  on  the  ecliptic,  according  to  this 
assumption.  Draw  C  K,  c  /*,  perpendicular  to  the 
ecliptic,  taldng  C  K  :  E  C  :  :  tang,  m  :  radius,  and  c  k 
'.  e  c  :  :  tang.  72  :  radius ;  join  K  k,  and  it  v/ill  repre- 
sent the  orbit  of  the  comet,  if  the  first  assumption  be 
true.  Bisect  C  c  in  :r,  and  draw  .rj/  parallel  to  C  K, 
and  K  k  will  be  bisected  in  j/;  join  j/  S.  Let  S  E  =  i ; 
then  if  v  be  the  mean  velocity  of  the  earth  in  its 

orbit,  the  velocity  of  the  comet  at  ?/  =     , .  (Art. 

586.)  ;  taking,  therefore,  v  =  E  e,  compute      , 

and  if  this  be  equal  to  K  k,  the  assumed  point  C  was 
the  true  point.  But  if  these  quantities  be  not  equal, 
a  new  point  must  be  assumed  for  C,  in  choosing  which 
we  must  be  directed  by  the  nature  and  quantity  of  the 
errour  arising  from  the  first  assumption  ;  thus,  if  the 
computed  value  of  K  k  be  greater  than  its  value  mea- 
sured in  the  figure,  and  the  lines  CK,  c  k,  diverge 
from  each  other  as  they  recede  from  the  sun,  the  point 
C  must  be  taken  farther  from  E,  by  how  great  a  quan- 
tity we  must  conjecture  from  the  magnitude  of  the 
errour,  and  from  the  consideration  that  the  comet's 
velocity  diminishes,  as  it  recedes  from  the  sun.  Find 
C  K,  c  k,  as  before,  and  compare  the  measured  and 
computed  value  of  K/c;  and,  if  a  fresh  assumption. 
be  necessary,  make  it  in  conformity  to  the  considera- 
tions above  suggested.  Having  thus  ascertained  the 
position  of  the  points  C,  r,  very  nearly,  produce  c  C, 
kK,  to  meet  at  N;  join  N  S,  and  it  will  be  the  Hne  of 
the  nodes ;  and  if  C  r,  c  z,  be  drawn  perpendicular  to 
N  S,  either  of  the  angles  K  r  C,  k  z  c,  will  measure 
the  inclination  of  the  orbit.  Also,  from  the  two 
distances  S  C,  S  c,  and  the  included  angle  C  S  c,  the 
parabola  may  be  easily  constructed  5  thus,  having  set 
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ofF  S  C,  S  c  (fig.  I,  PI.  IX.),  in  their  proper  relative 
position,  with  the  centres  C,  c,  and  radii  equal  to  S  C, 
S  c,  describe  the  arcs  a  R  o,  e  r  /,  and  draw  the  line 
R  r  fi?  to  touch  those  arcs,  this  line  will  manifestly  be 
the  directrix  of  the  parabola ;  which  being  known, 
together  with  the  focus  S,  and  the  determining  ratio 
(that  of  equality),  the  parabola  may  be  constructed 
by  Prop.  4.  Nezvton's  Coma;  Or,  letting  fall  S  D 
perpendicularly  upon  R  D,  and  bisecting  it  in  A,  the 
vertex  and  focus  of  the  parabola  AcC  will  be 
known ;  whence  it  may  be  drawn  by  well  known 
methods.  From  either  of  these  constructions,  the 
ratio  of  the  comet's  perihelion  distance  S  A  (fig.  i, 
PI.  IX.)  to  the  earth's  mean  distance  SE  (fig.  10, 
PL  VIII.)  will  be  known,  and  consequently  (Art, 
586.)  the  comet's  velocity  in  perihelion  :  the  velocity 
in  either  of  the  points  C  or  c  will  be  determined  by 
the  observations ;  and  since  (Art.  273.)  the  angular 
velocities  are  reciprocally  as  the  squares  of  the  dis- 
tances from  the  centre  of  force,  the  distances  S  C, 
S  c,  are  hence  found  in  terms  of  S  E  :  if  these  agree 
nearly  with  the  construction,  the  assumptions  have 
been  properly  made  ;  if  not,  some  farther  corrections 
are  necessary.  The  angles  A  S  C,  A  S  c,  may  either 
be  measured  or  calculated  from  the  known  distances 
by  means  of  Art.  599. ;  then,  having  the  perihelion 
distance  and  the  true  anomaly,  the  time  from  the 
perihelion  rnay  be  determined  by  Art.  593.  597. ; 
whence,  as  the  observations  will  shew  whether  the 
comet  be  approaching  to,  or  receding  from,  the  peri- 
helion, an  epoch  of  the  perihelion  will  readily  be 
ascertained.  When  a  parabola  is  found  to  agree 
tolerably  nearly  with  the  positions  given,  it  is  useless 
to  proceed  farther  in  the  approximation,  for  either  the 
observations  fixed  upon  are  accurate,  or  nearly  so  $ 
if  they  are  accurate,  we  cannot  expect  that  a  parabola 
should  agree  perfectly  with  them,  because  the  points 
they  determine  are  actually  (or  at  least  probably)  ift 
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an  ellipsis ;  if  they  are  only  nearly  accurate,  if  a  para- 
bola could  be  found  to  agree  with  them^  it  might  not 
agree  with  all  the  observations  made  upon  the 
comet. 

615.  Prob.  V.  To  ascertain  the  peiiodical  time  of 
a  comet y  and  the  axes  of  its  orbit. 

If  comets,  after  having  receded  from  the   lower 
regions  of  the  solar  system  to  vast  distances  beyond 
the  orbits  of  the  most  distant  planets,  return  again  to 
the  neighbourhood  of  the  sun,  the  paths  they  describe 
must  be  nearly  elliptical ;  and  then,  if  observations 
have  been  made  sufficiently  exact  to  be  a  basis  of  the 
operations,  the  requisites  of  the  problem   may   be 
determined  in  the  following  manner  :   Let  A  K  B I 
(fig.  2,  PI.  IX.)  be  the  trajectory  of  a  comet,  A  B  its 
major  axis,  IK  the  minor,  S,  F,  the  two  foci,  the 
former  of  which  being  the  place  of  the'sun,  C  the 
place  of  the  comet,  C  S  its  distance  from  the  sun,  C  c 
the  space  it  passes  over  in  a  very  small  portion  of 
time,  D  C  E  a  tangent  to  the  curve  in  the  point  C^ 
S  D,  F  E,  perpendiculars  demitted  thereon  from  the 
foci :  draw  S  G  parallel  tp  the  tangent,  and  join  F  C. 
Also,  let  ALB  be  a  circle,  described  on  the  major 
axis  A  B  ;   A  P  T  B  a  rectangle   about   the   ellipsis 
A  I  B,  and  A QJR.  B  a  square  about  the  circle  ALB. 
Lastly,  let  A  N  O  be  the  elliptic  orbit  of  any  planet, 
S,  /,  its  foci ;  put  S  C  =  ^/,  S  D  =  A,   C  c  =  f ,  the 
time  in  which  it  is  described  /,  the  major  axis  of  the 
cometary  orbit   A  B  =  .r,    of   the   planetary   orbit 
A  O  =  ^,   the  circumference   of  the  circle   A  V  O 
described  on  the  same  axis  =  /;,  the  periodical  time 
of  the  comet  =  /,  and  that  of  the  planet  =  n. 

6\6.  The  space  C  c  described,  the  distance  S  C, 
and  the  angle  S  C  D,  being  all  determinable  by  ob- 
servation, are  given  quantities.  The  mean  distance 
of  the  comet  isAHz=SK  =  4  .v,  and  of  the  planet 
is  A  .«•,  =  S  N  =  ;  y  ;  and,  because  the  squares  of 
the  periodical  times  are  as  thq  cubes  of  the  meaa 
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distances  (Art.  209. J,  we  have  |  q^  :  \  .v'^  :  :  ?z*  :  t- ; 

therefore  f^  z=  -  "— ;— >  and  i  z=z  —  v — . 

G17.  But  it  is  necessary  to  find  another  expression 

for  the  periodical  time  t^  which  may  be  done  thus ; 

Because  C  c  is  a  very  minute  portion  of  the  orbit,  it 

may  be  esteemed  a  right  Hne,  and  the  sector  C  S  c  as 

a  rectiline  triangle,  whose  ayca  iSDX  Ccizt^^ 

is  given  :  then,  as  the  area  \b  e^  is  to  the  whole  area 

of  the  ellipsis  AKBI  —  Aj  so  is  the  timers  to 

f 
the   whole   periodical    time   t ;   wherefore  t  =  -—-- 

6 18.  Now,  in  order  to  determine  the  area  A,  we 
must  find  the  semiconjugate  H  K ;  and  here,  because 
A  B  =  S  G  +  F  C,  we  have  F  C  zz  ^'  —  «  ;  and 
by  the  similar  triangles  S  D  C,  F  E  C,  we  have  S  C  : 

S  D  :  :  F  C  :  F  E,  that  is,  a '.  b  :, -.  x  —  a  :  —'=±t 
=  FEj  consequently  FG  =  FE  — GE  =  ^fziili- 


Again,  S  C  :  CD  :  ;  F  C  :  G  E;  or  «  :  v^^"  —  Z*^  :  : 


X 


X  —  a-. y/  ^^2  —^  ^  2  :   hence  D  E  or   S  G  =5 


CE  +  GD  =  •' — ^  v/rt^  -^  Z»^   +  s/'^f::^-  - 


b  X — 2  a  b 


Z.      a^^  b\  But  F  G  =:  "-^^tlZ  .    therefore  F  S 


=  v^FG^+SG^  =  y  — 


— 3L_ — iJt •   and,  of  course,  S  H  = 

j^  Tj,  0  /  fl-  ■r''  —  4  a  /)-  J  -I-  4  g-  b'- 

619.  Moreover,  since  S  K  =  A  H  =  f  ^-,  H  K  = 

^  V    *  4a^  ^ 

s=  —  s/  ax  —  a^ ;    therefore  IK  =  2HK=  — 

X  h 


>/  rt  4'  -^  «S  and  '—  \/  fl  ^  ~-  « *  =  area  of  the 
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rectangle  A  P  T  B.  Let  P  be  the  periphery  of  the 
circle  ALB,  whose  diameter  is  .r,  then  its  area  will 
be  -^  L  H  X  P  =  i  .r  P,  and  we  shall  have  x'-  : 
i.t  P  :  :  I  J*  :  x  aP  :  :  A  QRB  :  ALB  :  :  APTB : 

A I B  :  :  ^^  :  ^  y /; ;  that  is  ff-  :  iq  p  ::  -  \/ax—a^ : 

-^\/«a'  — tt^  =  AIB.     But2AIB  =  AIKB 

=  A  =  -^  \/  a  x — «i  :  therefore,  substituting 
this  value  of  A,  in  the  expression  at  the  end  of 
Art.  6 1 7.,  we  have  t  =  •^-^—  V  a  Jo  —  a"-.      Equate 

'  a  e  q 

this  value  of  t^  with  that  given  in  Art.  616.,  then 
7i_£     /^  __ /Pf  y/  a  u  — ~iP  ;    which    equation   re- 

duced,  gives  .v  =  j.^/^Hl^.^^.  =  A B,  the  major 

axis  of  the  comet's  elliptical  trajectory. 

6*20.  If  we  substitute  this  value  of  ^',  in  the  above 

equation,  for  t,  we  shall  have  t  =  ^JT^'lzTe^l  ~ 

the  periodical  time.     Also,  because  the  conjugate  I K 

a  6      / ,  c*  a^  +  4  Z> '  a* 

—  —  V  ax  —  a^  =z  c^  we  have  x  = rr- 

a  '  \h^  a 

=^  2i  J         ,   , ,    whence,  by   reduction,   we  find 

f  p   q  —  a  t^  n^  ' '       •'  ' 

c  ==  2  b  e  n    /■  ,   ,     r-7s  the  minor   axis  of 

the  orbit. 

62 1 ,  From  these  equations,  it  obviously  appears, 
that  when  the  velocity  of  the  comet  is  such  that 
/■»  p^  q  =^  a  e"-  //*,  the  axis  x  will  be  infinite^  and 
consequently  the  trajectory  will  be  a  parabola  ;  if 
a  e*  7V-  be  greater  than  /^  p^  </,  the  direction  of  the 
axis  will  be  on  the  other  side  of  the  curve,  which 
will  be  an  hyperbola ;  in  either  of  which  cases,  the 
comet  can  never  return  :  but  in  every  instance  where 
y*  p*  q  is  greater  than  a  e*  «*,  the  comet  will  de- 
scribe an  ellipsis  j  among  these  we  may  comprise  the 
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cii'cky  where  a^  =  2  <z  ==  ---t' — ^^—     nd  /"*  ft*  a 

J  p  q  —  ae^  n    "^      4     -^ 

=  2  fl  e*  A*,  whence  e  ==  C  c  =  —  -   /-^,  the  arch 

'  n  »J    ^  a  " 

of  the  circle  described  in  one  day,  or  one  hour,  ac- 
cording as  the  value  of  /<  is  given  in  days,  or  hours. 
Q'i-^.  Let  the  earth  be  the  planet  which  we  supposed 
to  describe  the  ellipsis  A  N  o  ;  then  its  mean  distance 
^  q  z=\  ooooo,  or  q  =  200000,  and  p  ==  62831 8  ; , 
also  the  periodical  time  n  =  one  year  :  then  if  C  c 
be  the  portion  of  the  comet's  orbit  described  in  one 

day,  we  have  /=  ■  .   =  0*0027378.  The  other 

expressions  will  become  as  follows :  for  the  principal 
axis,  X  =  ~i-  \  ,'A^9-3.5__ — ^^    ^j^ J  £qj.  ^.jjg  periodica' 

591826599235  — a  e*'  ^ 

4750560000     X    fl2 

time  t  ~==4^^.-^_=~^- 

591826599235— ac^J? 

62  :^  Hence,  if  the  data  deduced  from  observa- 
tions are  ascertained  with  precision,  that  is,  if  the 
distance  of  a  comet,  and  the  space  it  passes  over  in 
one  day,  be  accurately  known,  the  axis  of  its  orbit, 
and  the  time  of  its  revolution,  may  be  easily  found 
by  the  theorems  given  in  the  preceding  articles  : 
which  theorems  may  also  be  applied  with  great  faci- 
lity to  the  determination  of  the  orbits  and  periods  of 
planets.  But  with  respect  to  comets,  it  must  be  con- 
fessed that  in  very  excentric  orbits,  even  a  minute 
errour  in  one  of  the  observations  may  have  consider- 
able effect  upon  the  result  of  the  computation  ;  there- 
fore, as  on  account  of  the  irregularity  of  a  comet's: 
appearance  it  is  almofl  impossible  to  determine  with 
the  desirable  accuracy  the  apparent  position  of  either 
the  limb  or  the  centre,  errours  of  consequence  must 
inevitably  follow.  Hence  the  value  of  a  t^  will  most 
frequently  come  out  either  equal  to  or  greater  than 
the  number  591826599235,  and  so  give  the  axis  x 
infinite  or  negative  :  and  evea  in  those  cases  whe?e 
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tf  e*  is  less  than  the  said  number,  if  a  and  e  be  not 
defined  to  the  last  degree  of  exactness,  the  major 
axis  ^,  and  periodical  time  /,  will  differ  widely  from 
the  truth.  Thus  it  happened  that  M.  Louiiuer,  who 
first  made  use  of  this  method,  determined  the  orbit 
of  the  comet  which  was  observed  in  1729  to  be  an 
hyperbola.  M.  Eider  also,  in  his  first  calculation  of 
the  comet's  orbit  which  appeared  in  1 744,  made  it 
an  hyperbola  ;  but  afterward,  from  more  accurate  ob- 
servations, he  found  the  orbit  an  ellipsis.  Since,  there- 
fore, much  dependence  cannotbe  placed  upon theresults 
of  these  computations,  it  is  thought  by  many,  that  the 
safest  way  to  determine  the  period  of  comets,  is  to  com- 
pare the  elements  of  all  those  which  have  been  com- 
puted, and  (as  it  is  extremely  improbable  that  the 
orbits  of  two  different  comets  should  have  the  same 
incHnation,  perihelion  distance,  places  of  the  peri- 
hehon,  and  node,  &c.)  when  the  elements  of  two 
agree  pretty  nearly,  to  conclude  that  they  are  in  fact 
one  and  the  same  comet,  whose  period  will  be  known 
by  the  interval  of  time  between  the  two  passages  of 
the  perihelion ;  and  from  this  the  axes  of  the  orbit 
may  readily  be  computed.  But  even  this  method  has 
failed,  particularly  in  the  instance  of  the  comet  which 
was  expected  to  return  in  1789  or  1790:  perhaps, 
then,  the  hypothesis  advanced  by  Mr.  Cole  in  his 
Theory  of  Comt'ts,  may  in  some  cases  be  accurate. 
He  supposes  that  the  orbit  of  a  comet  is  not  an  el- 
lipse ;  but  that,  when  it  passes  its  perihelion,  it  has 
acquired  so  great  a  velocity,  that  its  centripetal  force 
is  overcome  by  its  centrifugal,  and  that  consequently 
the  comet  continues  to  fly  off  in  a  parabola  or  hy- 
perbola, till  it  come  within  the  attraction  of  some 
fixed  star  ;  that  this  attraction  may  give  it  a  new 
direction,  and  increase  its  velocity  till  it  come  to  an 
apsis  below  that  star,  when  it  may  again  fly  off  either 
ju  a  parabola  or  hyperbola,  and  proceed  till  it  fall 
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within  the  attraction  of  another  star  ;  and  thus  visit 
many  different  systems  *. 

(:)'i4.  Puo^.  VI.  To  Jind  the  length  of  a  comet* s 
tall. 

This  has  usually  been  done  in  the  following  man- 
ner :  Let  S  (fig.  3,  PI.  IX.  >  be  the  sun,  K  the  earth, 
G  the  comet,  C  F  the  tail  when  directed  from  the 
sun ;  then,  knowing  the  angles  SEC  and  CSC 
from  observation,  their  sum  is  the  angle  E  C  F  ;  the 
angle  C  E  F  under  which  the  tail  appears  is  also 
known  from  observation  ;  of  course  all  the  angles 
of  the  triangle  E  C  F  are  known,  and  since  the  side 
C  E  may  be  found  when  the  comet's  orbit  is  deter- 
niined,  we  readily  find  C  F.  If  the  direction  of  the 
tail  deviate  from  C  F,  the  angle  -of  deviation  F  G  e 
may  be  found  from  observation ;  this  taken  from 
F  C  E,  and  added  to  C  F  E,  will  give  e  C  E  and  C  e  E 

*  M.  Lambekt  has  started  the  same  idea  in  his  Cosmogony,  or 
Hi/stem  of  the  IVorkl,  and  pursued  it  with  that  enthusiastic  ardour 
for  which  he  was  so  celebrated  ;  though  he  has,  probably  through 
the  luxuriance  of  his  imagination,  pushed  the  opinion  into  conse- 
quences which  the  dictates  of  a  well-regulated  judgment  cannot  en» 
tirely  warrant.  In  another  part  of  his  disquisition  on  comets  he 
seems  to  be  more  successful  :  he  takes  for  granted  the  principle  that 
the  universe  ought  to  be  as  populous  as  possible,  and  must  there- 
fore contain  as  many  moving  bodies  as  it  can,  without  confusion 
and  disorder.  "  Hence,"  says  he,  "  tfie  most  perfect  plan  of  our 
system  will  be  that  into  which  enters  the  greatest  number  of  orbits, 
all  separated  from  one  another,  and  which  in  no  point  intersect 
each  other.  If,  then,  we  should  be  able  to  prove  that  the  orbits 
of  comets  correspond  to  this  end  better  than  those  of  the  planets, 
the  reason  of  their  superiority  in  point  of  number  must  be  seen 
and  admitted  by  minds  of  the  most  ordinary  capacity."  He  there- 
fore discusses  the  question,  "  which  of  these  two  species  of  orbits, 
the  elliptic  or  circular,  can  be  conveniently  introduced  in  the  greatest 
Xiumher  into  the  solar  system  ?"  and  furnishes  such  an  answer  as 
strongly  confirms  the  Newtonian  Philosophy,  and  at  the  same  time 
shews  that  the  excentric  orbits  of  comets,  instead  of  being  irrecon-f 
cileable  with  the  wisdom  which  is  otherwise  manifest  in  the  works 
of  creation,  are  additional  proofs  that  the  highest  possible  perfec* 
tion  obtains  in  the  universe  at  large. 
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respectively ;  whence  C  E  c  and  C  E  being  as  before, 
C  e  soon  becomes  known.  The  tails  of  comets,  ac- 
cording to  the  observations  of  Sir  Isaac  Nirctton^ 
P'mfj;re^  and  others,  have  .sometimes  appeared  under 
angles  of  more  than  90°  ;  and  have  thence  been  cem- 
puted  to  be  the  astonishing  length  of  40,  60,  or  80 
millions  of  miles  1     , 

6'2:),  Scholium.  The  tail  of  a  comet,  at  its  first 
appearance,  is  very  short,  and  increases  as  the  co- 
met approaches  towards  the  sun ;,  immediately  after 
its  perihelion  the  tail  is  longest,  and  most  luminous, 
and  is  then  generally  observed  to  be  somewhat  bent, 
^d  to  be  convex  cowards  those  parts  to  which  the 
comet  is  moving;  the  convex  side  being  rather 
brighter  and  better  defined  than  the  concave  side. 
When  the  tail  arrives  at  its  greatest  length,  which  in 
some  comets  has  been  stated  as  in  the  last  article,  it 
quickly  decreases,  and  soon  vanishes  entirely,  about 
the  same  time  that  the  comet  itself  ceases  to  be  seen. 
The  matter  of  which  the  tail  is  formed  is  exceedingly 
rare,  and  so  very  pellucid  that  the  light  of  the  smallest 
stars  suffers  no  diminution  in  passing  through  it,  as  is 
remarked  by  Nezcto??,  in  the  jt^ri/icipia,  lib.  iii, 
prop.  41. 

626.  To  account  for  these  phenomena,  various  con- 
jectures have  been  advanced  :  A  cir/o;/  mentions  three 
opinions  which  prevailed  about  his  time. — "  Some,'* 
says  he,  "  maintain  that  they  are  nothing  else  than  the 
beams  of  the  sun's  light  transmitted  through  the  co- 
met's head,  which  they  suppose  to  be  transparent ; 
others,  that  they  arise  from  the  refraction  which  light 
suffers  in  passing  from  the  head  of  the  comet  to  the 
earth  :  and  others,  that  they  are  a  sort  of  clouds  or 
vapour  continually  rising  from  the  head  of  the  comet> 
and  tending  towards  the  parts  opposite  to  the  sun.'* 
The  first  and  second  of  these  opinions  he  refutes,  but 
adopts  the  third  J  and  adduces  several  arguments  to  prove 
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that  the  tail  must  consist  of  some  kind  of  vapour 
arising  constantly  from  the  head  of  the  comet.  The 
ascent  of  vapours  into  the  tail  of  the  comet,  he  sup- 
poses occasioned  by  the  rarefaction  of  the  atmo- 
sphere when  the  comet  is  in  perihelion.  Smoke,  it 
is  observed,  ascends  the  chimney  by  the  impulse  of 
the  air  in  which  it  floats  j  and  air  rarefied  by  heat, 
ascends  by  the  diminution  of  the  specific  gravity, 
carrying  up  the  smoke  along  with  it :  in  the  same 
manner,  then,  it  may  be  supposed  that  the  tail  of  a 
comet  is  raised  by  the  sun.  The  tails  thus  produced, 
when  the  comets  are  in  periheho,  will  go  off  along 
with  their  heads  into  remote  regions,  and  be  there 
lost,  vanishing  by  little  and  httle,  till  the  comets  are, 
as  it  were,  left  bare  ;  till  at  the  return,  descending 
towards  the  sun,  some  short  tails  are  again  gradually 
produced,  which  afterwards  in  the  perihelion  descend- 
ing down  into  the  sun's  atmosphere,  will  be  immensely 
increased.  Neivton  farther  observes,  that  the  va- 
pours when  thus  dilated,  rarefied,  and  diffused  through 
the  celestial  regions,  may  probably  be  gradually  at- 
tracted down  to  the  planets  and  intermingled  with 
their  atmosphere,  so  as  to  be  useful  for  the  conser- 
vatioii  of  the  water  and  moisture  of  the  planets.  He 
also  conjectures  that  comets  may  be  designed  to  re- 
cruit the  sun  with  fresh  fuel,  and  repair  the  con- 
sumption of  his  light  by  the  streams  which  he  con- 
tinually sends  forth  in  all  directions.  All  this,  it 
will  be  seen,  is  in  consistency  with  the  opinion  then 
received,  that  the  sun  was  a  body  of  fire  :  but  as 
this  opinion  is  now  doubted  by  most  philosophers, 
and  abandoned  by  many,  the  hypothesis  of  JSez€t07i 
respecting  comets  does  not  now  meet  with  many  ad- 
vocates. 

627.  M.  Elder  (Me???,  Berlin,  tom.  II.  p.  117.) 
thinks  there  is  a  great  affinity  between  the  tails  of 
the  comets,  the  zodiacal  light,  and  the  aurora  boreal 
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lis,  and  that  the  common  cause  of  all  of  them  is 
the  action  of  the  sun's  light  on  the  atmospheres 
of  the  comets,  of  the  sun,  and  of  the  earth.  He 
supposes  that  the  impulse  of  the  rays  of  light  on 
the  atmosphere  of  comets,  may  drive  some  of  the 
finer  particles  of  that  atmosphere  far  beyond  its  limits; 
and  that  this  impulsive  force,  combined  with  that  of 
gravity  towards  the  comet,  would  produce  a  tail 
which  would  always  be  in  opposition  to  the  sun,  if 
the  earth  did  not  move.  But  the  motion  of  the  co- 
met in  its  orbit,  and  about  an  axis,  must  vary  the 
position  and  figure  of  the  tail,  giving  it  a  curvature 
and  deviation  from  a  line  joining  the  centres  of  the 
sun  and  comet ;  and  that  this  deviation  will  be 
greater  as  the  comet's  orbit  has  the  greater  curva- 
ture, and  as  its  motion  is  the  more  rapid.  It  may  even 
happen,  according  to  this  hypothesis,  that  the  velo- 
city of  the  comet  in  the  perihehon  may  be  so  great, 
that  the  force  of  the  sun's  rays  may  produce  a  new 
tail  before  the  old  one  can  follow  ;  in  which  case  the 
comet  might  have  two  or  more  tails,  as  was  observed 
respecting  the  comet  of  1744,  while  in  its  perihe- 
lion. 

628.  Dr.  Hugh  Hamilton,  In  the  second  of  his 
Philosophical  Essays,  urges  several  objections  against 
the  Newtonian  hypothesis :  he  remarks,  that,  since 
the  tail  of  a  comet,  thoui;-h  exceedingly  rare,  meets 
with  no  resistance  in  its  rapid  motion  round  the  sun 
(except  so  slight  a  one  as  can  only  cause  a  very  small 
condensation  on  that  side  of  it  which  moves  fore- 
most, and  thereby  may  make  it  a  Httle  brighter  than 
the  other  side),  it  cannot  possibly  move  in  a  medium 
denser  and  heavier  than  itself,  and  therefore  cannot 
be  raised  up  from  the  sun  by  the  superior  gravity  of 
such  a  medium.  And  since  the  stars  seen  through 
all  parts  of  a  comet's  tail  appear  in  their  proper 
places,  and  with  their  usual  colours,  he  infers  that 
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the  rays  of  light  suffer  no  refraction  in  passing  through 
the  tail ;  therefore,  since  bodies  reflect  and  refract 
light  by  one  and  the  same  power,  he  concludes  that 
the  matter  of  a  comet's  tail  has  not  the  power  of  re- 
fracting or  reflecting  light,  and  is,  of  consequence,  a 
lucid  or  self  shining   substance.     Also,    from   what 
astronomers  say   of  the  splendour  of  comets*  tails, 
it  is  manifest  they  do  not  shine  with   such  a  dull 
light  as  would  be  reflected  to  us  by  the  clouds  or  va- 
pours at  so  great  a  distance,  but  with  a  brisker  though 
a  glimmering  light,  such  as  would  arise  from  a  very 
thin,  volatile,  burning  matter.     Dr.  Halleif,  speak- 
ing of  the  great  streams  of  light  in  the  remarkable 
aurora  bortalis  seen  in  171 6,  says,  "  they  so  much 
*'  resembled  the  long  tails  of  comets,  that  at  first    ^ 
*'  sight   they  might  be  taken   for  such :"  and  after-    « 
wards,  "  this  light  seems  to  have  a  great  affinity  to 
"  that  which  the  eflfluvia  of  electric  bodies  emit  in  the 
"  dark.'*     Dr.  Hamilton  improves  upon  these  hints ; 
and  since,  as  he  shews,  the  tails  of  comets,  the  au- 
rora borealis,  and  the  electric  fluid,  agree  remark- 
ably, not  only  in  their  appearance,  but  also  in  such 
properties  as  we  can  observe  of  each  of  them,  he  con- 
cludes that  they  are  substances  of  the  same  nature. 
And,  because  the  electric  matter,  from  its  vast  sub- 
tilty   and   velocity,  seems  capable  of  making   great 
excursions  from  the  planetary  system,  he  imagines 
that  the  several  comets,  in  their  long  excursions  from 
the  sun  in  all  directions,   may  overtake  this   matter  j-^j 
and  by  attracting  it  to  themselves  may   come  back 
replete  with  it,  and  being  again  heated  by  the  sun, 
may  disperse  it  among  the  planets,  and  so  keep  up 
a  circulation  of  this  matter,  which  there  is  reason  to' 
think  is  necessary  in  our  system. 

tiSy.  After  all  that  has  been  said  and  done  by  dif- 
ferent persons  to  determine  the  nature  of  comets  and 
their  tails,  our  acquaintance  with  them  is  still  verj 


Reflections  of  HerscheL  4  ]  5 

limited.     Their  real  magnitudes  have  been  supposed 
to  vary  from  about  the  size  of  the  moon  to  three 
times  that  of  the  earth,  beyond  which    limits  very 
few  have  been  observed  till  lately  ;  but  Dr.  Her.siid 
has  observed  several  which  he  could  not  find  had  any 
solid  nucleus :  we  shall  conclude  the  present  chap- 
ter with  his  reflections  on  this  subject. — "  Many  of 
the  operations  of  Nature  are  carried  on  in  her  great 
laboratory  which  we  cannot  comprehend  ;  but  now 
and  then  we  see  some  of  the  tools  with  which  she  is 
at  work.     We  need  not  wonder  that  their  construc- 
tion should  be  so  singular  as  to  induce  us  to  confess 
our   ignorance  of  the  method  of  employing  them, 
but  we  may  rest  assured  that  they  are  not  mere  lusus 
naturce,     I  allude  to  the  great  number  of  smal  teles- 
cope comets  that  have  been  observed  ;  and  to  the  far 
greater  number  still,   that  are  probably  much    too 
small  for  being  noticed  by  our  moll  dihgent  searchers 
after  them.     Those  six,  for  instance,  which  my  sister 
has  discovered,  I  can,  from  examination,  affirm,  had 
not  the  least  appearance  of  any  solid  nucleus,  and 
seemed  to  be  mere  collections  of  vapours  condensed 
about  a  centre.     Five  more  that  I  have  also  observed,, 
were  nearly  of  the  same  nature.     This  throws  a  mys- 
tery  over  their  destination,  which  seems  to  place  them 
in  the  allegorical  view  of  tools,  probably  designed 
for  some  salutary  purposes  to  be  wrought  by  them  ; 
and,  whether  the  restoration  of  what  is  lost  to  the 
sun  by  the  emission  of  light,  may  not  be  one  of  these 
purposes,    I  shall  not  presume  to  determine.     The 
motion  of  the  comet  discovered  by  M.  Mcmcr,  in 
June,  1770,  plainly  indicated  how  much  its  orbit  was 
liable  to   be  changed,  by    the   perturbation   of  the 
planets ;  from  which  and  the  little  agreement  that  can 
be  found  between  the  elements  of  the  orbits  of  all 
^he  comets  that  have  been  observed,  it  appears  clearly 
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tliat  they  may  be  directed  to  carry  their  salutary  in- 
fluence to  any  part  of  the  heavens*.'* 

*  Many  other  interesting  particulars  respecting  the  nature  of 
OGmcts,  the  calculation  of  their  orbits,  &c.  may  be  learnt  by  refer- 
rin'T  to  Newton  s  Principia,  lib.  iii. ;  Dr.  Halley's  Synopm  of  Cwnets, 
in  hiif.  Travs.  No.  218,  or  at  the  end  of  Dn  Gregory's  Jdrommy; 
M.  Sejoiir,  Essai  sur  les  Comkes ;  M.  Pingre's  Comefograpkie ;  Sir 
Henry  EnrrJefieldS  ingenious  work  On  the  Determimtion  oj  the  Orbits 
of  Comets^;  Dr.  Muttons  Mathematical  and  Philosophkal  Dictionary , 
art.  Comet ;  and  M.  Bodes  General  Considerations  on  the  Situation 
of  the  Orbits  of  all  the  Planets  and  Comets  -which  have  hitherto  been 
calculated,  inserted  in  the  Memoirs  of  the  Academy  of  Sciences  at 
Berlin,  from  Aug.  1786  to  the  end  of  1787.  The  most  extensive 
table  for  calculating  the  motions  of  comets  was  computed  by  M. 
de  Lambre;  it  is  inferted  in  Mr.  Vinces  System  of  Astronomy .  A 
smaller  table,  on  the  same  principles,  may  be  met  with  in  M.  de 
fa  Cailles  Astronixmy. 


(  M  ) 


CHAPTER  XXII. 


On  the  Aberration  of  Light* 


Art.  630.  THE  term  aberration  is  applied  In  as- 
tronomy to  a  certain  apparent  motion  of  the  celestial 
bodies,  occasioned  by  the  progressive  motion  of  hght, 
and  the  earth's  annual  motion  in  her  orbit.  This 
apparent  motion  is  so  minute,  that  it  could  never 
have  been  discovered  by  observations,  unless  they 
had  been  made  v/ith  extreme  care  and  accuracy;  and 
although  it  naturally  arises  from  the  combination  of 
the  two  causes  just  mentioned,  yet  as  it  was  never 
even  suggested  by  theorists,  until  it  was  discovered 
by  observation,  it  furnishes  us  with  one  of  the 
strongest  proofs  of  the  truth  of  the  Copernican, 
system.  The  discovery  is  owing  to  the  accuracy 
and  ingenuity  of  the  late  Dr.  Bradley^  astronomer 
royal  *  j  he  was  led  to  it  accidentally  by  the  result  of 
some  careful  observations,  which  he  had  made  with, 
a  view  of  determining  the  annual  parallax  of  the 
fixed  stars,  or  that  which  arises  from  the  motion  of 
the  earth  in  its  annual  orbit  about  the  sun. 

631.  The  nature  of  this  apparent  motion  may  be 
explained  by  the  motion  of  a  line  parallel  to  itself, 
in  a  manner  bearing  a  near  affinity  to  the  explana- 

*  The  history  of  this  discovery  is  related  by  the  doctor  himself  ia 
No.  406  of  the  Philos.  Transact.  ;  or  Abridgment,  vol.  iV.  p.  i5;o» 
It  may  also  be  seen  in  Dr.  Hutton's  Dictionary,  and  Mr.  Fince't 
Astronomy. 
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tions  of  the  composition  and  resolution  of  forces : 
thus,  since  light  has  a  progressive  motion,  let  the 
proportion  of  its  velocity  to  that  of  the  earth  in  her 
orbit,  be  as  the  line  BC  to  the  line  AC  (fig.  4,  PI.  IX.); 
then,  by  the  composition  of  these  tvi^o  motions,  the 
particle  of  light  will  seem  to  describe  the  line  B  A 
or  D  C,  instead  of  its  real  course  B  C  ;  and  will  ap- 
pear in  the  direction  A  B  or  C  D,  instead  of  its  true 
direction  C  B  ;  so  that  if  A  B  represent  a  tube  car- 
ried with  a  parallel  motion  by  an  observer  along 
the  line  A  C,  in  the  time  that  a  particle  of  light 
would  move  over  the  space  B  D,  the  different  places 
of  the  tube  being  A  B,  a  b,  cd,  cT) ;  when  the  eye, 
or  end  of  the  tube  is  at  A,  let  a  particle  of  light  en- 
ter the  other  end  at  B  ;  then  when  the  tube  is  at  a  b, 
that  particle  of  light  will  be  at  e,  exactly  in  the  axis 
of  the  tube  ;  when  the  tube  is  in  the  position  c  d,  the 
particle  will  be  at  /,  still  in  the  axis  of  the  tube  j  and 
when  the  tube  arrives  at  C  D,  the  particle  of  light 
will  arrive  at  the  point  C  the  place  of  the  eye,  and 
will  consequently  appear  as  though  it  came  in  the  di- 
rection D  C  of  the  tube,  instead  of  the  true  direction 
B  C  :  and  so  on,  one  particle  of  light  succeeding 
another,  and  forming  one  continued  ray  or  stream  of 
light  in  the  apparent  direction  D  C.  So  that  the  ap- 
parent angle  made  by  the  ray  of  light  with  the  Hne 
A  P2,  is  D  C  E,  instead  of  the  true  angle  B  C  E  :  the 
difference  of  these  angles,  viz.  BCD,  or  A  B  C,  is 
the  quantity  of  the  aberration. 

632.  Dr.  Bradley  himself  considered  the  matter 
in  the  following  manner  :  He  imagined  C  A  (fig.  5, 
PI.  IX.)  to  be  a  ray  of  light  falling  perpendicularly 
upon  the  line  B  D  :  then,  if  the  eye  were  at  rest  at 
A,  the  object  whence  the  ray  proceeded  must  appear 
in  the  direction  A  C,  whether  light  be  propagated  in 
time  or  in  an  instant.  But  if  the  eye  be  moving 
from  B  towards  A,  and  light  be  propagated  in  time, 
with  a  velocity  that  is  to  the  velocity  of  the  eye,  as 
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AC  to  AB;  then,  light  moving  from  C  to  A,  whilft 
the  eye  moves  from  B  to  A,  that  particle  of  it  by 
which  the  object  will  be  discerned,  when  the  eye  in 
its  motion  comes  to  A,  is  at  C  when  the  eye  is  at  B. 
Joining  the  points  B,  C,  he  supposed  the  line  B  C 
to  be  a  tube,  inclined  to  the  line  B  D  in  the  angle 
D  B  C,  and  of  such  a  diameter  as  to  admit  of  but 
one  particle  of  light :  then  it  was  easy  to  conceive, 
that  the  particle  of  light  at  C,  by  which  the  object 
must  be  seen  when  the  eye  arrives  at  A,  would  pass 
through  the  tube  B  C,  so  inclined  to  the  line  BD, 
accompanying  the  eye  in  its  motion  from  B  to  A;  and 
that  it  would  not  come  to  the  eye,  placed  behind  such  a 
tube,  if  it  had  any  other  inclination  to  the  line  B  D. 
If,  instead  of  supposing  B  C  so  small  a  tube,  we  con- 
ceive it  to  be  the  axis  of  a  larger;  then,  for  the  same 
reason,  the  particle  of  light  at  C  cannot  pass  through 
that  axis,  unless  it  be  inclined  to  B  D  in  the  same 
angle  D  B  C.  .  .  .  In  like  manner,  if  the  eye  move 
the  contrary  way,  from  D  towards  A,  with  the  same 
velocity ;  then  the  tube  must  be  inclined  in  the  angle 
B  D  C.  Although,  therefore,  the  true  or  real  place 
of  an  object  be  perpendicular  to  the  line  in  whicU' 
the  eye  is  moving,  yet  the  visible  place  will  not  be  so; 
since  that  must  doubtless  be  in  the  direction  of  the 
tube.  But  the  difference  between  the  true  and  ap- 
parent place  will  be,  cceteris  paribus,  greater  or  less, 
according  to  the  different  proportions  between  the 
velocity  of  light  and  that  of  the  eye  :  so  that,  if  we 
could  suppose  light  to  be  propagated  in  an  instant, 
then  there  would  be  no  difference  between  the  real 
and  visible  place  of  an  object,  although  the  eye  were 
in  motion ;  for  in  that  case,  A  C  being  infinite  with 
respect  to  A  B,  the  angle  A  C  B,  which  is  the  differ- 
ence between  the  true  and  visible  place,  vanishes. 
But  as  light  is  propagated  in  time,  it  must  be  manifest, 
from  the  foregoing  considerations,  that  there  will 
always  be  si  difference  between  the  true  and  visible 
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place  of  an  object,  except  when  the  eye  Is  raovmg 
either  directly  towards  or  from  it.  And  in  all  cases, 
the  6'hie  of  the  difference  betzteen  the  true  and  visible 
place  of  the  object,  zvill  be  to  the  sine  of  the  visible  in* 
clination  of  the  object  to  the  line  in  wliich  the  eye  is 
77wving ;  as  the  velocity  of  the  eye,  is  to  the  velocity 
of  light. 

6S3,  If  light  moved  only  looo  times  faster  thaa 
the  eye,  and  an  object,  supposed  to  be  at  an  infinite 
distance,  were  really  placed  perpendicularly  over  the 
plane  in  which  the  eye  is  moving,  it  follows,  from 
what  has  been  said,  that  the  apparent  place  of  such 
object  would  always  be  inclined  to  that  plane  in  an 
angle  of  89°  56I' ;  so  that  it  would  constantly  appear 
31'  from  its  true  place,  and  would  seem  so  much  less 
inclined  to  the  plane  that  way  towards  which  the  eye 
tended :  that  is,  if  A  C  be  to  A  B  or  A  D  as  1 000 
to  I,  the  angle  ABC  will  be  89°  ^6^,  the  angle 
A  C  B  3^/,  and  B  C  D,  or  2  A  C  B,  will  be  7',  if  the 
diredion  of  the  motion  of  the  eye  be  contrary  at  one 
time  to  what  it  is  at  another. ...  If  the  earth  revolve 
about  the  sun  annually,  and  the  velocity  of  light  were 
to  that  of  the  earth  as  above  stated,  then  it  is  easy  to 
conceive  that  a  star,  really  placed  in  the  pole  of  the 
ecliptic,  would,  to  an  eye  carried  along  with  the  earth, 
seem  to  change  its  place  continually  ;  and,  neglecting 
the  small  difference  on  account  of  the  earth's  diurnal 
revolution  on  its  axis,  it  would  seem  to  describe  a 
circle  about  that  pole,  every-where  distant  from  it 
by  3^'.  So  that  its  longitude  would  be  varied  through 
all  the  points  of  the  ecliptic  every  year,  but  its  latitude 
would  always  remain  the  same.  Its  right  ascension 
would  also  change,  and  its  declination,  according  to 
the  different  situation  of  the  sun  in  respect  of  the 
equinoctial  points ;  and  its  apparent  distance  from 
the  north  pole  of  the  equator,  would  be  7'  less  at  the 
autumnal  than  at  the  vernal  equinox.  The  greatest 
kilteration  of  the  place  of  a  star  in  the  pole  of  the. 
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ecliptic,  or,  which  in  effect  amounts  to  the  same,  the 
proportion  between  the  velocity  of  light  and  the 
earth's  motion  in  its  orbit,  being  known,  it  will  not 
be  difficult  to  find  what  would  be  the  difference,  on 
this  account,  between  the  true  and  apparent  place  of 
any  other  star,  at  any  time  ;  and,  on  the  contrary, 
the  difference  between  the  true  and  apparent  place 
being  given,  the  proportion  between  the  velocity  of 
light,  and  the  earth's  motion  in  her  orbit,  may  be 
found. 

•  634.  In  nearly  the  above  terms,  the  aberration  is 
accounted  for  by  Dr,  Bradleij.  He  also  relates  the 
result  of  a  number  of  observations,  from  which  he 
found,  that  every  star  appeared  to  describe  a  small 
elHpsis  in  the  heavens,  the  transvere  axis  of  which  is 
nearly  equal  to  40''';  and  from  this  greatest  variation 
in  the  place  of  the  stars,  he  deduces  the  ratio  of  the 
velocity  of  light  to  that  of  the  earth  in  her  orbit,  sup- 
posing both  to  be  uniform,  thus :  in  the  figure  last 
referred  to,  A  C  is  to  A  B,  as  the  velocity  of  light,  to 
that  of  the  earth  in  her  orbit,  and  the  angle  A  C  B  is 
Q,o"  \  so  that  the  ratio  of  those  velocities,  is  that  of 
radius  to  the  tangent  of  id\  or  (since  the  tangent 
has  no  sensible  difference  from  so  small  an  arc),  as 
radius  to  id' :  but  the  radius  of  a  circle  is  equal  to 
an  arc  of  $']4^  nearly,  or  equal  to  106260" ;  there- 
fore the  velocity  of  light  is  to  that  of  the  earth,  as 
206260  to  20,  or  as  1 03 1 3  to  i.  Hence  t^e  time  in 
which  light  will  pass  from  the  sun  to  the  earth  was 
feasily  deduced  :  for  this  time  is  to  one  year,  as  A  B 
or  20^''  to  360°,  or  the  whole  circle ;  that  is,  360°  : 
20'^  :  :  365^:'^  :  S""  7^ ;  therefore  it  appears,  from  this 
discovery  of  Dr.  Ihrnl/cfs,  that  light  passes  from 
the  sun  to  the  earth  in  8  minutes  7  seconds  :  thus 
confirming-,  in  a  very  satisfactory  manner,  the  con- 
clusion of  M.  Roemer  (Art,  509.),  deduced  from  ob- 
servations of  a  totally  different  kind.  \ 

63o,  The  effects  of  aljerration  in  different  circum- 
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stances  may  be  shewn,  and  the  nature  of  the  calcula* 
lions  explained,  as  in  the  subsequent  articles.  Let 
T  L  QJ[  (fig.  6.  PI.  IX.)  be  an  indefinitely  great  circle^ 
representing  the  ecliptic,  with  the  sun  at  its  centre 
S  ;  P  its  pole  ;  C  B  F  D  the  earth's  orbit ;  QJ>  E  T  a 
circle  of  latitude,  passing  through  any  star  E,  deter- 
mining the  longitude  in  T,  and  the  latitude  T  E. 
Let  T  X^be  the  intersection  of  the  plane  of  this  circle 
of  latitude  with  the  plane  of  the  ecliptic.  Suppose 
the  earth's  place  to  be  first  in  C,  and  consequently 
"when  the  star  is  in  conjunction  with  the.  sun ;  now 
having  joined  C  E,  and  drawn  the  tangent  C  c ,  which 
is  perpendicular  to  the  plane  of  the  circle  of  latitude 
T  P  Q^  say,  as  the  velocity  of  light,  to  that  of  the 
earth  (or,  as  radius,  to  20^',  or  to  the  tangent  of  20'''')  ; 
so  is  C  E,  to  C  c.  The  length  of  C  c  being  thus  de- 
termined, and  the  parallelogram  E  C  c  k  constructed, 
the  point  k  is  the  place  in  the  heavens  where  the  im- 
pression of  the  light  will  occasion  the  star  to  appear, 
and  the  celestial  arc  E  k  is  the  stars  aber  ration. 
From  a  like  construction,  made  for  every  point  of 
the  earth's  orbit,  by  applying  a  mode  of  reasoning 
nearly  similar  to  what  was  adopted  in  the  chapter  on 
apparent  motions  ^Chap.  IX.),  we  may  make  the  fol- 
lowing deductions  : 

636,.  I.  Supposing  the  earth's  orbit  circular,  and 
her  motion  uniform,  as  well  as  that  of  light,  then 
all  the  apparent  places  of  the  same  star  must  be 
in  a  circle,  whose  centre  is  the  star's  true  place, 
and  whose  plane  is  parallel  to  the  ecliptic :  conse* 
quently  the  projection  of  this  circle  in  the  heavens 
is  an  ellipsis  whose  greater  axis  is  parallel  to  the 
plane  of  the  ecliptic  (Art.  235.),  its  less  aiis  perpendi- 
cular  to  that  plane,  and  the  former  to  the  latter  in 
proportion  as  radius  to  the  sine  of  the  stars  la" 
titude, 

637.  II.  The  plane  of  a  star's  parallelogram  of 
aberration,  being  determined  by  the  star  and  by  the 
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position  of  a  tangent  to  every  successive  place  of  the 
earth  in  her  orbit,  changes  its  situation  every  instant, 
and  completes  a  revolution  in  a  year :  and  because 
of  the  almost  infinite  distance  of  the  stars  (Art.  683.) 
from  the  sun  and  earth,  the  point  S  may  be  taken  as 
the  earth's  orbit,  and  the  plane  of  the  angle  of  aber- 
ration may  be  supposed  to  turn  on  the  right  line 
E  S,  drawn  from  the  star  to  the  sun,  in  the  same 
manner  as  the  earth  moves  about  the  sun. 

():;:s.  III.  When  the  plane  of  the  parallelogram  of 
aberration  is  become  perpendicular  to  the  plane  TP(^ 
of  the  circle  of  latitude,  which  happens  in  the  fyzigy, 
because  the  tangent  C  c  is  then  perpendicular  to  that 
plane,  the  angle  of  aberration  is  not  in  the  plane 
T  P  Q^;  nor  is  there  then  any  aberration  in  latitude : 
for  this  angle  being  measured  by  the  line  E  /:  parallel 
to  the  ecliptic,  and  perpendicular  to  the  plane  T  P  Q^ 
(y.nd  is  half  the  greater  axis  of  the  elipsis),  it  is  there- 
fore the  arc  of  a  small  circle  parallel  to  the  ecliptic, 
and  passing  through  the  star's  true  place :  then  the 
aberration  is  all  in  longitude^  and  is  a  maximum. 
But  when  the  plane  of  the  angle  of  aberration  coin- 
cides with  the  plane  T  P  (^(vN'hich  happens  when  the 
earth  has  run  through  90°  from  the  syzygy,  and 
consequently  where  the  star  is  in  quadrature  with 
the  sun),  the  angle  of  aberration  then  is  xvholly  in  lU" 
titude ;  and  the  star  being  at  the  extremity  of  the 
minor  axis  of  its  ellipse,  the  aberration  in  latitude  is 
a  ma  liman/,  but  it  is  evidently  nothing  in  longitude. 
In  other  positions  of  the  plane  of  this  angle,  the 
aberration  is  divided,  partly  in  longitude  and  partly 
in  latitude,  much  in  the  same  way  as  a  force  obHque 
to  a  plane.  When  the  star  is  in  conjunction,  its  ap- 
parent place,  reduced  to  the  ecliptic,  will  diminish 
the  longitude  ;  but  when  it  is  in  opposition,  its  ap- 
parent place  by  aberration  increases  the  longitude : 
hence  the  iongitudc  is  the  greatest  wh^n  the  star  is  in 
oppof^tiojf,^  and  least  when  in  conjunction*     As  to  the 
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latitude^  It  Is  least  in  quadrature  before  opposition, 
find  greatest  in  the  quadrature  aj  ter. 

6S9'  If  a  circle  of  declination  R  V  X  be  conceived 
to  pass  through  the  star  E,  consequently  crossing  its 
ellipsis  of  aberration  by  passing  through  the  centre ; 
it  is  man.' f est  that  when  a  star  appears  at  the  points 
where  that  circle  intersects  the  ellipsis,  it  will  have  no 
aberration  in  right  ascension^  since  its  true  and  ap- 
parent place  will  be  in  the  same  circle  of  declination  : 
and  when  the  star  is  in  the  points  where  its  ellipsis  of 
aberration  is  intersected  by  a  diameter  perpendicular  to 
the  circle  R  V  X,  it  will  have  ??o  aberration  in  decluia' 
tior/p  because  its  true  and  apparent  place  will  be  in  the 
same  parallel  to  the  equator.  But  all  circles  of  de^ 
clination  being  oblique  to  the  ecliptic,  the  star  does 
not  pass  from  the  term  of  no  aberration  in  right  ascen- 
sion, to  that  of  no  aberration  in  declination,  in  the 
time  the  earth  describes  90^  of  her  orbit ;  conse- 
quently the  aberration  is  not  absolutely  nothing  in 
declination  when  it  is  greatest  in  right  ascension  j  and 
Teciprocally. 

640,  The  aberrations  of  a  star  for  a  given  Instant 
may  be  readily  determined  thus  :  In  a  circle  d  k  b  f 
(fig.  7,  Pi.  IX. )  let  an  horizontal  diameter  d  h  repre- 
sent that  portion  of  a  parallel  to  the  ecliptic,  in  the 
midst  of  which  at  E  is  the  star's  true  place  ;  and  let 
the  vertical  diameter  kf  represent  a  portion  of  its 
circle  of  latitude.  Now,  beginning  at  the  point  E, 
divide  the  radii  E :/,  E  A,  into  as  many  equal  parts, 
or  seconds,  as  are  found  by  this  analogy  ;  as  co-sine 
of  the  star's  latitude^  to  radius-,  so  are  id',  to  the 
number  sought :  for  the  arcs  E  ^,  Y.  h,  of  the  small 
circle,  will  thereby  be  divided  into  the  number  of  se* 
conds  they  contain.  Divide  the  radii  E  k,  Y.f,  into 
parts  of  10"  each,  because  they  are  arcs  of  a  great 
circle:  also  divide  the  circumference  of  the  circle 
into  signs  and  degrees,  making  the  point  d  answer 
to  the  star's  longitude :  write  the  signs  in  their  order, 
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going  from  right  to  left  in  the  upper  part  of  the  cir- 
cle, and  makiiig  ci  mark  the  west,  Ij  the  east,  A-  the 
north, y   the  south.     In  E/,  take  E  C  to  E  A,  as 
the  sine  of  the  star's  latitude  is  to  radius  ;  and  on  the 
axes  b  i'/,  C  D,  describe  the  ellipsis  0  C  .•  D,  which 
will  evidendy  be  the  projection  of  the  star's  circle  of 
aberration.     Suppose,  now,  that  this  ellipsis  is  made 
for  a  star  whose  longitude  is  1 2°  in  « ,  and  latitude 
36°  north,  the  sun  being  at  the  given  instant  in  14° 
IV.,     From  the  point  m,  answering  to  the  sun's  place 
on  the  circle,  d  aw  f?i  N  perpendicular  to  b  i/,  and 
the  point  M  of  the  ellipsis  is  \  upon  the  known  prin- 
ciples of  projection)  the  star's  apparent  place  :  then 
MP,  or  NE  its  equal,  perpendicular  to  CD,  is  the 
aberration  in  longitude,  or  the  quantity  of  seconds 
the  star  appears  more  to  the  east  than  it  really  is ;  and 
M  N  iz  E  P  is  the  star's  aberration  in  latitude.    From 
this  construction  we  may  easily  deduce  the  following 
rules:  the  continual proaiict  of  id',  the  nine  of  the 
stafs  latitude   (to  radius  1),  and  the  sine  of  the 
earth*  s  distance  from  the  syzygy,  is  the  aherratmi  in 
latitude  %  and,  the  product  of  20",  into  the  cosine  of 
the  ear  til's  distance  J  rom  -'iyzygy,  divided  by  the  cg- 
nine  of  the  star's  latitude,  is  the  aherratien  in  lon^ 
gitude, 

64),  To  find  the  aberration  in  right  asceusioji  and 
declination,  we  must  first  determine  the  situation  of 
the  star's  circle  of  declination  with  respect  to  its  cir- 
cle of  latitude  :  to  accomphsh  which,  let  m  (fig.  4, 
Pl.  II.)  be  the  star's  true  place  in  the  heavens,  E  Q_ 
the  ecliptic,  N  and  S  its  poles,  H  R  the  equator,  Z 
and  A  its  poles,  H  Z  R  A  the  solstitial  colure ;  then, 
taking  the  instance  mentioned  in  the  last  article,  /;  m 
will  be  the  star's  latitude,  and  m  N  =  54°  the  com- 
plement of  the  latitude,  the  arc  E  /;  or  angle  Z  N  iJt 
is  48°,  being  the  nearest  distance  of  12*^  in  «  to  the 
solstitial  colure.  and  ZN  =  23^  2%',  the  obliquity 
of  the  ecliptic  to  the  equator,  or  the  distance  of  th^ 
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poles  of  those  two  circles ;  hence,  kliowing  the  two 
sides  7n  N,  N  Z,  of  the  oblique  spherical  triangle 
m  N  Z,  and  their  included  angle,  we  find  inX  =  /^i% 
the  complement  of  the  star's  declination,  and  Z  m  N 
e=  26*^  50',  the  quantity  which  the  north  part  ;//  Z  of 
the  star's  circle  of  declination  is  to  the  east  of  its  cir- 
cle of  latitude  p  N.  Therefore,  draw  the  diameter 
F  G  (fig.  7,  PL  IX.),  making  to  the  east  of  E  /;  the 
angle  /c  E  F  z=  26°  50',  this  will  represent  the  star's 
circle  of  declination ;  let  its  radii  11  F,  EG,  be  di- 
vided into  parts  of  20^'  each  ;  draw  perpendicularly  to 
F  G  the  diameter  I  H,  representing  a  portion  of  the 
parallel  to  the  equator  passing  through  the  star  ;  the 
radii  EI,  EH,  of  which  must  be  divided  into  as 
many  seconds  as  are  found  by  this  analogy,  as  ca-sine 
of  the  star's  declination,  to  radius ;  so  art  20'^,  to  the 
number  sought ;  this  will,  in  the  present  case,  be  '^of. 
Then,  drawing  M  L,  M  Q^  respectively  perpendicular 
to  F  G,  I H,  we  have  E  Q^zz  M  L,  for  the  measure 
of  the  aberration  in  right  ascension ;  and  E  L  zr 
M  Q,  for  that  of  the  aberration  in  declination, 

6^z,  As  it  is  frequently  necessary  in  practical  as- 
tronomy to  calculate  the  aberrations  in  right  ascension 
and  declination,  we  add  the  following  rules  for  this 
purpose* : 

For  the  right  ascension.  Seek,  in  the  astrono- 
mical tables,  that  point  of  the  ecliptic  which  corre- 
sponds, to  the  point  of  the  equator  marked  by  the 
right  ascension  of  the  star  ;  this  point  (which  call  N) 
is  always  that  wherein  the  sun  being  found,  the  aber- 
ration makes  the  apparent  right  ascension  the  least : 
take,  in  the  same  tables,  the  angle  made  by  the  ecliptic 
and  a  meridian  passing  through  that  point  N ;  and 

*  The  demonstration  of  these  rules  may  be  seen  in  MsiSimpson^s 
Essaj^s;  also  in  the  Memoirs  of  the  Royal  Academy  of  Sciences,  for 
1737,  and  1746,  where  the  snbject  of  aberration  is  treated  upon  in 
a  very  able  manner  by  M.  Clairaut.  The  subject  is  also  very  in- 
geniously discussed  in  La  Lamdcs  Astronomy,  vol.  III.  p.  173 — aio. 
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say,  as  the  product  of  the  radius  into  the  co-sine  of 
the  star's  declination^  is  to  the  product  of  the  co.si?ie 
.0  the  sun's  distance  from  the  point  N,  into  the  sine 
of  the  angle  hetiveen  the  ecliptic  and  meridian  of  N ; 
so  are  20'',  to  the  aberration  in  right  ascension,  which 
is  additive  or  subtractive,  according  to  the  position  of 
the  sun  with  respect  to  the  point  N. 

64 J.  For*.the  declination.  Take  from  the  tables 
the  declination  of  the  point  N,  and  say,  as  the  tangent 
of  the  sum  of  the  declinations  cf  the  star  and  the 
point  N  (if  of  different  names),  or  of  their  difference 
(if  ,of  the  same  name),  is  to  the  co-sine  of  the  star's 
right  ascension ;  so  is  the  sine  of  the  obliquity  of  the 
ecliptic,  to  the  cO- tangent  of  an  arc,  zvhich  is  the  dis- 
tance '  bettveen  the  point  N  in  the  ecliptic,  inhere 
the  aberration  in  right  ascension  makes  this  right 
^fiscension  the  least,  and  that  point  (T)  of  the  ecliptic 
in  zvhich  the  sun  is  found  wlien  the  aberration  in  de- 
clination  causes  the  declination  to  be  the  least. 

The  point  T  is  obtained,  by  subtracting  the  arc 
found  from  the  place  of  N,  if  the  right  ascension  of 
the  star  is  proceeding  0°  to  90°,  with  south  latitude 
and  north  declination  ;  or  from  180°  to  270°  with 
north  latitude  and  south  declination :  but,  if  the  de- 
clination and  latitude  be  both  north,  and  the  right  as- 
.  censionis  between  270°  and  90°  ;  or  between  90^  and 
2^0%  having  latitude  and  declination  both  south ; 
then  T  is  found  by  adding  this  arc  to  the  place  of  N. 
On  the  contrary,  the  supplement  of  the  said  arc  fron^ 
the  place  N  must  be  subtracted,  if  the  i  ight  ascen- 
sion is  between  90°  and  180°  with  south  latitude  and 
north  dechnation ;  or  between  270°  and  360°  with 
north  latitude  and  south  declination :   or,  the  siip' 
plement  of  this  arc  from  the  place  N,  must  be  added,^ 
if  the  right  ascension  is  between  270°  and  90°,  with 
latitude  and  decHnation  both  south  ;  or  between  90*^ 
and  270°,  with  latitude  and  declination  both  north. 
Th^n  say,  as  the  product  of  the  radius  into  the 


428       Aberration  as  it  regards  the  Planets* 

sine  of  the  distance  NT,  is  to  the  product  of  the 
co-sine  of  the  suji's  distance  Jrvm  the  point  T,  into 
the  sine  of  the  sum^  or  diference,  of  the  declinations 
of  the  star  aiid  point  N;  so  are  io'\  to  the  aberra- 
tion in  declination:  which  is  easily  applied  to  the  true 
declination  of  the  star,  according  to  its  situation  in 
regard  to  the  sun. 

644.  It  will  be  manifest,  from  the  preceding  ac- 
count of  aberration,  that  even  with  respect  to  the 
planets,  it  may  produce  effects  which  are  not  entirely 
to  be  disregarded*.  A  planet,  considered  as  affected 
by  aberration,  appears  in  the  place  where  it»  should 
have  appeared  at  that  instant  which  precedes  the  time 
of  observation,  by  the  interval  of  time  occupied  by 
light  in  passing  from  the  planet  to  the  earth.  In 
the  sun,  the  aberration  in  longitude  is  constantly  20'''', 
that  being  the  space  moved  by  the  sun,  or  rather  by. 
the  earth,  in  the  space  of  8™  7%  which  is  the  time 
employed  by  light  in  passing  from  the  sun  to  the 
earth.  And,  knawing  pretty  nearly  the  distance  of 
a  planet  from  the  earth  at  any  time,  we  shall  have,  as 
the  distance  of  the  sun,  to  that  of  the.  planet ;  so 
are  8™  7^  to  the  time  of  light  passing  from  the  smi 
to  the  earth  :  then,  computing  the  planet's  geocentric 
motion  in  this  time,  in  longitude,  latitude^  7'ighf  as- 
cension^  or  declination,  it  will  be  the  planel*s  aberra^ 
tion\  for  whichever  of  these  the  geocentric  motidh  wfes 
calculated  ;  and  it  will  be  subtractive  or  additive,  ac^ 
cording  as  the  planet's  motion  is  direct  or  retro- 
p'ade. 

645.    It  is   evident   that    the    aberration  will   be 

■  *  A  quantity  of  aberration  is  occasioned  by  the  diurnal  rotation 
of  the  earth,  but  whether  \vc  consider  it  with  respect  to  the  sun, 
.planets,  or  fixed  stars,  it  is  too  small  to  be  perceptible  :  for,  in  the 
apace  of  eight  minutes,  a  point  on  the  earth's  surface  moves  through 
32'  of  a  degree  j  and  since  small  optic  angles  are  nearly  as  the  dia- 
meters they  subtend,  it  is,  as  radius  :  sine  32' :  :  8*"75  (sun's  »a<« 
yallax)  :  4*  '88,  the  maximum  of  aberration  (rom  this  cauee, 
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greatest  in  the  longitude,,  and  very  small  in  latitude, 
because  the  planets  deviate  in  a  very  small  degree  from 
the  plane  of  the  ecliptic,  or  path  of  the  earth ;  on 
this  account,  the  aberration  in  the  latitudes  of  the 
planets  is  commonly  neglected  as  nearly  insensible  ; 
the  greatest  in  mercury  being  only  4-j*,  and  it  is 
considerably  less  than  this  in  the  other  planets.  As  to 
the  aberrations  in  declination  and  right  ascension, 
they  must  depend  on  the  position  of  the  planet  in  the 
Igodiac.  The  aberration  in  longitude,  being  deter- 
mined by  the  geocentric  motion,  will  be  nothing  at 
all  when  the  planet  is  stationary ;  and  greatest,  in  the 
super ioicr  planets  when  they  are  in  oppusition  to  the 
sun,  but  in  the  inj'eriour  planets  when  they  are  in: 
their  supcriour  conjunttiou.  These  maxima  of  aber- 
ratjion  for  the  several  planets,  when  their  distance 
from  the  sun  is  least,  are  as  follow :  gtorgium  siclus^ 
2f',  satur)!^  if ;  Jupiter^  i^''"^-,  mars,  37 '^^8; 
'venus,  4y''^2  ;  mercury,  59'' :  the  viooii,  ^'.  Be- 
tween these  quantities  and  nothing  the  aberrations  in 
longitude,  of  the  respective  planets,  vary  according 
to  their  situations.  And  as  to  the  aberration  of  the 
sun,  in  longitude,  although  it  varies  not  (as  before 
observed),  yet  it* causes  a  variation  in  the  aberration  in 
declination,  which  is  greatest  (about  ^"')  at  the  equi- 
noxes, where  the  sun's  motion  is  most  inclined  to 
the  equator ;  and  is  least  ( or  absolutely  nothing)  in 
the  solstices,  where  the  sun's  motion  in  the  ecliptic  is 
lor  a  short  time  parallel  to  the  equator.  From  what 
is  heffe  shewn  respecting  the  aberrations  of  the  planets, 
it  follows,  that  where  great  accuracy  is  required,  they 
must  be  attended  to  in  calculating  the  times  of  tran* 
sits  and  other  celestial  appearances*. 
'"» 

•  Dr.  Bradley,  by  his  continued  observations  on  the  stars,  per- 
ceived each  year^the  period  of  the  aberrations  confirmed,  according 
to  the  rules  he  had  lately  discovered  :  but  besides  this,  he  found 
from  year  to  year  other  differences,  the  consideration  of  which  led 
h'lm  to  another  brilliant  discover)'^  that  of  the  nutation  of  the  earth's 
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646.  Scholium.  The  aberration  of  light  has  been, 
considered  by  some  philosophers,  in  a  manner  rather 
different  from  that  of  Dr.  Braainj.  About  the  year 
1767,  Mr.  Patrick  iV'ilson^  assistant  professor  of  as- 
tronomy at  Glasgow,  entertained  an  idea  that  the  aber- 
ration of  the  fixed  stars  indicated  the  proportion  be- 
tween the  orbital  velocity  of  the  earth,  and  the  velo- 
city of  light  in  the  ritreous  humour  of  the  eye.  This 
opinion  soon  led  him  into  various  discussions,  and  in 
particular,  made  him  suppose,  that  the  aberration  of 
the  fixed  stars,  when  determined  by  observations 
made  with  a  telescope  ////e«  with  zratcr,  would  be  dif^ 
ferent  from  the  aberration  ascertained  by  observations 
with  a  common  telescope.  About  the  year  1775, 
Mr.  JVilso},  felt  inclined  to  embrace  an  opinion  (which 
has  been  started  by  various  ingenious  men  at  differ- 
ent times),  that  the  centre  of  the  solar  system  was  in 
motion,  and  in  1777,  communicated  to  Mr.  Projessor 

axis.  This  nutation  is  a  kind  of  llbratory  motion"of  the  earth's  axis, 
by  which  its  inclination  to  the  plane  of  the  ecliptic  is  continually 
varj'-ing  backwards  and  forwards,  by  a  small  number  of  seconds. 
The  whole  extent  of  this  change  in  the  inclination  of  the  axis,  or, 
which  is  a  consequence  of  it,  in  the  apparent  declination  of  the  stars, 
is  about  19 ",  and  the  period  n't  the  change  is  little  more  than  nine 
years  ;  or,  the  space  of  time  from  its  setting  out  from  any  point. and 
returnino-to  the  same  again,  about  eighteen  years  and  seven  months, 
being  the  same  as  the  period  of  the  moon's  motions  ;  on  which,  in- 
deed, it  chifclty  depends  :  being  the  effect  of  the  inequalities  of  the 
joint  action  of  the  sim  and  muun  upon  the  spheroidal  figure  of  the 
earth,  by  which  its  axis  is  made  to  revolve  with  a  conical  motion, 
so  that  the  extremity  of  it  de.scribes  ||,sniall  ellipsis,  hav;ng  ^  dia- 
meters I9'''i  and  I4'"2,  each  revolution  being  performed  rnf  the 
time  above  mentioned.  This  is  a  natural  consequence  (|f  the  New- 
tonian system  yf  universal  attraction,  and  had  been  hinted  at  by 
some,  ever  since  the  publication  of  the  Piincipia;  but  for  Dr. 
Bradley  was  reserved  the  honour  of  establishing  the  fact,  a^d  thus' 
confirming  (In  a  manner  beyond  controversy)  the  truth  of  the  prin- 
ciples which  Nncton  had  laid  down. 

For  more  on  the  subject  of  nutation,  see  PJiiles.  Transactions^ 
1748;  Tfr.  Maskeh/ne's  Astronomical  Observations,  'i']'j6;  D'Alem- 
lert  Recherches  siir  la  Vrccession  dcs  Equinoxes ;  and  La  Lande's  As" 
tronomv,  vol.111,  p.  210 — 226. 
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Rohison,  and  others,  a  paper  on  this  subject.  The 
water-telescope  had,  by  this  time,  become  familiar  to 
his  thoughts ;  and  it  occurred  to  him,  that  it  might 
be  employed  for  deciding  this  important  question,  and 
even  for  determining  the  direction  and  velocity  of  this 
motion,  by  means  of  the  dijfference  between  the  ob- 
served aberration  of  the  fixed  stars,  and  the  aber- 
ration which  should  result  from  the  earth's  orbital 
motion  alone.  But  various  objections  and  difficulties 
occurred  in  the  prosecution  of  this  attempt ;  and  Mr. 
JViLson  soon  after  thought  of  a  different  method,  which 
as  it  may,  perhaps,  at  some  future  period,  lead  to 
the  discovery  of  some  terrestrial  or  celestial  motions 
with,  which  we  are  at  present  unacquainted,  is  here 
described. 

If  the  earth  be  carried  towards  a  fixed  star,  with  a 
great  velocity,  and  the  rays  from  the  star  be  made  to 
deviate  a  little  by  an  achromatic  prism,  it  will  follow, 
that  a  constant  angle  of  incidence  will  give  different 
angles  of  total  deviation,  according  to  the  velocity  of 
the  motion,  and  this  difference  will  be  both  real  and 
apparent.  Therefore,  i .  Let  the  telescope  of  a  meri- 
dional quadrant  be  furnished  with  a  prism,  refracting 
a  few  degrees  in  altitude  ;  then  search,  by  meridional 
observations,  for  such  stars  as  exhibit  altitudes  incon- 
sistent with  Dr.  Bradley  &  observations ;  the  differ- 
ences will  indicate  an  aberration  caused  by  a  motion  of 
the  earth,  different  from  its  orbital  motion  round  the 
sun :  if,  after  the  variations  occasioned  by  nutation 
(Art.  645.  7iotc)  are  allowed  for,  there  still  remain 
some  number  of  seconds,  or  parts,  they  will  indicate 
some  motion  of  the  earth  of  which  we  have,  as  yet, 
no  knowledge. 

2.  Furnish  a  telescope  with  a  plain  mirrour,  in- 
clined to  its  axis  in  an  angle  of  45°,  and  a  series  of 
jfchromatic  prisms  refracting  90°.  Suppose  the  tele- 
scope to  be  directed  to  a  point  of  the  heavens  90^ 
distant  from  a  star  which  is  viewed  through  it :  sup- 
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pose  also,  the  earth  to  be  at  rest,  and  the  images  o£ 
this  star,  formed  by  the  refracted  and  by  the  reflect- 
ed light,  to  coincide :  then  suppose  the  earth  to  be 
in  motion  towards  this  star  j  the  images  will  sepa- 
rate, both  on  account  of  a  change  in  the  total  de- 
viation of  the  refracted  light,  and  likewise  on  ac- 
count of  a  transverse  aberrat  .on,  to  which  the  re- 
fracted image  is  liable,  by  the  motion  of  the  tele- 
scope. 

3.  If  a  long  achromatic  telescope  be  directed  to 
a  fixed  star,  towards  which  the  earth  is  moving,  the 
focal  distance  will  be  lengthened ;  and  the  contrary. 
The  augmentation  may  indeed  be  very  small,  but  an 
observer,  well  acquainted  with  optics,  will,  on  a  little 
consideration,  be  able  to  apply  such  means  of  in- 
creasing it,  as  to  render  it  sensible. 


(     433     ) 
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Art.  647.  BECAUSE  the  latitudes  and  longi- 
tudes of  most  of  the  principal  places  in  this  kingdom 
are  determined  with  tolerable  accuracy,  they  have 
been  assumed  as  known  in  many  of  the  discussions 
in  the  preceding  part  of  this  treatise  :  but  as  there  are 
many  places  upon  the  earth,  and  indeed  in  England, 
respecting  which  these  particulars  are  not  ascertained, 
the  determination  of  them  is  of  considerable  import- 
ance to  geography  and  navigation  as  well  as  astro- 
nomy ;  various  methods  of  finding  each  are,  there- 
fore, here  explained. 

6*4  ^^  Since  the  latitude  of  a  place  on  the  earth,  is 
its  distance  from  the  equator,  measured  on  an  arc  of 
the  meridian  passing  through  it  (Art.  19.),  the  most  , 
simple  method  of  determining  the  latitude  is,  to  take 
the  meridian  altitude  of  the  sun's  centre,  when  it  is 
in  the  equator  (i.  e.  in  the  first  point  of  Aries  or  Li- 
bra), or  the  meridian  altitude  of  a  star  which  has  no 
dechnation ;  then  the  complement  of  the  meridian 
altitude  is  equal  to  the  latitude  of  the  place.  For,  in 
fig.  7,  PI.  I.  if  H  R  represent  the  horizon,  E  Q^the 
equator,  Z  the  zenith  of  the  place,  Z  H  A  R  the  me- 
ridian ;  the  latitude  of  the  place  will  be  E  Z,  and  this 
is  manifestly  equal  to  the  complement  of  H  E,  the 
.  altitude  of  the  equator.  In  this  method,  and  like- 
wise in  the  following  ones,  the  proper  allowances 
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must  be  made  for  refraction,  dip  of  the  horizon  (Art* 
6 80.)  J  and  the  sun*s  semidiameter,  when  the  altitude 
of  either  its  upper  or  lower  limb  is  taken. 

649.  But,  since  the  sun  is  in  the  equator  only  on 
two  days  in  the  year  (and  then,  perhaps,  not  exactly 
at  noon),  and  there  are  very  few"  stars  in  the  equator 
upon  which  observations  can  be  made  j  we  may  more 
generally  find  the  latitude  by  means  of  the  correct 
zenith  distance  of  the  sun's  centre,  when  on  the  me- 
ridian, its  declination  being  known  ;  or  the  correct 
zenith  distance  when  on  the  meridian  of  any  star 
whose  declination  is  known :  for,  if  the  zenith  dis- 
tance and  declination  are  both  north,  or  both  south, 
add  them  together  ;  but  if  one  be  north,  and  the  other 
fouth,  subtract  the  less  from  the  greater,  and  the 
sum  or  difference  will  be  the  latitude,  of  the  same 
name  with  the  greater.  The  truth  of  this  rule  may 
be  shewn  by  referring  to  fig.  7,  PI.  I.  where  H  R, 
E  Q,  and  Z,  represent  as  in  the  last  article :  then, 
1st,  when  the  zenith  distance  and  declination  are  both 
north,  or  both  south,  let  a  be  the  place  of  the  sun, 
or  star,  on  the  meridian,  and  E  a  its  declination ;  a  Z 
-|-  ^/  E  zz  E  Z  the  latitude :  sdly,  when  the  zenith 
distance  and  declination  is  one  north,  the  other  south; 
if  the  zenith  distance  be  greater,  let  c  be  the  place  of 
the  sun,  or  star,  on  the  meridian,  then  c  Tj,  (its  zenith 
distance^  —  r  E  ( its  declination)  zz  E  Z  the  latitude  ; 
but  if  the  declination  be  greater  than  the  zenith  dis- 
tance, as  when  the  star  is  at  //,  then  E  y  (the  declina- 
tion) —  Z  j/  (the  zenith  distance)  =  E  Z  the  lati- 
tude. 

The  latitude  may  be  found  in  a  similar  manner, 
from  the  observed  meridional  altitude  of  the  moon's 
upper  or  lower  Kmb  ;  but  farther  corrections  will  be 
necessary  for  the  moon's  parallax,  and  her  altitude, 
and  great  care  must  be  used  to  obtain  the  declination 
accurately. 

650.  The  latitude  may  be  found  very  readily  by 
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observations  upon  a  circumpolar  star,  when  on  the 
meridian  both  above  and  below  the  pole  ;  for  half  the 
sum  of  the  two  meridian  altitudes  will  be  equal  to  the 
latitude.  Thus,  let  j/  2:  ffig  7,  PL  I.)  be  the  parallel 
of  declination  in  which  the  star  appears  to  move,  7f 
the  star*s  place  when  on  the  meridian  above  the  pole 
N,  z  its  place  below  the  pole ;  then  R  j/  -}-  R  sn 
RN  +Nj/  +  RN— N;i(=N3r)=  2  R  N,  and 

consequently  -^-^ —  =  R  N  =  E  Z  the  latitude. 

65 1 .  It  may  sometimes  happen  that  the  latitude  of 
a  place  may  be  required,  when  some  particular  cir- 
cumstances prevent  the  adoption  of  either  of  the  pre- 
ceding methods  :  in  such  cases,  other  methods  may 
be  had  recourse  to,  a  few  of  which  we  shall  explain 
by  examples,  as  below : 

Suppose  that,  in  a  certain  northern  latitude  the 
sun's  azimuth^  at  slv  o'clock  in  the  mornings  zoas  0^- 
served  to  be  13'^  20'  from  the  east  northward,  and 
iiiat  the  sun  was  due  east,  at  7^  6™  the  same  maiming) 
what  zvas  the  real  latitude  of  the  place  of  obser- 
vation ? 

In  fig.  4,  PI.  II.  where  a  b  represents  the  parallel 
in  which  the  sun  appears  to  move,  e  will  be  his  place 
at  six  o'clock,  zv  his  place  when  due  east,  and  the  an- 
gle u  O  iv  the  latitude  which  we  wish  to  determine  : 
for  this  purpose  we  may  use  the  spherical  triangle 
wOrr,  cO//,  the  first  right-angled  at//,  the  other 
at  n.  Put  .9  rz  '2840153  the  sine  of  //  O  =:  16"  30', 
the  distance  from  6,  measured  on  the  equator  at  15* 
to  an  hour;  t  zz  '2370044  the  tangent  of  O  n  zz 
13°  20',  the  sun's  azimuth  at  six  o  clock ;  j'  —  tan- 
gent of  u  w  the  sun's  declination ;  then  •  is  the  co» 
tangent  of  w  u  or  of  O  e  :  let  7/  n:  sine  of  m  O  w', 
then  v/i  —  j/2,  and  — LZIiL  ^vvill  be  the  co-sine  and 
co-tangent  of  w  O  iv»   In  the  triangle  u  O  w,  it  will  be 
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as  tang*  u  w  :  radius  :  :  sine  u  O  :  co-tangent  u  O  a', 

that  is,  .r  :  1  :  :  ^  :  — — —',  hence  sy  =:  ^r  ^/i — y^' 
And  in  the  triangle  eO  n,  co-tang,  e  O  :  radius : :  co- 
sine eO  n  '  tang.  O ;/,  that  is  -  :  i  :  :  \/i  — y^  :  t ; 

whence  t  zz  x<^i  — j/2 :  therefore,  sy  and  t,  be- 
ing equal  to  the  same  expression,  are  equal  to  each 

other,  I.  e.  s  y   ■=:   t,    or   y  —  -■  =  '8344775  zz 

sine  of  ^6°  33'  41^  the  latitude  required.  And  from 
this  we  may,  if  required,  find  the  sun's  declination, 
by  saying,  co-tang,  latitude  :  radius  :  :  sine  16^  30^ 
:  tang.  23°  16'  the  declination. 

6"d-'.  0)ie  morning  in  .spring,  the  sun's  azimuth 
at  sid'  o'clock  was  obser^ced  to  be  9°  ^^',Jrom  the  east 
northward^  and  his  altitude  ichtn  due  east  19°  ^6'. 
Required  the  latitude  oj'  the  place,  and  the  sun's  dc- 
clination  ? 

Here  we  refer  to  the  same  figure  as  in  the  last 
article,  and  put'  s  zz  '3409265  the  sine  of  O  rf,  the 
sun's  altitude  when  east ;  t  zz  '1748277  the  tangent 
of  O  y/,  the  sun's  azimuth  at  six  o'clock;  and  jc  =  the 
sine  of  the  latitude.  Then,  in  the  triangle  u  O  w, 
we  have  i  '.  s  \  \  d  '.  s  .v  zr  sine  of  u  w  the  sun's  de- 
clination ;  therefore     '~^''^-  zr  co- tangent  of  u  ?r,  or 

S  X 

of  O  e.  Also,  in  the  triangle  e  O  n,  we  have,  tangent 
O  ?i  :  co-sine  e  O  n  :  :  radius  :  co-tang.  O  e,  that  is, 

t  :  \/i  —.i^  :  :  I  :  ^^iiZZilf!:   therefore  \/  i  —  .i  * 


—— — t—L,  which  reduces  to  s^  .v'^  —  s'^ .v^ zzt"^—^ 


s*- 1^  a%  or  a 4  —  t^  +  I  X  ^^^  =  —  — .    Substitute 


2  m  for  t^  +  I,  then  d^  —  2  w  .i'^  ~ ^  j  whence, 

t>y  completing  the  square,   &c.  x  =z 
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J 


m  +  V^?«^  —  ^iz  7521853,  the  sine  of  48°56'48* 
the   latitude   required  :    and  s  a\    or   sine  u  zv    zz 

/           /~^~^ 
Ss/  ?/z  +  ^  mz ;— '2564399,  izsineof  i4°5i'32' 

the  sun's  declination  north. 

65s.  At  a  ctrtain  place  in  north  latitude,  the  sim 
was  obsei^ced  to  rise  exactly  at  Jour  o'clock,  and  at  si.v 
o'clock  the  same  morning  his  altitude  zcas  jound  to 
be  1 7°  30' :  zchat  are  the  latitude  of  the  place,  and 
the  sun^s  decimation  ? 

Referring  still  to  the  same  figure,  we  make  use  of 
the  spherical  triangles  O  eii,  O  i  z,  right  angled  at  n 
and  c  respectively.  Put  a  =  '3007058  the  sine  of  n  e, 
the  sun's  altitude  at  six  o'clock;  dzz-^  =  sine  of  O  cr, 
his  ascensional  difference ;  and  .v  =  sine  of  e  O  // 

the  latitude  j   then  ^-— -  -  =  tang,  of  the  latitude. 

But,  sine  e  O  n  :  sine  n  e  :  :  radius  :  sine  O  e,  or  sine 

zi,  the  sun's  declination,  that  is,.r:  a  :  :  i  :  -  ;  there- 

r- 


fore  the  tan?,  z  i  =•—  -f-v/i 1  =      .-  " 

And  in  the  triangle  z  i  O,  it  will  be  co-tangent  ^  O  ^  : 
sine  O  c  :  :  radius  :  tang,  z  i,   that  is      -     ' —  :  d 

: :  I  :    / ;  therefore  ~~^  =  d\/d'  —  a\ 

and,  bv  reduction,  .r4  +  -  —  a*  —  i  X  ^'^  =  —  a"^. 
By  substituting  —  2  wz  for  -^  —  «^  —  i ,  we  get  a* 
' —  ^  ^^^  >y^  =  —  fi'^,  which  equation  solved,  gives  .v  = 

J  m  ±^m''  —  a^  ==  75506556,  or  -3982152;  the 
former  of  these  is  the  sine  of  49°  1'  5  V\  and  the  latter 
to  23  Q  28',  either  of  which  would  be  the  latitude  ac- 
cording to  the  equation :    but  since  the  sun  nevet 
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rises  so  early  as  four  o'clock  (or  indeed  so  early  as 
five)  at  either  of  the  tropics,  the  first  of  these  num- 
bers, viz.  49°  i'5i^'',isthelatitude;and— =  '3982152 

=  sine  23°  28' the  declination. 

6^4.  On  a  certain  day  in  the  forenoon ^  the  mn's 
allitude  ivas  obaerced  ^0  /?e  33°  41'  40''',  and  his  azi- 
muth from  the  north  io2<'  40'  52'''' ;  sume  time  after ^ 
on  the  same  morning,  his  altirude  was  found  48°  46^ 
^2!\  and  azimuth  134°  39'  ^&\  From  hence  the  lati^ 
tiule  is  required,  being  north. 

From  these  data,  an  expression  for  the  latitude  (or 
for  the  declination,  and  time  of  the  day,  if  required) 
maybe  best  deduced  by  the  followingCoNST  .tUC  i  I'^n, 
With  radius,  =  sine  of  90°,  describe  the  primitive 
circle  on  the  plane  of  the  meridian  H  Z  H  N  ;  (fig.  8, 
PI.  IX.);  draw  HH  through  the  centre  for  the  ho- 
rizon, and  Z  N  at  right  angles  thereto  for  the  east  azi-. 
muth  :  with  the  versed  sines  of  101°  4c'  ^2",  and  134^ 
39'  ^6"  set  off  H  and  H  T;  and  with  the  sines  of  33** 
41'  40'",  and  48°  4.6'  53'^,  lay  down  c !.  and  C  K  ;  then 
draw  k  q  and  K  (^parallel  to  H  H  :  make  N  <;  ==  k  q^ 
and  N  e  =  K  Qj  join  N  T  and  N  ■  ;  and  draw  w  u 
and  li  e  parallel  to  H  H ;  then  make  k  s  =  t<  /',  and 
K  S  =  k  M  through  S  a  dravv  G  S  v  m  n  g,  and  draw 
the  equator  E  C  E  parallel  thereto ;  then  S  C  /;,  being 
drawn  perpendicularly  to  E  C  E,  will  represent  the 
axis  of  the  earth :  whence  C  n  will  be  the  sine  of  the 
sun's  declination,  P  //  that  of  the  latitude. 

Now  to  investigate  a  general  theorem  for  the  latim 
tude,  put  C  ^  =  ^,  C  T  =  w,  co-sine  of  33°  41'  40" 
==  ^  ^  =  N  ?«  =  ^,  co-sine  of  48°  46'  $f  =  K  Q^= 
N  e  =:  c,  sine  of  33°  41'  4c/  =  C  /i  = /?,  sine  of  48** 
46'  53''''  =  C  K  =  ;•.  Then,  by  similar  triangles,  we 
have  N  C  (=radius— i)  :  C  t  (z) : :  N 11  iq)  :  u  w=^ 
ks=  $'s  ;  andN  C  (i):  C  T  {nv  : :  N  e (c)  i  eh  =KS 
ficsmCf  therefore  Sa  ===  ciU'-^qz^    Also,  as   ^ a 
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[r'-p):^a{cm'^qz)  ::cz  {i):AZ  =^^^- 

==  tang.  54°  5 1',  the  required  latitude. 

For  t/ic  sun's  declitiatio?/.  Represent  the  sine  of 
the  latitude  by  a-,  its  co-sine  by  i/,  and  the  sine  of  the 
declination  by  d-,  then,  P  b  (.1) :  C  0  [i/) : :  s  k  {g  z) ; 

km  =  ^-^^;  and,  ^sC  m  (p—l:/):  C  fi  [d] : :  CP 

( I )  :  P  Z>  i.v).  Consequently  p  x  —  qy  z  =^d  =^  sine 
of  20°  24',  the  declination. 

For  the  hour  of  the  day.  Put  r  =  co-slne  of  sun's 
declination,  u  and  zc  for  the  sine  and  co-sine  of  the  hour 
from  noon,  n  =  sine  of  the  sun's  azimuth,  the  other  let- 
ters remaining  as  before.  Then p  x  —  qy  z  =  d,  and 
d  .V  -\-  vy  zo  =  /;,  and  by  substitution  .v^  p  — a;  q  zy  -{• 
*vyzv  ==p  J  but  I  — 3/^  =  'i'S  therefore  v  xo  =p y  -j- 

xqz'^  and,  11:  q  ::  n  :  r,  hence  ^"  =  r;  which  va- 
lue of  Vy  substituted  fbr  it  in  the  equation  just  before 
the  analogy,  gives  ^— ^  ==py  +  -i'  §'  -  ;  consequent- 
ly —  =  -^ ^ — ■"  =  co-tanjrent   of  the   hour   from 

^    u  qn  ° 

noon  at  the  first  observation,  which  gives  4  hours,  or 
8  A.M. 

N.  B.  When  the  sun's  azimuth  is  less  than  90° 
from  the  north,  t  C  must  be  taken  on  the  contrary 
side  of  C,  and  will  therefore  be  negative  with  re- 
spect to  what  it  is  in  the  present  instance :   hence 

tl^i^  ^  AZ,  p  X  +  a 2, z  =  d,  znd^='^I^=^' 

become  general  expressions  by  which  the  latitude,  de- 
chnation,  and  hour,  may  be  determined,  when  the 
azimuth  from 'the  north  is  less  than  90°. 

655.  Sometimes  the  latitude  is  found  by  three  ob- 
servations upon  the  sun  on  the  same  morning,  or  af- 
ternoon ;  and  as  this  method  is  supposed  to  be  of 
great  use  at  sea,  it  has  exercised  the  talents  of  many 
learned  men,  both  in  England  and  upon  the  continent ; 
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the  general  problem  may  be  stated  thus :  Given  three 
descending,  or  ascending,  altitudes  q/'  the  sun,  taken 
on  the  same  day  at  luienuai  hioxvn  intercals  of  time  ; 
thence  to  fnd  those  times,  the  latitude  of  the  place, 
and  the  sun's  declinaticn. 

Mr.  Robertson,  in  his  Elements  of  NaiigotioVy 
gives  a  solution  which  he  supposes  to  be  both  concise 
and  intelligible  to  learners  ;  as  such  it  is  here  inserted: 
Let  ma>i  (fig.  12,  PI.  IX.)  be  the  parallel  of  declina- 
tion described  on  m  n  ;  and  a,  h,  c,  the  places  of  the 
sun  when  observed  ;  a  A,  b  B,  c  C,  the  sines  of  the 
times  from  noon,  to  the  radius  E  m  ;  m,  n,  the  places 
at  noon  and  midnight :  and  let  /  F,  'e  Y,  a  F,  iii  F,  FK, 
represent  the  sines  of  the  distances  of  those  places 
from  the  horizon  H  R.  Draw  eg  parallel  to  A  C  ; 
then  if  the  angle  g  c  E,  which  is  equal  to  the  angle 
■m  E  r,  the  time  from  noon  when  the  greatest  alti- 
tude was  taken,  could  be  found,  the  times  from  noon 
when  the  other  two  were  taken  would  be  known  also. 
Now.c/*  being  one  interval,  and  ba  the  other,  be 
and  b  a,  the  chords  of  these  arcs,  will  be  known,  as 
also  c  a,  which  is  the  chord  of  their  sum.  Draw  b  0 
perpendicular  to  ae;  then  in  the  right  angled  tri- 
angle c  b  0,  the  angle  b  c  0^=1  the  arc  b  a,  and  the 
side  c  b  =  twice  the  sine  of  ^  the  arc  b  c,  consequently, 
radius  :  sine  b  c  0  (==  sine  of  I  arc  b  a)  :  :  be  (==twice 
sine  of  4.  arc  b c) :  bo;  and,  radius :  sine  cbo  (^  =  co- 
sine 4  arc  b  a^  :  :  b  c  {2  sine  i  arc  b  c). :  c  0.  Now, 
df,  d  e,  the  difference  of  the  sines  of  the  altitudes, 
are  known  ;  and  the  lines  /V/,  A  C,  a  c,  are  cut  pro- 
portionally in  e,  B,  and  ■>^ ;  consequently,  dj  '.  dew 
(C  A  :  C  B  :  :)  c 6r  :  e r,  and  c 0 — cr  =  ro:  in  the 
triangle  b  0  r,  r  0  :  b  0  :  :  radius  :  co-tang,  rbo  =  co- 
tang,  rcg.  But  (7  c  E  (=  comp.  of  i  whole  interval 
a  c)  —r  r  c g  =  g  c  Y.  =  c^  m  =  hour  angle  from 
noon  when  the  greatest  altitude  was  observed  ;  there- 
fore the  time  is  known,  as  well  as  C  m  the  versed 
sine  of   that  time  from    noon Again,    ra^ 
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dms  :  co-sine  a c g  : :  ac  :  c g  =  AC',  and,  A C  :' 
m  c  :\  I  (I '.  d  m  ;  then  Y  d  •\-  dm  =Y  m  the  sine  of 
H  m.  Also,  AC:  m  ii  :  :  fd  :  m  K,  and  K  7,7  — 
F  /«  =  F  K,  the  sine  of  R  // ;  wherefore,  knowing 
H  711,  and  R  ;,',  the  sun's  meridional  altitude  and  mid- 

•11  •  L         H//2coR«  r\        ^v.  > 

ought  depression,  we  have ==  Qju  the  sun  s 

declination  :  or  — ~ H  Q ,  the  altitude  of  the 

equator,  or  complement  (Art.  26.)  of  the  latitude. 

When  the  altitudes  are  taken  at  equal  intervals  of 
time,  the  two  first  proportions  become  useless  ;  for 
a  bj  f->  c,  being  equal,  the  point  0  falls  in  the  middle 
of  the  chord  c  a,  and  b  0,  the  versed  sine,  is  known: 
then  df :  d  e  ::  (C  A  :  CB  ::)  ca  :  c  r,  and  co  — 
c  r  =  r  0  ;  also  bo  :  r  0  :  :  radius  :  tang,  r  b  0  = 
tang,  a  c  g  :  and  a  c  E  —  a  eg  =  «•  c  E  =  c  E  m. 
Hence  the  times  from  noon,  the  latitude,  &c.  are 
found  as  before. 

Got).  But  we  may  obtain  a  theorem  for  the  nearest 
time  from  noon,  which  will  probably  be  more  ready 
in  practice  than  Mr.  Robertsons  method,  by  the  fol- 
lowing algebraic  process :  Let  c  =  co-sine  of  Z  C, 
t=  co-sine  of  Z  B,  d=  co-sine  of  Z  A,  //  =  sine  of 
C  P  B,  /)  =  its  co-sine,  rn  =  sine  of  C  P  A,  n  =  its 
co-sine,  .v  =  sine  of  //<'  PC,  ?/  =  its  co-sine,  r  and  s 
=  sine  and  co-sine  of  the  latitude,  a  and  e  =  the 
sine  and  co-sine  of  the  sun's  distance  from  the  pole. 
Then  in  the  three  triangles  C  P  Z,  B  P  Z,  A  P  Z,  we 
have,  by  a  well-known  spheric  theorem,  (I.)  cr-{-  a  st/ 
=  c,  JI.)  er  +  aspy  —  ash.v  =  t,  JII.)  er  + 
a  s  nif  —  a  s  m  2'  =  d.  From  the  first  of  these  equa- 
tions we  have  er  =  c  —  a  s  y,  which  substituted  in  the 
other  two,  make  (IV.)  a  —  asy  +  aspy  —  as  1  h  zz. 
t,  {V.  •  c  —  a  sy  +  a  s  ny  —  as  rn  .v  z=  d.  By  the 
fourth,  —  asy  +  a  spy  —m  as  h.vzz  t — c,  which  put 

5=  g ;  thea  a  s  = -^ r-= =£= :  call 
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I  —p,  r,  then  will  asz= ^—r-  :    but   by    the 

—  yv—hx  ■' 

fifth,  —  asy  +  asn y  —  a  sm:v  =:  d  —  r,  which 

call  k;  then  as^ '^- = ^=J- » 

—  y-\-ny  —  mx     — 3'Xi  —  n — mx 

if  w  be  put  for  i  —  lu  then  aszz :  hence 


we  obtain — r—  = 

—  yv  —  h  X 

—z-: —  5  which,  by  reducing  the  fractions,  gives  gy  to 

-|-  g  m  X  =  kyv  -{-  kh  x  ;  whence,  by  farther  reduc<» 

tion,  -  =  — — ill  "^  tangent  of  the  angle  in  P  C. 

From  which  the  times  of  the  observations,  and  tha 
other  requisites,  may  be  found  by  the  method  ex^ 
plained  in  Art.  6^c^, 

65  7.  The  following  practical  rule  for  the  time  of 
the  day  when  the  greatest  altitude  zca.s  taken,  is  de- 
duced from  the  final  equation  in  the  foregoing  inves- 
tigation : 

J.  Take  the  difference  between  the  sines  of  ihtjirst 
and  third  altitudes  (reckoning  from  noon),  and  mul-. 
tiply  it  into  the  versed  sine  of  the  arch  of  time  between 
the  first  and  second  observations  ;  let  this  product  be 
made  less  by  the  difference  between  the  sines  of  the 
Jirst  and  second  altitudes  multiplied  into  the  versed 
sine  of  the  arch  of  time,  between  the  first  and  third 
observations,  and  call  the  remainder  A. 

II.  Multiply  the  difJerence  between  the  sines  of  the 
Jirst  and  second  altitudes  into  the  sine  of  the  arch  of 
time  between  the  fi)'st  and  thii'd  observations  ;  let 
this  product  be  lessened  by  the  difference  between  the 
sines  of  the  first  and  third  altitudes,  multiphed  into 
the  sine  of  the  arch  of  time  between  the  Jirst  an4 
second  observations :  call  this  remainder  B. 

II!.  Divide  A  by  B,  the  quotient  will  be  the  tan- 
gent of  an  arch,  which,  converted  into  time,  will  be 
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the  interval  between  the  first  observation  (or  that 
where  the  sun's  altitude  is  greatest)  and  noon  *. 

658.  There  are  also  various  methods  of  finding  the 
latitude  by  knozvn  fixed  stars,  besides  those  before 
given  ( Art.  648.  649.  650.),  where  it  was  necessary 
that  the  star  observed  should  be  on  the  meridian :  but 
of  these  we  shall  only  explain  two,  leaving  others  to 
be  invented,  according  to  circumstances,  by  the  inge-- 
nidus  practical  astronomer. 

Given  the  altitude  of  one  of  two  knozvn  fixed  stars^ 

*  In  iht  Nautical  Almanac  for  1778  are  given  some  astrono- 
mical problems  by  the  late  Mr.  Lyons,  among  which  are  two  for 
finding  the  latitude  by  observations  on  the  sun,  ihat  may  often  be 
useful  as  approximations  ;  and,  as  the  almanac  for  that  year  i» 
scarce,  thej  are  inserted  below: — 

I.  "  Hauing  the  time  the  sun's  diameter  takes  up  to  pass  a  horizontal 
line,  to  find  the  latitude  of  the  place  of  observaticn, 

**  From  the  proportional  logarithm  (Ait.  673  )  of  the  observed 
time,  the  index  being  increased  by  10,  subtract  the  proportional 
log.  of  the  time  the  sun's  diameter  takes  up  to  pass  the  meridian, 
found  by  doubling  the  time  of  the  semidiameter  set  down  in  the 
Nautical  Almanac,  the  remainder  is  the  log.  sine  of  the  angle  of 
position. 

"  To  the  log.  co-sine  of  this  angle  add  the  log.  co-sine  of  the 
sun's  declination,  the  sum,  rejecting  ten  from  the  index,  is  the  log. 
sine  of  the  latitude  ;  exactly,  if  the  observation  was  made  of  the 
sun's  rising  through  the  horizon,  otherwise,  only  nearly,  to  be  cor- 
rected as  follows : 

"  Add  together  the  log,  sine  of  the  sun's  altitude,  the  log.  sine 
of  the  declination,  and  the  log.  secant  of  the  latitude,  the  sum, 
rejecting  twenty  from  the  index,  is  the  log.  sine  of  the  tirst  cor- 
recion  J  to  be  added,  if  the  latitude  and  declination  are  both  of 
the  same  name,  otherwise  subtracted. 

**  Add  together  the  log.  tangent  of  the  latitude,  and  the  log. 
versed  sine  of  the  altitude,  the  sum,  rejecting  ten  from  the  index, 
is  the  log.  sine  of  the  second  correction,  to  be  aKvays  subtrai-ted. 

II.  "  Halving  the  time  the  sun's  diamder  takes  up  to  pass  a  'vertical 
line  (as  the  vertical  wire  of  a  telescope),  to  find  the  latitude. 

"  From  the  proportional  log.  of  the  observed  time,  the  index 
being  increased  by  ten,  subtract  the  proportional  log.  of  the  time 
the  sun's  diameter  takes  up  to  pass  the  meridian,  the  remainder  is 
the  log.  co-sine  of  the  angle  of  position  j  whence  the  latitude  may 
te  found  as  before." 
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re  hen  theyhavc  the  same  azimuth,  to  find  the  latitude 
of  the  place. 

Suppose,  for  instance,  the  stars  to  be  schedar  in 
Cassiopeia,  and  .'//w^^cA  in 'Andromeda,  the  altitude 
of  the  former  being  taken  ;  then,  in  fig.  9,  PI  IX. 
>A/here  the  primitive  circle  represents  the  equator,  the 
pole  of  which  is  at  P,  A  the  point  from  whenc-  the 
right  ascension  is  reckoned,  A  A,  A  *'/,  the  respecmve 
right  ascensions  of  almaach  and  schedar,  the  former 
star  being  at  S,  the  latter  at  B  ;  we  know,  in  the  tri- 
angle SPB,  PS  almaach 's  co-decHnation,  PB  sche- 
dar's  co-declination,  SPB  their  difference  of  right 
ascension  ;  whence  we  find  S  B  P,  or  P  B  Z  its  sup- 
pleraait,  Z  being  the  zenith,  and  Z  B  S  the  azimuth 
circle  on  which  both  the  stars  are  found.  Again,  in 
the  triangle  P  B  Z,  we  have  P  B  schedar's  co-decHna- 
tion,  B  Z  schedar's  co-akitude,  and  P  B  Z  the  angle 
of  position  ;  whence  we  obtain  P  Z  the  co-latitude. 

659'  Given  the  altitudes  of  txvo  known  stars,  to 
determine  the  latitude  0/  the  .place  of  obscj^vation. 

Let  us  suppose  the  stars  to  be  cor  hydra  and  cor 
leonif,  the  former  having  south  declination  :  if  this  be 
constructed  on  the  plane  of  the  equator,  of  which  P 
is  the  pole  (fig.  to,  PI.  IX.),  A  will  represent  cor 
hydra,  B  cor  leonis,  and  Z  the  zenith,  then  we  shall 
have  three  spherical  triangles,  APB,  ZAP,  ZPB; 
in  the  first  we  know  A  P  cor  hydra's  co-declination, 
BP  cor  leonis'  co  declination,  APB  their  difference 
of  right  ascension  ;  from  which  we  obtain  BAP  and 
B  A.  In  the  triangle  B  A  Z  we  have  A  Z  cor  hydra's 
co-altitude,  B  Z  co-akitude  of  cor  leonis,  and  B  A 
just  found  ;  whence  we  find  B  A  Z,  then  B  A  Z  — 
B  A  P  =  P  A  Z.  Lastly,  in  the  triangle  A  P  Z,  the 
sides  A P,  A Z,  and  the  included  angle  PAZ,  are 
known  ;  from  which  P  Z,  the  co-latitude,  is  readily 
determined* 

In  nearly  a  similar  manner  may  other  solutions  be 
traced  out,  the  circumstances  varying  according  to  thq 
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{peculiar  siruatio^is  of  the  stars,  with  respect  to  the  chief 
circles  of  the  sphere,  and  to  each  other. 

*^*  Some  of  the  preceding  methods  of  finding  the 
latitude  (Art.  651. — ^S^')  will  be  subject  to  small 
degrees  of  inaccuracy,  arising  from  the  sun's  change 
of  declination  in  the  interval  between  the  observa- 
tions ;  but  if  the  observations  are  carefully  made,  and 
not  too  far  asunder,  it  is  very  seldom  that  the  errours 
occasioned  by  the  change  of  declination  will  be  of 
material  consequence  *. 

*  The  methods  above  given  determine  the  latitude,  on  the 
supposition  that  the  earth  is  a  sphere;  or  they  ascertain  the  appa- 
rent  latitude,  that  is,  the  angle  formed  between  a  plwrnb  hue  at  the 
given  place,  and  a  diamerer  of  the  equator  :  the  latitude,  or  angle 
at  the  cf.ntre  of  the  spheroid,  subrended  between  the  given  place  and 
the  equator,  may  he  correctly  found  by  this  rule  :  d.vide  the  square 
of  the  polar  axis  of  the  spheroid  by  the  square  of  the  equatoreal  axis.,  and 
multiply  the  tangent  of  the  apparent  latitude  by  the  quotient ^  the  product 
is  the  tangent  of  the  latitude  at  the  centre',  or  say,  as  the  square  of  the 
tjuatoreal  axis  :  the  square  of  the  polar  axis  :  :  the  tangent  of  the  ap^ 
parent  altitude  :  the  tangent  of  that  at  the  centre.  For,  Jet  P  G  E  ^ 
(fig.  10,  PL  VI.)  be  a  section  of  half  the  earth  on  the  meridian  of 
the  givet7  place  G,  whose  apparent  latitude  is  G  B  E.  Put  C  A 
=  x,  AG  (perpendicular  thereto)  =r:^',  BG  =  w,  C  P  (half  the 
polar  axis)  =  ^,  C  E  (half  the  equatoreal)  =  «,  sine  oi  apparent 

latitude  =  s ;  then,  by  the  nature  of  the  ellipsis  j*  =—  (a' — x^^, 

^"  I  v       "^  ( — 'b^J  ^  '  °''  "'  "^  «^  ~  ~  ^   "^-^"  •    "' 

h'' 
n  X  s  =:  y,  therefore  «'  r:  — —  j  whence  n  becomes 

known,  and  we  readily  find  x  —     / ■ ^  and  v  — 

'  ^  \/  a^  +  6' s' —  u' s^*    "uj  _ 

I*  j» 

•v  ,,  t r~2'     Now,  if  AC  be  supposed  radius,  AG 

-j-  e   J  —f~  as  ' 

will  be  the  tangent  of  the  angle  ACG  =:-  =     / — ^—L. —  ~ 

X        ^  a*  —  «*j* 

i*  X  sin.  apo.  lat.        b^ 

-a-- f— •  =:  -  3<  tang.  app.  lat.  zz  tang,  latitude  at  the 

e  rth's  centre:  whence  the  ^bove  rule  is  manifest. 

Tne  auihour  was  favoured  with  the  investigation  from  which 
this  rule  is  deduced  by  Mr.  Themai  Sip^ion  Evans^  second  mat  he- 


y. 
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660.  To  determine  the  longitude  of  places  on  tht 
earthy  is  a  problem  of  such  great  difficulty  in  practice, 
that,  although  the  efforts  of  some  of  the  greatest 
mathematicians  in  Europe  have  been  directed  towards 
the  invention  of  easy,  practicable  methods,  yet  none 
has  been  hitherto  discovered  that  is  not  liable  to 
errours  ;  these  errours  though,  it  must  be  remarked, 
are  not  to  be  ascribed  entirely  to  the  theory  (which  is, 
at  least,  with  respect  to  several  of  the  methods,  accu- 
rate \  but  to  the  practice,  particularly  when  the  obser- 
vations for  determining  the  longitude  are  taken  at  sea. 
Still,  however,  when  a  comparison  is  formed  between 
the  modern  methods  of  solving  this  problem,  and  those 
which  were  practised  two  centuries  ago,  it  will  appear 
that  very  considerable  advances  have  been  made 
towards  a  perfect  solution ;  and  these  are  probably, 
in  great  measure,  to  be  attributed  to  the  very  hand- 
some rewards  which  have  been  offered  by  commercial 
nations  to  those  who  should  propose  the  most  accu- 
rate and  practicable  way  of  attaining  so  desirable  an 
end. 

661.  Before  we  enter  upon  an  account  of  different 
.methods  of  finding  the  longitude,  a  few  observations 
may  be  premised,  which  will  serve  to  elucidate  the 
nature  of  the  problem.  The  earth  revolving  on  its 
axis  from  west  to  east  once  in  the  course  of  a  natural 
day,  or  twenty-four  hours,  it  is  manifest  that  the  me- 
ridian of  every  place  on  the  earth  will  have  its  plane 
directed  to  the  sun  once  in  that  time ;  and  because, 

matical  master  at  Christ's  Hospital.  If  this  investigation  be  com- 
pared with  that  given  by  Bezout  at  the  end  of  his  Na^vigation,  it 
will  be  found  niuch  more  simple  and  concise. 

N.  B.  Since  bisio  a  as  214  to  215  (Art.  10,),  we  have—  rr 

•990^193  for  a  common  multiplier,  by  vt-hich,  if  the  nat.  tang,  of 
the  app.  latitude  be  multiplied,  the  product  will  be  the  nat.  tang, 
of  the  latitude  at  the  centre ;  or  '9907,  the  first  four  figures 
of  this  multiplier,  will  generally  give  a  result  sufficiently  accurate. 
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whenever  the  meridian  of  any  place  has  Its  plane 
directed  to  the  sun,  or  (as  It  is  commonly  expressed) 
comes  opposite  to  the  sun,  it  is  noon  at  that  place,  it 
follows  that  when  the  first  meridian,  namely(Art.2o.), 
that  of  Greenwich,  comes  opposite  to  the  sun,  there 
will  be  noon  at  Greenwich,  and  a  new  day  will  com-» 
mence,  according  to  the  astronomical  mode  of  rec- 
koning. Then,  as  the  earth's  motion  on  its  axis  is 
uniform,  equal  parts  of  the  equator  will  pass  by  the 
sun  in  equal  spaces  of  time ;  and,  consequently,  one- 
twenty-fourth  part  of  it,  or  15^,  will  pass  by  the  sun 
in  one  hour.  Hence,  at  the  end  of  one  hour  after  the 
time  when  it  was  noon  at  Greenwich,  that  meri- 
dian which  is  15°  ive-'it  of  the  meridian  of  Green- 
wich will  come  opposite  the  sml,  and  cause  it  to  be 
noon  to  all  the  places  which  are  on  that  meridian, 
and  a  new  day  will  commence  at  those  places  exactly 
one  hour  after  it  commenced  at  Greenv/ich.  In  like 
manner,  txvo  hours  after  the  time  when  it  was  noon 
at  Greenwich,  the  meridian  which  is  30°  west  of  the 
meridian  of  Greenwich  will  come  opposite  to  the 
sun,  and  make  noon  to  all  the  places  which  are  upon. 
it ;  and  a  new  day  will  commence  at  those  places 
when  it  is  two  o'clock  in  the  afternoon  at  Greenwich. 
The  same  reasoning  will  be  equally  applicable  for 
places  which  are  still  farther  west ;  it  is  therefore 
evident,  that  the  difference  of  longitude  between  any 
two  places  is  in  the  same  proportion  to  the  difference 
between  the  times  at  those  two  places,  as  1 5"  to  an 
hour  ;  consequently,  if  the  dift'erence  between  the 
times  at  two  places  be  converted  into  degrees, 
minutes,  &c.  at  the  rate  of  1 5°  to  an  hour,  it  will  be 
the  difference  of  longitude  between  those  places. 
It  is  also  manifest,  that  if  the  time  at  the  meridian  of 
Greenwich  be  greater  than  the  time  at  anif  other 
place,  that  place  lies  to  the  west  of  Greenwich  ;  but 
if  the  time  at  any  place  be  greater  than  the  lime  at 
Greenwich^  the  meridian  of  the  place  is  to  the  east  of 
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that  of  Greenwich  ;  because  the  tim-e  of  noon  at  that 
place  must  have  preceded  the  time  of  noon  at  Green- 
wich. Hence  it  appears,  that  to  find  the  longitude 
of  any  place  from  another  given  one,  as  Greenwich, 
is  the  same  thing  in  fact  as  to  find  the  time  of  day  at 
each  place,  and  convert  the  difference  of  those  times 
into  degrees  and  minutes,  in  the  proportion  above 
stated. 

6'6"^.  Now,  the  time  at  the  place  for  which  the 
longitude  is  required  may  be  found  by  means  of  ob- 
servations upon  either  the  sun  or  stars,  according  to 
some  of  the  methods  given  in  Chap.  VI.,  or  some 
which  have  been  pointed  out  in  the  preceding  part 
of  this  chapter :  and  the  time  at  the  first  meridian 
may  be  ascertained  either  by  mechanical  co/itriirnices, 
or  by  astronomical  obsertatiouf!.  With  respect  to 
the  first  of  these,  it  is  obvious,  that  if  a  clock  or  watch 
could  be  so  constructed,  as  to  go  uniformly  in  all 
seasons,  and  in  all  places,  such  a  machine  being  once 
set  to  the  time  at  Greenwich,  would  always  shew  the 
real  time  at  Greenwich,  in  whatever  part  of  the 
earth  it  might  be  ;  and  therefore,  when  the  time  un- 
der any  other  meridian  was  found,  its  longitude  from 
Greenwich  would  be  readily  obtained.  Various  at- 
tempts have  been  made  to  construct  watches  or  time- 
keepers, which,  by  the  regularity  and  accuracy  of 
their  motions,  might  be  rendered  subservient  to  the 
determination  of  the  longitude :  the  most  successful 
cf  these  attempts  have  been  made  by  Mr.  Jolin  Har- 
rison and  Mr  Arnold,  both  of  whom  have  produced 
time-keepers,  the  motions  of  which  have  erred  but 
little  from  the  truth  when  tried  in  long  voyages  at 
$ea  ;  and  very  ingenious  methods  have  been  con- 
trived for  finding  the  daily  deviation  of  the  time 
shewn  by  these  instruments  from  the  mean  time  at 
the  first  meridian,  and  thus  rendering  them  of  great 
i^tility,  even  when  the  rate  of  their  going  needs  cor- 
kction.   But,  although  these  mechanical  coatrivance* 
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could  be  brought  to  the  highest  degree  of  perfection, 
yet,  as  they  are  hable  to  he  injured  by  various  acci- 
dents, it  would  frequently  be  necessary  to  have  re- 
course to  celestial  observations  for  the  determination, 
of  the  longitude;  several  astronomical  methods^  there- 
fore, still  continue  to  be  made  use  of;  the  descrip- 
tions of  some  of  which  are  here  given  *.       • 

663.  First  method :  by  the  sim's  declination.  By 
some  of  the  methods  already  explained,  either  in  this 
chapter  or  the  sixth,  compute  the  declination  of  the 
sun  at  noon,  from  observations  made  upon  him  ei- 
ther at  the  meridian,  or  three  or  four  hours  from  it : 
take  the  difference  between  this  computed  declination, 
and  that  for  the  noon  of  the  sam.e  day  at  Greenwich, 
as  shewn  by  the  Ephemeris  ;  from  which  take  like- 
wise the  daily  difference  of  declination  at  that  time, 
and  useth  is  analogy,  as  the  daily  difference  of  de* 
clination,  is  to  the  dfference  abate  found ;  so  are, 
560°,  to  the  difference  of  longitude.  But  here  a  small 
errour  in  the  computed  declination,  will  cause  a  very 
considerable  one  in  the  difference  of  longitude  ;  and 

*  These  methods,  it  will  be  seen,  chiefly  depend  upon  the  use 
of  an  ephemeris  or  almanac,  adapted  to  the  first  meridian  ;  which 
ephemeris  shall  contain,  the-sun's  longitude,  right  ascension,  de- 
clination; the  planets' longitudes,  Latitudes,  times  of  passing  the 
meridian;  the  times  of  solar  and  lunar  eclipses,  together  witli 
those  of  Jupiter's  satellites;  the  distances  of  the  moon  from  the 
sun,  and  certain  fixed  stars ;  and,  in  general,  the  times  when  any 
remarkable  celestial  appearances  may  be  seen  at  the  place  for 
which  the  ephemeris  is  calculated.  Such  ephemeris  was  pro- 
posed by  Dr.  Maskelfm  to  be  calculated  for  the  meridian  of  Green- 
wich, and,  the  scheme  being  adopted  by  the  commissioners  of 
longitude,  the  first  Nautical  Ahnatiac  was  published  in  1767,  and 
they  have  been  regularly  pnbHshed  ever  (ince,  and  are  contmued  as 
far  as  the  year  1804.  Dr.Alaskily/ie  has  also  puhlishedRequisitefailes 
to  Ije  used  ivith  the  Nautical  Epbcmtris;  which,  together  with  tiie 
Ephemeris,  are  indispensably  necessary  in  most  of  the  methods  of 
finding  the  longitude  now  used  ;  and  will,  even  if  the  Doctor  had 
done  nothing  else  for  the  promotion  of  Astronomy  and  Naviga- 
tion, ever  reflect  upon  him  the  highest  honour,  and  moft  lasting 
celebrity. 

60 
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as  such ,  an  crrour  must  inevitably  arise  from  cbrisi-^ 
dering  the  change  of  declination,  during  a  day,  as  re- 
gular, this  method  is  not  to  be  recommended  in 
practice. 

664.  Second  metliod :  hy  the  moon*s  cuhninatin^. 
Seek  in  the  Ephetneris  foir  the  time  of  the  moon's 
coming  to  the  meridian  on  the  given  day,  and  on  the 
day  following,  and  take  the  difference  ;  take  also  the 
difference  between  their  times  of  culminating  on  the 
same  day,  as  found  in  the  Ephemeris,  and  as  ob- 
served J  then  say,  as  the  daily  difference  in  the  Ephe- 
meris, is  to  the  difference  beiween  the  times  of  south" 
ingfoimd  by  the  Ephemeris  and  by  observation  ;  so 
are  360%  to  the  difference  of'  longitude.  Here  the 
moon's  motion  is  supposed  uniform,  which  is  not  the 
case  ;  therefore,  since  a  small  errour  in  this  respect, 
or  in  the  time  of  the  moon's  culminating,  may  oc- 
casion a  great  errour  in  the  longitude,  this  method  is 
no  more  to  be  recommended  in  practice  than  the  for- 
mer. 

665.  Thii'd  oncthod :  by  the  distance  between  the 
moon  and  a  known  fixed  star,  when  both  are  on  the 
meridian.  Let  one  observer  take  the  altitude  of  the 
moon's  centre  when  on  the  meridian  (which  may  be 
done  by  taking  the  altitude  of  the  upper  or  lower  limb, 
and  allowing  for  the  semi-diameter)^  and  another 
the  altitude  of  any  such  star  in  the  zodiac  as  then 
happens  to  be  on  or  very  near  the  meridian.  Now 
the  right  ascension  of  the  moon  will  be  equal  to  the 
right  ascension  of  the  star,  if  they  were  on  the  me- 
ridian exactly  together  j  but  if  they  are  not  on  the  me- 
ridian together,  if  their  difference  of  culminating  do 
not  exceed  8  or  10  minutes,  the  right  ascension  of 
the  moon  may  be  found  by  adding  or  subtracting  this 
difference  to  or  from  the  right  ascension  of  the  star, 
according  as  the  moon  culminates  after  or  before  the 
star.  Then,  knowing  the  day  of  the  month,  with  the 
xnooti's  right  ascension,  examine  the  Nautical  AU 
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9Kanac,  and  find,  by  proportion,  at  what  time  at  Green- 
wich the  moon  had  that  right  ascension  Take  also 
the  difference  between  the  meridional  altitudes  of  the 
moon  and  the  star  which  is  then  on  the  meridian ; 
this  difference  (when  properly  corrected  for  dip,  re- 
fraction, and  parallax)  will  be  the  difference  of  the 
declinations  of  the  moon  and  star,  whence,  the  de- 
clination of  the  star  being  known,  that  of  the  moon 
becomes  known  also.  Then  find,  by  means  of  the 
Nautical  Almanac,  at  what  time  on  the  given  day, 
the  moon  had  this  declination  :  if  the  time  thus  found, 
agree  either  exactly  or  very  nearly  with  the  time  de- 
duced from  the  right  ascension,  take  the  difference 
between  half  the  sum  of  them,  and  the  time  of  the 
observation  (determined  by  some  of  the  methods  be- 
fore referred  to),  for  the  difference  of  longitude  in 
time,  whence  the  longitude  in  degrees,  &c.  may  be 
found  :  but  if  the  times  thus  deduced  do  not  cor- 
respond tolerably  accurately,  recourse  must  be  had 
to  some  of  the  following  methods. 

666.  Fourth  method :  by  eclipses  of  the  moon. 
These  eclipses  are  seen  at  the  same  instant  of  abso- 
lute time  in  all  parts  of  the  earth  (Art.  544.)  :  there- 
fore, if  in  two  or  more  distant  places  where  an  eclipse 
of  the  moon  is  visible,  the  times  of  the  beginning  or 
ending  are  carefully  observed  j  as  also  the  times  when 
any  number  of  digits  were  eclipsed ;  or,  which  is 
better,  the  times  when  the  earth's  shadow  began  to 
touch,  or  to  leave  any  remarkable  spot  on  the  moon's 
face  ;  then  will  the  difference  of  the  times  when  the 
observations  of  like  kind  were  made,  give  the  differ- 
ence of  longitude  between  the  places  of  observation. 
Or,  instead  of  comparing  the  observations  at  two 
different  meridians,  the  times  of  the  beginning  and 
end  of  the  eclipse,  as  observed  at  the  place  the  lon- 
gitude of  which  is  required,  may  be  compared  with 
the  times  of  beginning  and  end  at  Greenwich,  as 
given  in  the  Nautical  Abnanac,  and  the  longitude 
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may  be  deduced  from  the  difference  of  times  a^  be- 
fore :  but  the  longitude  thus  found  will  not  be  so 
accurate  as  that  determined  by  two  observations,  be- 
cause of  the  inaccuracy  of  the  lunar  tables,  and  of 
the  great  difficulty  of  telling  exactly  the  time  of  the 
first  and  last  contact  of  the  earth's  shadow  with  the 
moon's  limb. 

667.  Fifth  method:  by  the  eclipses  of  Jupiter's 
satellites.  The  eclipses  of  Jupiter's  satellites  afford 
one  of  the  readiest,  and  for  general  practice  one  of 
the  best,  methods  of  determining  the  longitudes  of 
places  at  land  :  and  whenever  jupiter  is  to  be  seen  *, 


*  An  eclipse  will  be  visible  in  any  place,  \(  jupiter  be  8'  or 
more  above  the  horizon,  and  the  sun  as  much  below  it :  whether 
this  will,  or  will  not,  be  the  ca?e  at  any  place  where  the  observa- 
tion is  intended  to  be  made,  may  be  readily  found  with  sufficient 
accuracy  by  a  celestial  globe.  Or  if  both  a  celestial  and  terrestrial 
globe  be  at  hand,  the  space  upon  the  earth  where  an  eclipse  of  one 
of  the  satellites  will  be  visible,  may  be  found  thus  :  First,  knowing 
the  place  of  the  sun,  with  the  longitude  and  latitude  of  jupiter,  as 
given  in  the  Ephemeris ;  find  thence  their  right  ascensions  and 
declinations  by  the  celestial  globe ;  then  convert  the  time  of  the 
eclipse  from  noon,  into  degrees  and  minutes,  they  shew  the  longi- 
tude of  that  meridian  on  the  earth  where  it  is  noon  v/hen  the  satel- 
lite is  eclipsed  3  which  we  therefore  call  the  ineridional  longitude  of 
the  eclipse,  and  is  either  west  or  east  according  as  the  time  of  the 
eclipse  is  after  or  before  noon  at  Greenwich.  Bring  this  meridional 
luTigitude  imder  the  meridian  of  the  terrestrial  globe,  and  make  the 
elevation  of  that  pole  which  is  nearest  the  sun  equal  to  his  declina- 
tion :  keep  the  globe  in  this  position,  and  if  jupiter  be  eastward 
of  the  sun  draw  a  line  along  that  part  of  the  globe  which  coincides 
with  the  eastern  horizon,  it  passes  over  all  those  places  where  the 
sun  is  setting  at  that  time  j  but  if  jupiter  be  tcesizcard  of  the  sun, 
draw  the  said  line  on  the  globe  by  the  "western  edge  of  the  horizon, 
it  passes  over  all  those  places  where  the  sun  is  then  ruing.  Jupiter 
hemg  eastward  oi  the  sun,  add  the  difference  of  his  and  the  sun's 
right  ascensions  to  the  meridional  longitude,  bring  the  degree  of  the 
equator  answering  to  their  sinn  under  the  meridian,  raise  the  pole 
nearest  jupiter  equal  to  his  declination,  and  detaining  the  globe  iti 
this  position,  draw  a  line  again  coinciding  with  the  eastern  horizon; 
the  space  ftitercepted  betwixt  this  and  the  line  of  the  suns  setting 
before  described  on  the  globe,  comprehends  all  those  places  on  the 
earth  where  this  ^clipse  is  seen  in  the  interval  between  the  sun's  and. 
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they  might  be  applied  at  sea,'  oftener  than  they  would 
be  wanted,  if  they  could  be  observed  with  sufficient 
accuracy  in  a  ship  under  sail.  Mr.  Irwui  invented 
a  marine  chair  for  the  purpose  of  adding  to  the  accu- 
racy of  telescopic  observations  at  sea  ;  and  Dr.  Mas^ 
lielyjm^  in  a  voyage  to  Barbadoes  in  1763,  made  a  full 
trial  of  this  chair  ;  but  he  informs  us  he  "  could  not 
derive  any  advantage  from  the  use  of  it ;  and,  con- 
sidering the  great  power  requisite  in  a  telescope  for 
making  these  observations  well,  and  the  violence,  as 
well  as  irregularity,  of  the  motions  of  a  ship,  he  is 
afraid  the  complete  management  of  a  telescope  on 
shipboard  will  always  remain  among  the  desiderata.'** 
In  order  to  find  the  longitude  of  a  place  at  land  by 
an  eclipse  of  one  of  Jupiter's  satellites,  the  fol- 
lowing directions  must  be  observed : — On  the  day 
preceding  the  evening  on  which  it  is  proposed  to  ob- 
serve the  echpse,  note  the  time  it  will  happen  at 
Greenwich,  as  given  in  the  Nautical  Almanac.  Let 
the  estimated  longitude  of  the  place  of  observation 
be  converted  into  time,  and,  if  east-ward  of  Green- 
wich, added  to  the  time  of  the  beginning  of  the 
eclipse,  as  given  in  the  Nautical  Almanac ;  but  if 
the  place  be  ivestzvard,  subtracted ;  and  it  will  give 
the  time  nearly  when  the  eclipse  is  to  be  expected 
at  that  place.  Begin  to  observe  20  or  30  minutes 
sooner  than  the  time  thus  estimated,  and  let  the  in- 

Jupiter's  setting.  But  if  juplter  were  -vcestxcard  of  the  sun,  subtract 
the  difference  of  his  and  the  sun's  right  ascensions  from  the  me- 
ridional longitude,  set  the  degree  of  the  equator  corresponding  to  the 
remainder  under  the  meridian,  and  elevate  the  pole  nearest  jupiter 
till  it  is  equal  to  his  declination  :  keeping  the  globe  in  this  position, 
draw  a  line  upon  it  by  the  zuestern  edge  of  the  horizon  ;  the  space 
included  betwixt  this  and  the  line  of  the  sun's  rising,  contains  all 
those  places  on  the  earth  where  this  eclipse  is  visible  between  Jupi- 
ter's and  the  sun's  rising.  It  is  manifest  that  the  eclipse  will  be 
seen  the  best  (other  circumstances  being  supposed  the  same)  at 
those  parts  of  these  spaces  which  are  farthest  from  the  bounding 
linQS. 
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stant  when  the  eclipse  begins  or  ends  be  noted,  as 
shewn  by  a  watch  previously  regulated  to  the  time  at 
the  place  of  observation :  then  the  difference  be- 
tween this  time  and  the  Greenwich  time,  converted 
into  degrees,  will  shew  the  longitude  from  Green- 
wich. If  the  time  at  Greenwich  be  less  than  the 
time  observed,  the  longitude  is  east ;  otherwise,  it  is 
west.  ...  It  is  to  be  observed,  that  a  correspondent 
observation  of  an  eclipse  of  one  of  juplter's  satellites, 
made  under  a  well-known  meridian,  is  preferable  to 
the  calculations  of  the  Ephenieris  for  comparing  with 
an  observation  made  in  a  meridian  whose  longitude 
is  required  :  but  if  no  corresponding  observation  can 
be  obtained,  as  is  frequently  the  case,  it  will  be  best 
to  find  what  correction  the  calculations  of  the  Ephe- 
meris  require  by  the  nearest  observations  to  the  given 
time  that  can  be  obtained ;  whjch  correction  applied 
to  the  calculation  of  the  given  eclipse  in  the  Ephemc- 
rls,  renders  it  nearly  equivalent  to  an  actual  o'jserva- 
tlon. . .  The  best  eclipses  for  finding  the  longitude  are 
those  of  the  first  satellite,  because  its  theory  is  most 
accurately  settled  ;  but  it  should  be  observed,  that  its 
emersions  are  not  visible  from  the  time  of  juplter's 
conjunction  with  the  sun  to  the  time  of  his  opposi- 
tion ;  and  the  immersioiis  are  not  visible  from  his  op- 
position to  his  conjunction.  The  satellites  may  be 
distinguished  one  from  another,  by  means  of  the 
configurations  given  in  the  1 2th  page  of  each  month 
of  the  'Nautical  Almanac^  which  exhibit  the  appa- 
rent positions  of  the  satellites  with  respect  to  each 
other  and  to  the  primary,  at  such  an  hour  as  they 
are  most  likely  to  be  observed. 

6C)8.  &ixth  method:  by  the  differences  befzveen 
the  observed  transits  of  the  moon,  and  a  fixed  star 
over  the  meridian  at  each  place.  Let  P  (fig.  1 1 ,  PI.  IX.) 
be  the  pole  of  the  earth  R(^  P  G  the  meridian  of 
Greenwich  passing  through  the  moon  at  M,  P  D  the 
meridian  of  any  other  place  j  which,  when  it  is  brought 
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by  the  earth's  rotation  into  the  situation  P  d,  passes 
through  the  moon  at  m.  Determine  by  the  times  of 
transitting  the  meridian,  the  differences  MPS,  m  P  S, 
between  the  right  ascensions  of  the  moon  and  a  fixed 
star  S,  the  difference  of  these  is  the  angle  M  P  m, 
which  is  the  increase  of  the  moon's  right  ascension 
in  the  interval  of  the  transits.  Find,  from  the  Nau- 
tical Aimu/iac,  the  increase  (A  i  of  the  moon's  right 
ascension  in  twelve  hours  apparent  time,  thus :  Let  a 
represent  the  variation  of  the  equation  of  time  in 
twelve  hours  on  the  day  of  observation,  then  twelve 
hours  apparent  time  is  12^  ±  a  of  mean  time,  where 
the  sign  +  is  used  if  the  equation  of  time  be  hicreas- 
ing  and  additive,  or  decreasing  and  siihtractive  ;  and 
the  sign  —  when  the  equation  is  increaimg  and  sub' 
tracti-ce,  or  decreasing  and  additive.  Now  A  : 
M pm:  :  1 2^  4-  «  :  ^'  the  angle  (expressed in  mean, 
time)  described  by  a  meridian  of  the  earth  in  the 
time  the  moon  describes   Mpm,     Then,  since  the 

earth  revolves  through  very  nearly  iSo*'  X  ~t~  ^^ 
longitude,  in  twelve  hours  of  mean  time,  we  shall 
have  .r  X  ^  =  the  angle  D  P  m  of  longitude  de- 
scribed by  a  meridian  in  the  time  the  moon  describes 
M  p  m :  consequently  D  P  G,  the  difference  of  me- 
ridians, =  V-  ^i'  —  M  />  m.     If  the  places  do  not 

differ  much  in  longitude,  we  may  for  ^  x  substi- 
tute .r  +  ,  '  -,  and  the  result  will  still  be  nearly  ac- 
curate :  in  this  case  also,  the  apparent  may  be  used 

for   the  mean  time This  method  of  finding 

the  longitude,  was  proposed  by  Dr.  Maskelyne,  in 
the  Nautical  Almanac  for  1 769  :  the  above  investi- 
gation of  it  is  given  in  Mr.  V'inces  System  of  Astro- 
mniijf    It  is  certainly  very  easy  in  practice,  and  i§ 
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found  to  be  more  accurate  than  the  method  by  the 
ecHpses  of  Jupiter's  satellites. 

Ex.  On  August  4,  i8co,  after  midnight,  at  a 
certain  place,  having  west  longitude,  the  centre  of 
the  moon  (which  was  then  nearly  in  the  full)  was  ob- 
served to  be  on  the  meridian  6""  34^*6  before  the 
star  &  aquarli :  from  hence  it  is  required  to  determine 
the  longitude  of  the  place  of  observation. 

On  the  given  day  the  moon  come  to  the  meridian 
at   Greenwich  at   12^  9"" ;    and   the  right  ascension 
of  0  aquarii  in  August,  1800,  v/as  21''  21™  2^*9,  from 
which  take  8''  56'"  57*'8,  the  sun's  right  ascension  at 
noon,  the  remainder  1 2''  24""  5''i  is  the  estimate  time  of 
the  star's  culminating,  which  made  less  by  i'"55''5j  half 
the    daily   variation    in    the    sun's   right    ascension 
(Art.  171.),  gives  12''  22"^  9- '6,  correct  time  of  the 
star's    culminating    at    Greenwich.      Therefore    12'* 
22"  9^*6  —  12*^  g'"  =  13""  9 ••6,  difference  between 
the  times  of  the  moon  and  the  star's  culminating  at 
Greenwich.     Then   13"^  9^*6  —  6™  34-*6  =  6'"  2>S^ 
m   time,  or    i*^.  34^  45''  in  space  =  M  />  77?,  the  in- 
crease of  the  moon's  ri^ht  ascension  in  the  time  of 
its  passage  from  the  first  meridian,  to  that  whose  lon- 
gitude is  sought.     The  variation   of  the   equation  of 
time  for  twenty-four  hours  on  Aug.  4,  was  5"^  435*3, 
decreasing  and  additive ;  therefore  lo!^  +_a  =  12^ 
—  2"^  5i'*6  =  11''  -^y^  8^*4.     To   find  the  increase 
of  the  moon's  right  ascension,  take  from  the  Xauti- 
cal  Almanac  the  right  ascensions  both  at  noon  and 
midnight,  for  two  or  three  days,  and  after  arranging 
them,  take  their  differences,  as  below : 

i!t.  dif.  2d,  dif. 

Aug. 


3,  noon  .     . 

3,  midnight . 

4,  noon  .     . 

293° 

301 

309 

49 
30 

•  7 

41 

•  17 

4,  midnight . 

5,  noon  .     . 

316 

324 

54 

•  7 

•  •  7 

.     .  6 

24 
6    • 

48    • 

.  18 
.  18 

5,  midnight . 

330 

48 
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Here,  as  the  second  differences  are  evidently  nearly 

7°  24.'  -|-    7°  6' 

uniform,  we  may  take  7^  ^  5'  =   ■—■ — ^ -,  for  the 

rate  of  increase  for  the  twelve  hours,  the  middle  of 
which  correspond  with  midnight  on  the  fourth  day. 
Therefore,  7°  15'  :  1°  34'  AS"  '  •  n"  57"^  8-4  :  x  = 

1 56'"'20463  :  consequently -T-    ^t  =   i^d'S'^iSi  = 

jy  V  7?i;    and  T>  p  ?}i  —  M  p  7n  =  T>   P   G    = 

J56'"*6326i  —  6'"*58333  =  i5o'"*o4928  in  time,  or 
37*  30'  44^''*35  in  space,  the  longitude  west  from 
Greenwich. 

It  is  a  peculiar  advantage  attending  this  method, 
that  it  requires  the  taking  of  no  altitudes  or  distances ; 
neither  is  their  needed  the  true  times  at  which  the 
transits  are  observed,  but  merely  the  true  interval  of 
time  between  the  observations  at  the  place  where  the 
longitude  is  required.     Now  the  difference  of  times 
between  the  transits  of  the  moon  and  star  over  the 
meridian,  will  seldom  exceed  a  quarter  of  an  hour, 
and  such  an  interval  may  certainly  be  measured  with 
sufficient   accuracy  by  either  a  watch   or  pendulum, 
although  its  motions  may  not  be  sufficiently  regular 
to  measure  much   longer  intervals  of  time.     If  the 
observations  are  made  when  the  moon  is  not  near  the 
full,  it  will  be  proper  to  observe  when  the  enlightened 
hmb  is  on  the  meridian,  and  allow  for  the  passage  of 
the  semidiameter  by  means  of  the  Nautical  Aima/iac: 
when  the  required  longitude   is  great,  and  is  to  be 
determined  with  all  possible  accuracy,   an  allowance 
must  be  made  for  the  change  of  the  moon*s  semidia- 
meter (in  the  interval  of  the  passages),  arising  from 
its  change  of  distance,  also  for  the  change  of  semi- 
diameter  in  right  ascension  caused  by  the  change  of 
declination. 

66g.  Seventh  method :  by  the  distance  between  the 
moon  and  the  sun,  or  a  fired  star.  This  method 
jias,  since  the  invention   of  Mr.  Hadlexfs  octant^ 
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by  which  altitudes  and  distances  may  be  taken  on 
ship-board,  been  found  more  practicable  and  accurate 
for  determining  the  longitude  at  sea,  than  any  other 
method  which  has  yet  been  tried.  On  this  account  it 
has  very  much  engaged  the  attention  of  the  best  As- 
tronomers, ever  since  the  time  of  Dr.  Halleij,  who 
strongly  recommended  it.  Dr.  Maskdyyie  in  parti- 
cular, in  the  explanation  and  use  of  the  Requidte 
Table<i,  has  laid  down  rules  of  his  own  invention, 
and  Mr.  ffltchcil*s,  which  very  much  facilitate  the 
computations ;  and  has  thus  removed,  what  was 
formerly  looked  upon  as  a  material  objection  to  this 
method,  namely,  the  tediousness  and  difficulty  of 
calculating  the  moon's  place,  and  thence  its  distance 
from  the  sun  or  a  star. 

The  nature  of  the  process  in  this  method  of  finding 
the  longitude  may  be  thus  explained :  i .  The  alti- 
tudes of  the  moon  and  sun,  or  fixed  star,  are  care- 
fully taken  with  an  Hadley's  octant,  and  likewise  the 
distance  between  them  :  then,  from  the  observed  al- 
titudes and  distance,  the  true  distance  is  computed, 
making  proper  allowances  for  parallax  and  refraction. 
2.  The  time  is  found  at  Greenwich,  when  the  moon*s 
distance  from  the  sun  or  star  agrees  with  the  distance 
above  computed.  3.  If  the  latitude  be  known,  the 
time  at  the  place  of  observation  is  determined  by  some 
of  the  problems  in  Chap.  VI. :  or  if  the  latitude  is 
not  known,  both  it  and  the  time  may  be  found  by 
some  of  the  methods  in  the  former  part  of  this  chap- 
ter. 4.  The  difference  of  the  times  at  Greenwich, 
and  the  place  of  observation,  gives  the  longitude  from 
Greenwich. 

070.  Having  the  apparent  distance  of  the  moon 
from  the  sun  or  a  star,  and  their  respective  zenith 
distances,  the  true  distance  may  be  readily  found  : 
thus,  in  fig.  9,  PI.  VI.  let  M  be  the  apparent  place  of 
the  moon,  and  S  that  of  the  sun,  or  star ;  m  and  s 
their  true  places ;  M  )n  being  the  moon's  parallax 
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lessened  by  refraction,  and  S  s  the  star's  refraction^ 
or  the  sun's  refraction  lessened  by  parallax.  Then, 
Z  being  the  zenith,  in  the  spherical  triangle  M  Z  S, 
there  are  given  the  apparent  distance  S  M,  with  the 
apparent  zenith  distances  Z  S,  Z  M,  to  find  the  angle 
Z  ;  and  in  the  triangle  77i  Z  s,  we  then  know,  Z  w, 
Z  s,  the  correct  zenith  distances,  and  7nXs  the  in- 
cluded angle,  from  which  the  true  distance  jn  s  may 
be  determined. 

67  i .  But  the  calculations  of  these  triangles  by  the 
common  methods  being  tedious,  different  approxima- 
tions and  rules  have  been  invented  for  the  value  of 
m  s ;  one  or  two  of  which  are  here  given.  Thus, 
first :  find   the  segments  of  the  base  M  I,  SI,  and 

take  M  0  =  i^l^  X  M  m,  and  S  /,  =  ;^"?4L 

tang.  M  Z  '  -'  tang.  S  Z 

X  S  5  ;  then  MS  —  Mo-f-S/;  will  be  very  nearly 
equal  to  m  s  the  true  distance  :  if  the  angle  M  or  S 
be  obtuse,  take  -f-  M  0,  or  —  S  /;.  For,  in  the 
right-angled  spherical  triangle  Z  I M,  we  have  tang, 

MZ  :  radius  :  :  tancr.  MI  :  co-sine  IMZ  =  - — ^^^rrrz 

o  tang.  M  Z 

X  radius  ;  and,  in  the  right-angled  triangle  M  m  0^ 
which,  on  account  of  the  minuteness  of  its  sides,  may 
be  reckoned  a  plane  triangle,  we  have  radius  :  Mm  :  : 

co-sine  M  (=  ,||^  X  radius)  :Mozz  ~^^-^ 
X  M  7W.  By  a  similar  kind  of  reasoning  it  will  ap- 
pear that  S  p  ^=.  ■     °'g  y  X  S  .y.      Now,  since   the 

arches  M  m,  S  .y,  are  very  small,  D  m  will  be  very 
nearly  equal  toT>  0,  or  D  M  —  Mo ;  and  D  .v  nearly 
equal  to  D  /),  or  D  S  -j-  S  /;.  Therefore  D  ;7^  -f 
D  5  =  D  M  —  M  0  +  DS  +  S  /;,  or  ;;i  ^  ==  M  S 
—  M  0  +  S  /?. 

67^»  Or  the  true  distance  may  be  found  very  com- 
pendiously by  the  following  precepts  : 

I.  To  th^  arith.  comp.  of  the  log.  sine  of  half  the 
apparent  distance,  add  the  log.  sine  of  half  the  4ifr 
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ference  of  the  apparent  altitudes  j  the  sum  is  the  log. 
sine  of  a  first  arc 

2.  To  the  log.  sine  of  half  the  apparent  distance, 
add  the  log.  co-sine  of  the  first  arc,  reject  radius, 
and  the  sum  is  the  log.  sine  of  a  second  arc. 

3.  Add  together  twice  the  log.  sine  of  the  second 
arc,  and  the  arith.  complements  of  the  log.  co-sines 
of  the  two  apparent  altitudes,  their  sum  is  the  log.  of 
a  third  arc. 

4.  To  the  log.  of  the  third  arc,  add  the  log.  co- 
sines of  the  correct  altitudes,  the  sum  is  the  log.  of  a 
fourth  arc. 

5.  From  half  the  log.  of  the  fourth  arc,  take  the 
\o^.  sine  of  half  the  difference  of  the  corrected  alti- 
tudes, there  remains  the  log.  tangent  of  a  fifth  arc. 

6.  From  half  the  log.  of  the  fourth  arc,  take  the 
log.  sine  of  the  fifth  arc,  the  remainder  is  the  log. 
sine  of  half  the  true  distance  *. 

573.  The  true  distance  from  the  moon's  enlightened 
limb  to  the  sun  or  star,  being  determined  by  some  of 
these  rules,  or  those  given  with  the  Requisite  Tables^ 
the  next  step  is  to  find  the  time  at  Greenwich,  when 
the  given  objects  had  this  distance.  Now,  if  it  were 
necessary  to  go  through  the  whole  of  the  calculations 
by  which  the  time  when  the  moon  was  at  a  given  dis- 

*  While  this  work  has  been  in  the  press,  "  An  Introducfion  to 
the  Thcor]/  and  Practice  of  Flatie  and  Spherical  Trigoiwmetn/'  has 
been  pub!is]ied,  by  Mr.  77/05.  Keil/i,  at  page  295  of  which  he  has 
investigated  a  general  rule  for  determining  the  true  distance  of  the 
moon  from  the  sun  or  a  star,  having  given  the  apparent  altitudes 
and  distance  ;  as  this  rule  is  perfectly  correct,  and  requires  but  few 
numbers  to  be  taken  out  of  the  tables,  and  those  at  no  great  distance 
from  each  other,  it  is  here  inserted.  Rule.  '^  To  the  natural  co- 
sine of  the  difference  between  the  apparent  altitudes,  add  the  na- 
tural co-sine  of  the  apparent  distance,  if  ?7iore  than  90^,  or  sub- 
tract it,  if  less  than  go°,  and  find  the  common  logarithm  of  the 
remainder ;  to  which  add  the  logarithm  secants  of  the  apparent  al- 
titudes, the  logarithm  co-sines  of  the  true  altitudes,  and  reject  the 
tens  from  the  index.  The  difference  between  the  natural  number 
answering  to  this  sum  in  the  table  of  logarithms,  and  the  natural 
co-sine  of  the  dfference  between  the  true  altitudes^  will  give  the 
naimal  co-sine  of  the  true  distance." 
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tance  from  any  other  celestial  object  was  to  be  ascer- 
tained, this  part  of  the  business  would  be  extremely 
complex   and  embarrassing ;    but,  in  the  Aat/tical 
Almanac,  the  distances  of  the  moon  from  the  sun, 
and  certain  fixed  stars  which  lie  nearest  her  path,  are 
set  down  to  every  three  hours  of  apparent  time  at 
Greenwich ;  so  that,  assuming  the  moon's  motion  in 
its  orbit,  or  its  motion  with  respect  to  the  object  to  or 
from  which  it  is  approaching  or  receding,  to  be  uni- 
form for  a  small  portion  of  time  (Art.  ^yj.^  the  time 
corresponding  to  the  given  distance  may  be  nearly 
found  by    simple   proportion.      Thus,    seek  in  the 
Ephemeris  amongst  the   computed  distances  of  the 
proposed  objects,  on  the  day  given  for  the  given  dis- 
tance D ;  which,  if  found  there,  shews  the  tim.e  by 
inspection  :    but  if  the  given  distance  fall  between 
two   computed  ones.   A,  B,  say,    as  the  difference 
of  the  distances  A,  B,  to  the   difference  between  A 
and  D ;  so  are  three  hours  of  time,  to  the  propor^ 
tional  time  to  be  added  to  that  of  the  distance  A,    In 
the  Requisite  Tables  there  is  a  table  of  proportional 
logarithms,  which  are  calculated  from  the  common 
logarithms,  by  subtracting  the  log.  of  the  given  num- 
ber, from  the  log.  of  3  ;    in  which,  therefore,   the 
log.  of  3  is  =  o  :  of  course,  by  the  help  of  this  table, 
the  fourth  term  in  the  above  proportion  is  found  by 
subtraction  only*. 

*  The  advantage,  as  well  as  the  accuracy  of  applying  proportional 
logarithms,  will  obviously  appear,  after  performing  an  operation  by 
common  logarithms,  and  observing  in  w  hat  manner  the  log.  of  3 
atiects  the  others  with  which  it  is  connected.     Thus, 

As  1°  30'  50"  =z  1-51388  .     Log.     -1800914  rr  a 


To         32'  24"=    '54      .     .     Log.  1-7323938  =  6 


So  are  3  hours Log.     -4771213  —/> 


-2095151 
-I 8009 14 


To  it  4^1  i2t  ~  1-070098  .    IwOg.     '0294237  =c=:/?+5— a 

Now 
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6*74.  Having,  agreeably  to  these  directions,  found 
the  time  at  Greenwich  corresponding  to  the  true 
distance  calculated  ;  and  the  time  at  the  place  of  ob- 
servation, by  some  of  the  methods  so  often  alluded 
to ;  the  difference  of  longitude,  in  time,  and  thence 
in  degrees  of  the  equator,  may  be  readily  ascertained. 
But  to  render  the  whole  process  more  obvious,  we 
shall  illustrate  the  preceding  rules  by  an  example,  as 
below. 

Ex.  Suppose  that  on  the  night  of  the  24th  of 
April,  1 801,  when  the  star  poUu.v  was  to  the  west  of 
the  moon ;  the  apparent  distance  of  the  moon  and  star 
was  found  to  be  56°  40',  the  apparent  altitude  of 
the  moon  33'-^  16',  of  the  star  20°  12',  and  the  ap- 
parent time  of  observation  12^  26"!  :  from  hence 
it  is  required  to  determine  the  longitude  of  the  place 
where  the  observations  were  made. 

On  the  24th  of  April,  at  midnight,  the  moon's 
horizontal  parallax  was  56'  45'' ;  therefore  (Art.  83.), 
as  radius  :  co-sine  33°  16'  :  :  sine  56'  45^'' :  sine  47' 
ly"  parallax  in  altitude,  and  the  respective  refrac- 
tions at  the  altitudes  33*-*  16',  20°  12',  are  (Table 
VIII.)  1'  Q.y"  and  1'  34^''.  Hence,  by  the  rules  in 
Art.  672.,  proceed  thus  : 

Apparent  distance      ^G°  40'  its  |  z=  28^  20' 

D  apparent  altitude    33     16 

sjc  app.  alt.    .     .     .20    12 

Difference       .    ij      4 


Half  diff.  app.  alt.        6    32 


Now,  by  the  construction  of  these  proportional  logs,  it  is  manifest 
that  p  —  a  rr  proportional  log.  of  a 

p  —  b  z::  proportional  log.  of  b 

p  —  c  zz  proportional  log.  of  c  

And.  by  the  application  of  these  logarithms,  p'—b-^P'-'a  zz 
p  —  c  :  but  by  actually  subtracting  p  —  a  from  p  —  h,  we  have 
«  —  b  r=Lp  —  c,  and  by  transposition  c  rr  ;>  +  b  — a,  which  exactly 
corresponds  with  the  result  abeve  given  by  common  logarithms. 
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1)  app.  alt.  33°  i6'     " 
—  refrac.  i  27 


*  app.  alt.    icP  12'      ' 
—  refrac.  2  34 


+  paral. 

ZZ 

14  33 
47  27 

From 
Take 

34 
20 

2 

9  26 

PifF. 

13 

52  34 

6 

56  17  • 

*  correct  alt.  20    9  26 


3)  correct  alt. 
He  correct  alt. 


I  diff.  true  alt. 


To  log.  sine  28°  20'  arlth.  comp.    o'32357i9 
Add  log.  sine  632     .     .     .     .     9*0560706 

Sum  log.  sine  ist  arc  . 


To  log.  sine  28^  20'    . 
Add  log.  co-sine  ist  arc 

Sum,  log.  sine  2d  arc 
log.  sine  2d  arc 
log.  co-sine  33°  16' 

comp.       .     . 

log.  co-sine  20    12 

comp.        .     , 


Sum,  log.  3d  arc 


To  log.  3d  arc  .  . 
Add  log.  co-sine  34*^  2.' 
And  log.  co-sine  20°  9'  2 


Sum,  log.  4th  arc 


From  half  log.  4th  arc 
Take  log.  sine  6^  ^6'  ly^ 

Rem.  log.  tang,  5th  arc 


arith. 
arith. 


9*3797425 

9-6763281 
9-9871465 

9-6634746 
9.6634746 

0*0777279. 

0*0275690 

19*4322461 

19-4322461 
9*9184037 
9*9725501 

39*3231999 

19-6615999 
9*061^229 

10*5996770 
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From  half  log.  4th  arc      .     .     .   19*6615999 
Take  log.  sine  5th  arc       .     .     .     9'9866943 

Rem.  log.  I  dist.  28°  13'  ^6"    .     9-6749056 

Therefore     .     .     56   27  52  is  the  true  distance. 

Now,  by  the  Nautical  Almanac^  1801,  it  appears 
that,  on  April  24th,  the  distances  of  the  moon's 
centre  from  pollux  are  as  follows  : 

At  12  h.  57^  10'  4.f     .     .     56^  2/  52''  =  D 

At    9 h.  55    33   48      .     .     55   33  48   =  A 

Ac/D  B     I    36  55      Aco  D       54    4 

Hence,  by  Art.  673.,  as  1°  36'  55"  :  54'^  /  :  :  3h  : 
1^  40  n  25^  Or,  if  we  use  the  proportional  loga- 
rithms given  in  the  15th  of  the  Requisite  Tables^ 
■then. 

From  Prop.  log.  o*'  54'    4'''    .     .     5223 
Take  Prop.  log.  i    36  55     .     .     2688 

Rem.  Prop.  log.  i^  40™  25^       .     2535 

Consequently,  9'^  +  i*"  40"^  25'==  10''  40"^  25'  ap-' 
parent  time  at  Greenwich,  when  the  true  distance  of 
the  moon  fi'om  pollux  is  56-'  27'  52'''';  but  the  appa- 
rent time  at  the  place  of  observation  is  12°  26  "^  30^ ; 
therefore,  12"  26"  30'  —  10"  40"'  25''-  =  i*"  46™  5'  in 
time,  or  26°  31'  15''''  in  space,  longitude  from  Green- 
wich ;  and,  as  the  time  at  Greenwich  is  less  than  that 
at  the  place  of  observation,  the  longitude  is  east 
(Art.  661.]*. 

*  The  most  correct  and  practicable  rules  now  extant,  for  finding 
the  longitude  by  the  lunar  distances,  are  those  invented  by  Dr.  Mas- 
keli/iic,  Mr.  Lyuiis,  Mr.  Dunthorne,  and  Mr,  fVifchel/,  and  printed 
with  the  Reqvisitt  Tables.  None  of  those  admirable  rules  are  inserted 
in  this  treatise,  because  they  cannot, be  put  in  practice  without  the 
tables  which  they  accompany  ;  these  tables  and  rules  must,  how- 
ever, be  strongly  recommended,  as  what  no  practical  astronomer  or 
navigator  ought  to  be  without. 
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^75%  In  order  to  arrive  at  the  greatest  possible  pre- 
cision in  determining  the  longitude  from  the  distance 
between  the  moon  and  the  sun,  or  a  star,  it  is  abso* 
lutely  necessary  to  make  the  observations  with  consi- 
derable care,  for  an  errour  of  only  one  minute  in  the 
apparent  distance  will,  at  a  mean,  occasion  an  errour 
of  twenty-seven  miles  in  the  longitude  deduced  This 
will  readily  appear,  from  considering  that  the  errour 
in  longitude,  resulting  from  an  errour  in  apparent 
distance,  is  as  360*-^  to  the  diurnal  motion  of  the 
moon  ;  thus,  taking  the  moon*s  mean  diurnal  motion 
at  13°  io|',  an  errour  in  distance  of  4'  will  produce  ans 
errour  in  longitude  of  1  °  49' ;  and  the  corresponding 
errour  in  longitude  to  i''  in  distance  is  about  27^:'  or 
geographical  miles  on  the  equator.  On  account  of 
the  errours  in  longitude  bearing  so  great  a  proportion 
to  those  in  distance,  a  few  remarks,  tending  to  render 
the  observations  more  accurate,  are  here  added. 

676.  It  has  been  shewn  in  Art.  132.,  that  when  the 
time  is  determined  from  observations  on  the  sun,  the 
errour  in  time  will  be  least  when  the  sun  is  on  the 
i)rime  vertical,  provided  a  proper  allowance  be  made  for 
refraction  ;  but  this  allowance  must  not  always  be 
the  same,  for  the  sun  is  often  not  far  from  the  horizon 
when  on  the  prime  vertical,  and  near  the  horizon  the 
refraction  is  very  variable^  From  the  notation  made 
use  of  in  that  article,  it  readily  follows,  that  the  per- 
pendicular  ascent  of  a  body  is  greatest  when  on  the 
prime  vertical ;  for,  when  p  q  and  the  latitude  are 
given,  rs  (fig,  4,  PI.  II.)  varies  as  the  sine  of  the  azi- 
muth, which  is  a  maxhman  when  the  body  is  on  the 
prime  vertical.  Or,  if  the  object  be  situated  within 
the  circle  of  perpetual  apparition,  it  changes  its  alti- 
tude the  most*specdily  (Art.  180.)  when  it  comes  in 
contact  with  an  azimuth  circle.  Tt  may  also  be  re- 
marked, that  the  sun,  or  a  star,  changes  its  altitude 
most  slowly  when  it  is  near  the  meridian  ;  therefore, 

H  H 
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the  best  times  of  the  day  for  taking  the  distance 
between  the  moon  and  sun  is  from  about  |  or  f  of  an 
hour  after  sun-rise  to  about  ten  o'clock  in  the  morn- 
ing, and  in  the  afternoon,  from  nearly  two  o'clock  to 
nearly  f  an  hour  before  sun-set.  If  a  watch  be  used, 
the  altitudes  for  regulating  it  may  be  taken  during  any 
part  of  the  morning  or  afternoon,  when  the  sun  is  not 
higher  than  18"  or  20^,  or  lower  than  5®.  These 
observations  may  be  taken  during  the  four  days  pre- 
ceding the  moon's  first  quarter,  and  the  four  days 
following  the  last  quarter,  which  make  eight  days  in 
each  lunation,  provided  a  quadrant  be  used  ;  but  if  a 
fiCTtant  be  made  use  of,  observations  may  be  made  on 
the  four  days  preceding,  and  the  four  days  following 
the  quadratures  also  ;  that  is,  fifteen  or  sixteen  days 
in  each  lunation. 

.  677.  At  sea,  the  best  time  for  making  observations 
between  the  moon  and  a  star  is  during  the  morning 
or  evening  twilight,  or  when  the  sea  horizon  can  be 
seen  sufficiently  distinct  to  take  an  accurate  altitude  : 
here  also  the  altitude  of  the  moon  should  be  between 
5^  and  18'^,  or  at  most  20°;  but,  with  a  distinct 
horizon  at  land,  any  altitude  may  be  used,  which  is 
not  too  near  the  meridian.  The  star,  which  is  chosen, 
should  be  at  least  two  hours  from  the  meridian,  par- 
ticularly if  the  apparent  time  is  to  be  deduced  from  it. 
As  to  its  situation,  with  respect  to  the  moon,  it  should 
be  such  that  the  moon  should  approach  to  it,  or 
recede  from  it,  with  a  velocity  as  nearly  uniform  as 
possible.  In  order  to  this,  it  must  be  situated  either 
in  or  near  the  moon's  path,  that  is,  very  nearly  in  the 
direction  of  a  line  conceived  to  be  drawn  so  as  to 
pass  through  the  moon's  centre  perpgidicular  to  the 
right  line  joining  her  cusps  (Art.  470. j  ;  or,  between 
the  full  moon  and  her  quadratures,  in  the  direction  of 
a  line  passing  through  her  centre  perpendicular  to 
her  longest  diameter ;  and,  if  the  distance  from  the 
moon  to  the  star  chosen  be  more  than  25°  or  '^o'^^ 
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although  the  star  should  deviate  in  a  small  measure 
from  the  moon's  path,  still  the  moon  will  approach 
to  it,  or  recede  from  it,  for  an  hour  or  two,  with 
nearly  uniform  velocity.  The  stars  whose  distances 
arc  set  down  in  the  Nauticat  Almanac,  on  the  respec- 
tive days  for  which  the  distances  are  computed,  lie 
very  near  the  moon's  path,  so  that  the  chief  irregu- 
larity in  the  motion  with  which  the  moon  approaches 
to  them,  or  recedes  from  them,  arises  from  hqr  abso- 
lute motion  in  her  orbit ;  therefore,  in  cases  where 
extreme  accuracy  is  required,  the  velocity  should  be 
taken  into  the  account,  as  well  as  the  space,  in  deter- 
mining the  time  taken  by  the  moon  to  move  any  given 
distance,  and  the  proper  measure  of  the  velocity  is 
such  a  quantity  as  has  the  same  ratio  to  the  space 
described,  as  three  hours  have  to  the  time  that  has 
been  actually  taken  to  move  the  given  distance :  to 
find  this  quantity  correctly  would  require  interpola- 
tion, but  it  will  be  sufficient  in  practice  to  find  the 
time  first' by  the  common  method  (Art.  6^},'^  and 
then  to  correct  the  interval  for  three  hours  to  that 
time,  by  taking  a  proportional  part  of  the  second 
difference  of  the  moon's  distance  at  the  beginning  of 
each  three  hours,  supposing  the  Jir.st  drffere?ices  to> 
answer  to  the  middle  of  each  interval.  This  correc- 
tion will  often  bring  the  result  nearer  to  the  truth  by/ 
four  or  five,  and  sometimes  even  by  six  miles,  which, 
in  geographical  determinations,  is  of  consequence. 

67^*  If  two,  three,  or  more  sets  of  observations  l3e 
made  as  near  to  each  other  as  possible,  and  the  me;ins 
of  the  times  by  the  watch,  of  the  distances,  andi  of 
the  respective  altitudes,  be  taken,  these  means  may 
be  esteemed  a  set  of  observations  more  to  be  depended 
on  than  any  single  set  j  or,  the  longitudes  may  be 
computed  to  each  set,  and  the  meaii  of  the  results 
taken  for  the  true  longitude. 

679.  In  taking  the  distances  between  the  moon 
and  the  sun,  or  a  star,  with  a  Hadley's  sextant^  it  is 
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usual  to  move  about  the  index  till  the  moon's  enlighf^ 
ened  innb  is  made  to  touch  the  limb  of  the  sun,  or  the 
middle  of  the  star.  Now,  by  observations  which 
have  been  made  in  a  place  whose  longitude  was  pre- 
vioubly  determined  with  accuracy  by  the  eclipses  of 
Jupiter's  satellites,  it  has  been  found  that  bringing  the 
object  to  the  moon's  enlightened  limb  is  hable  to 
errour.  A  little  before  and  after  the  conjunction, 
when  the  whole  hemisphere  of  the  moon  is  visible 
(Art.  467.),  several  sets  of  distances  of  a  star,  both 
from  the  bright  and  dusky  parts  of  the  circumference, 
were  taken  ;  and  of  the  results  it  appeared,  that  those 
deduced  frcin  the  dusky  part  were  considerably 
nearer  the  truth  than  the  others :  the  nature  oi  the 
errour  plainly  shewed  that  the  star  was  really  some 
distance  (generally  less  than  half  a  degree)  ftom  the 
enlightened  limb,  when  it  seemed  to  be  In  contact 
with  it.  Indeed  it  must  be  well  known,  that  near  the 
conjunction  the  outward  arc  of  the  moon's  enlight- 
ened crescent  seems  to  be  a  portion  of  a  larger  circle 
than  the  limb  of  the  dusky  part :  this  is  the  source  of 
the  errour,  and  it  is  the  more  necessary  to  attend  to 
it,  because  it  is  of  such  a  kind  as  is  not  to  be  remedied 
by  increasing  the  number  of  observations.  To  avoid 
the  errours  which  arise  from  this  deception,  the  dis- 
Vances  may  be  taken  from  the  dusky  part  of  the  lim.b 
when  the  moon  is  near  the  conjunction  ;  or,  at  other 
tijnes,  instead  of  making  the  star  appear  to  touch  the 
mtoon  oiUnardly,  or  at  the  centre,  to  cause  it  to 
touch  the  moon  imcarcUi^i  so  that  the  whole  star  shall 
just  be  hid. 

6W.  When  the  altitudes  of  the  moon  and  the  sun, 
or  a  star,  are  taken  at  sea,  they  require  to  be  corrected 
for  what  is  called  the  dip  of  the  horizon  ;  for  the 
observer,  standing  upon  deck,  is  raised  above  the 
level  of  the  sea,  and  observes  an  horizon  below  the 
level  of  the  true  one.  Thus  (tig.  13,  Fl.  IX.),  let 
a  Sj  be  the  surface  of  the  sea,  E  S  the  height  of  the 
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eye  above  that  surface,  and  AF  the  observer's  hori- 
zon; then  the  observer,  deeming  E/t:  the  horizon, 
which,  in  fact,  dips  below"  the  true  one  by  the  arc 
A  a,  the  apparent  altitude   /B  of  an  object  B  must 
manifestlv  be  lessened  by  the  arc  a  A.     Or,  if  the 
observer's  back  be  towards  the  object  B,  the  line  /  E  c 
becomes  his  apparent  horizon,  which  dips  below  the 
true  one  by  the  arc  F  /  =  A  f,  it  is  obvious  the  appa- 
rent altitude  c  B  is  too  small,  and  must  be  augmented 
by  the  dip  E  /  or  Ac;  consequently,  in  the  fore  ob- 
servations with   the  sextant,    the  altitude   must  be 
lessened  by  the  horizontal  dip  ;  and  in  the  bacu  ob- 
servations, the  altitude  must  be  increased  by  the  dip  : 
but  in  zenith  di:ytances  add  the  dips  forward,  and 
subtrdct  them   backimrd.     The  dips  may  be  easily 
computed ;  for,  let  C  be  the  earth's  centre,  E  the 
eye,  and  the  tangent  E  /'  meeting  the  surface  in  /, 
where  the  sky  and  water  seem  to  meet ;  then  C  /  E 
is  a  triangle  right-angled  at  /,  in  which  are  known 
Cf=  C  S  =  the  earth's  se.nidiameter,  and  C  E  = 
C  S  -h  S  !^  =  the  sum  of  the  earth's  radius  and  the 
height  of  the  eye  ;  then,  as  C  E  :  C  /  :  :  radius  :  sine 
C  E/,  and  because  CE  F  is  a  right  angle,  the  com- 
plement of  C  E  /  is  /  E  F  measured  by  E  /  the  dip 

sought Among  the  reqa^^ice  ladlts  there  are 

Jwo  which  relate  to  the  dip  of  the  horizon  ;  the  one 
(Tab.  II.)  expresses  the  dip  to  different  heights  of  the 
eye,  from  i  foot  to  loo,  when  the  horizon  is  entirely 
open  and  free  from  intervening  objects,  as  supposed 
above  ;  the  otlier  (Tab.  V.|  when  the  shore  is  nearer 
the  ship  than  the  visible  horizon  woul  i  be,  if  it  vz-re 
unconfined,  in  which  the  dip  is  given  as  it  correspond^ 
to  altitudes  between  5  and  40  feet,  and  distances  ue-f 
tween  -  of  a  mile  and  6  miles. 

Obi.  Whenever  recourse  is  had  to  the  Wautical 
Alman  !c^  it  will  be  necessary  to  attead  to  the  proper 
distiijction  between  the  astronomical,  civil,  and  ni^jti- 
pal  mo4e  of  reckoning  tiine;    tiie  nautical  or  §ea 
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reckoning  is  twenty-four  hours,  or  one  whole  day, 
and  the  civil  twelve  hours,  in  advance  of  the  astrono- 
mical, at  the  commencement  of  the  day.  Thus, 
April  27th,  8"  40™  in  the  morning,  civil  time,  is  April 
26th,  20'^  40%  astronomical  time  (Art.  109.),  and 
April  27th,  8'^  40%  A.M.  nautical  time;- also,  April 
27th,  8"  40"™  in  the  afternoon,  civil  time,  is  April 
27th,  8^  40""  astronomical,  and  April  28ch,  8*"  40"", 
P.M.  nautical :  the  beginning  of  the  astronomical 
day,  the  noon  of  the  civil,  and  the  ending  of  the 
nautical,  being  at  one  and  the  same  instant,  under  the 

same  meridian Other  directions  and  remarks 

might  be  added  ;  but  the  above  will,  we  hope,  sujffice 
to  give  a  clear  view  of  the  subject ;  further  informa- 
tion may  be  met  with  in  works  written  expressly  on 
the  longitude  *. 

*  On  this  subject  the  performanres  of  Dr.  Mackay  and  Mr. 
Tf^'ales  merit  particular  commendation  ;  Mr.  Kohcrtsoji's  Navigationy 
and  Mr.  H.  Clarie  s  Seammi's  Desiderata^  may  be  advantageously- 
consulted  ;  and  several  papers  on  the  longitude  in  the  Fhilo3c/>h. 
"Transactions  and  Asiatic  Researches  contain  very  useful  directions. 
An  extensive  set  of  Tab  esfor  facilitnting  the  Calculations  of  Nautical 
Astronorny^  has  been  ju^t  published  by  joseph  de  Mendoza  Rios,  esq. 
The  methods  of  finding  the  longitude  by  a  solar  eclffse,  and  by  aa 
eccultaticn  of  a  fixed  star  by  the  ?nnon,  arc  not  given  in  this  treatise, 
for  the  necessary  computations  in  each  are  much  more  tedious  and 
irksome  than  in  any  of  the  methods  explained  iu  this  chapter  j  and, 
as  they  are  not  of  univeisal  application,  and  even  when  they  can  be 
applied  ave  not  mOrc  accurate  than  either  the  ^th,  6th,  or  7th  me- 
thod, there  is  nothing  gained  to  compeii?atf;  ior  the  additional 
labour  and  fatigue. 
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On  the  Distances,  JMagmtudes,  and  Number  of 
the  fixed  Stars,  mth  Reflections  on  their  Nature^ 
and  un  the  Immensity  of  the  Universe. 


Art.  6S2.  when  treating  upon  the  relative  si- 
tuations and  appearances  of  the  fixed  stars,  in  the 
fourth  chapter  of  this  work,  we  did  not  attempt  to 
assign  their  real  distances  or  magnitudes,  because  it 
could  not  possibly  have  been  attempted  in  that  place, 
without  assuming,  as  known,  many  principles,  with 
which  a  person  on  the  entrance  of  his  astronomical 
studies  must  be  in  great  measure  unacquainted ;  we 
therefore  deferred  this  part  of  the  enquiry  until  other 
truths  were  established,  which  will  enable  us  to  pursue 
it  with  greater  probability  of  success. 

6S3.  That  the  fixed  stars  are  placed  in  situations 
extremely  remote  from  us,  will  be  manifest  from  the 
consideration  that  even  their  annua/  parallax  is  quite 
insensible,  or  at  least,  it  requires  the  most  ingenious 
contrivances  to  bring  it  in  any  way  under  our  notice  ; 
that  is  (Art.  630.),  the  diameter  of  the  earth's  orbit, 
which  has  been  shewn  to  be  1 90  milhons  of  miles, 
bears  no  sensible  proportion  to  the  immense  distance 
of  the  fixed  stars.  Various  methods  have  been  in- 
vented for  investigating  the  annual  parallax,  but  none 
of  them  have  as  yet  afforded  us  more  than  a  distant 
approximation.  The  method,  though,  which  was 
practised  by  Hook,  Flamstced,  Molijneux,  and  Brad' 
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ley^  has  given  us  a  much  more  accurate  idea  of  the? 
distance  of  the  stars  from  us  than  was^  ever  derive^ 
from  any  previous  method.  Dr.  Bradley  says,  that 
if  this  parallax  had  amounted  to  a  single  second,  or 
two  at  most,  he  should  have  discovered  it  in  the 
great  number  of  observations  -which  he  made  upon 
Stars  near  the  zenith,  particularly  upon  y  Di^aconis ; 
and  that  it  seemed  to  him  very  probable  that  the  an- 
nual parallax  of  this  star  does  not  amount  to  a  single 
second  ;  and,  consequently,  that  it  is  about  four  hun- 
dred thousand  times  farther  from  us  than  the  sun. 

6S4.  Mv.Michell*  instituted  an  enquiry  into  the 
probable  parallax  and  magnitude  of  the  fixed  stars, 
from  the  quantity  of  light  which  they  afford  us,  and 
the  peculiar  circumstances  of  their  situation.  With 
this  view,  he  supposed  that  they  are,  on  a  medium, 
equal  in  magnitude  and  natural  brightness  to  the  sun ; 
and  then  he  proceeded  to  enquire,  what  would  be  the 
parallax  of  the  sun  if  he  were  to  be  removed  so  far 
from  us,  as  to  make  the  quantity  of  the  light  which 
we  should  then  receive  from  him,  no  more  than  equal 
to  that  of  the  fixed  stars.  Adopting  the  generally  re- 
ceived principle  that  the  intensity  of  light  is  reciprO' 
cally  as  the  square  of  the  distance  from  the  luminous 
pointy  he  found  that  if  the  sun  were  removed  to 
2200G0  times  his  present  distance,  he  would  still  ap- 
pear as  bright  as  saturn,  and  his  whole  parallax,  upon 
the  diameter  of  the  earth's  orbit,  would  be  less  than  2^^} 
and  this  he  assumed  for  the  parallax  of  the  brightest  of 
the  fixed  stars,  upon  the  supposition  that  their  hght 
does  not  exceed  that  of  saturn.  This  ingenious  gen- 
tleman imagines,  that  the  quantity  of  light  we  receive 
from  sirius^  does  not  exceed  the  light  we  receive  froni 
the  least  fixed  star  of  the  sixth  magnitude,  in  a  greater 
ratio  than  that  of  1 000  to  one,  nor  less  than  that  of 
400  to  one ;  and  the  smaller  stars  of  the  second  mag- 

*  Philosophical  Transactions,  vol.  57. 
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nitude  seem  to  be  about  a  mean  proportional  between 
the  other  two.  Hence  the  whole  parallax  of  the  least 
fixed  stars  of  the  sixth  magnitude,  supposing  them  to 
be  of  the  same  size  and  native  brightness  with  the 
sun,  should  be  from  about  2'"  to  3*^',  and  their  dis- 
tance from  about  eight  or  twelve  million  times  that  of 
the  sun  ;  upon  the  same  supposition,  the  parallax  of 
the  smaller  stars  of  the  second  magnitude  should  be 
about  1 1'",  and  their  distance  about  two  million  times 
that  of  the  sun. 

685.  DT.ide?'sche/,  to  whose  great  sagacity  and 
industry  astronomy  is,  on  many  accounts,  so  highly 
indebted,  has  proposed  a  method  by  means  of  double 
stars,  which  is  free  from  most  of  the  errours  peculiar 
to  other  methods,  and  is  of  such  a  nature,  that  the 
annual  parallax,  even  if  it  should  not  exceed  the 
tenth  part  of  a  second,  may  still  become  visible,  and 
be  ascertained  with  much  more  precision  than  here- 
tofore *.  This  method  was  first  suggested  in  an  im- 
perfect manner  by  Galileo,  and  has  been  since  men- 
tioned by  Mr.  Emerson  in  his  Astronuniij,  and  by 
some  other  authours  ;  it  is  capable  of  every  improve- 
ment which  the  telescope  and  mechanism  of  microme- 
ters can  furnish.  Dr.  Hersclwl  premises  as  postulata 
^wo  principles  ;  first,  that  each  of  the  stars  is  about 
the  size  of  the  sun ;  and  secondly,  that  the  dij'ercnce 
in  the  apparent  magnitudes  of  the  stars  is  owing  to 
their  different  distances,  so  that  a  star  of  the  second^ 
tldrd^  or  fourth  magnitude,  is  about  tzio,  three,  or 
four  times  farther  from  us  than  one  of  the  first. 
These  postulata  will  not,  we  suppose,  be  re  dily 
granted  by  every  one  ;  but,  if  the  mode  of  reasoning 
J)e  adopted  which  is  pursued  in  the  Doctrine  of 
Chance.-'-,  it  will  appear  that  they  have  considerable 
probability  in  their  favour,  and  may  therefore  be  ad- 
mitted in  an  enquiry,  respecting  which,  if  the  result 
should  not  be  perfectly  accurate,  ir  will  in  no  shape 

*■   See    PhUosoph'cal  Iran  sad  ions,  vol.  "]%,      Also  Dr,  Huttont 
^lath,  and  Phil.  Dictionary^  Art.  Star. 
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affect  the  truth  of  any  of  our  previous  discussions,  all 
of  which  are  totally  independent  of  the  present  spe- 
culation. But  to  proceed  to  an  elucidation  of  this 
method  :  Let  E  O  (fig.  i6,  PI.  IX.)  be  the  whole  di- 
ameter of  the  earth's  annual  orbit,  and  let  I  and  B  be 
two  stars  of  unequal  apparent  magnitudes,  in  the 
same  plane  with  E  O  ;  then  the  difference  between 
the  angles  I  O  B,  I  E  B,  subtended  by  these  stars  at 
two  opposite  points  of  the  earth "s  orbit,  or  between 
the  two  angles,  measured  at  the  distance  of  half  a 
year  from  each  other,  will  lead  to  the  determination 
of  the  parallax :  and  in  order  to  this,  two  stars,  or 
more,  should  be  chosen  which  appear  as  near  as  pos- 
sible to  each  other,  and  at  the  same  time  have  the 
greatest  difference  in  apparent  magnitude.  Let  A,  B,C, 
be  three  stars  situated  in  the  ecliptic,  in  such  a  manner 
that  they  may  appear  all  in  one  line  O  A  B  C,  when 
tlie  earth  is  at  O.  Now,  if  O  A,  AB,  B  C,  be 
equal  to  each  other,  A  will  (by  the  second  postula- 
tum)  be  a  star  of  the  first  magnitude,  B  of  the 
second,  and  C  of  the  third.  Let  us  next  suppose 
the  angle  O  AE,  or  annual  parallax,  to  be  i^' ;  then, 
because  very  small  angles  having  tiie  same  subtense 
E  O  may  be  estimated  in  the  inverse  ratio  of  the  lines 

0  A,  O  B,  O  C,  &c.  we  shall  have  E  B  O  =  i", 
E  C  O  =  1^  &c. :  also,  because  E  A  =  A  B  nearly, 
the  angle  A  E  B  =  A  B  E  =  Y ;  and  because  B  C 
ii:i-BO  =  |BE  nearly,    the   angle   B  E  C  = 

1  BCE  =  ±'',  and  hence  A  E  C  =  I  -f  ^  =  Y :  from 
which  it  follows  that,  when  the  earth  is  at  E,  the  stars 
A  and  B  appear  at  ■V''  distance  f,om  each,  the  stars  A 
and  C  at  i.^  and  the  stars  B  and  C  only  ^^^  distant,  in  a 
similar  manner  may  be  deduced  a  gej/eral  expression 
for  the  parallax  that  will  become  visible  in  the  change 
of  distance  between  the  two  stars,  by  the  removal  of 
the  earth  from  one  extreme  of  her  orbit  to  the  other. 
Let  P  denote  the  total  parallax  of  a  fixed  star  of  the 
magnitude  of  the  M  order,  and  w  the  number  of  the 
order  of  a  smaller  star,  y;  denoting  the  partial  paraU 
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lax,  to  be  observed  by  the  change  in  the  distance  of 
a  double  star  ;  then  drawing  n  A  perpendicular  to 
E  C,  we  have  /;  :  P  :  w^  A  :  E  O  :  :  C  A  :  C  O  :  : 

,  _  1  w  —  M  T,  T^  m  p 

m  —  M  :  m ;  hence  /;  =:  F,  or  r  z=  -     '^    • 


in  —  M 

which  gives  P  when  p  is  found  by  observation. 

Ex.  Suppose  a  star  of  the  first  magnitude  should 
have  a  smaU  star  of  the  twelfth  magnitude  near  it ; 
then  "will  the  partial  parallax  we  are  to  expect  to  see,  be 

'^- — '^—  P  ~    —  P,  or  —  of  the  total  parallax  of  the 

12.  12        '  12  *■ 

larger  star  :  and  if  we  should,  by  observation,  find  the 
partial  pa:  aiiax  between  two  such  stars  to  amount  to  i'\ 

then  will  the  total  parallax  P  =  ~  />  =  i  Vt*  Again, 

if  the  stars  be  of  the  third  and  twenty-fourth  magnitude, 

the  total  parallax  will  be  P  =  — ^i—  p  —  ^—  p—    p; 
^  24  —  3^         21'        7 

so  that,  if,  by  observation,  p  be  found  to  be  -J^  of 

8" 
a  second,  the  whole  parallax  P  will  be  —  =  o*i  1428''''. 

686".  Farther,  the  stars  being  still  in  the  ecliptic, 
suppose  they  should  appear  in  one  line,  when  the 
earth  is  in  some  other  part  of  her  orbit  between  E 
and  O  ;  then  will  the  parallax  be  still  expressed  by 
the  same  algebraic  formula,  and  one  of  the  maxima 
will  still  lie  at  1%  the  other  at  O ;  but  the  whole 
effect  will  be  divided  into  two  parts,  which  will  be  in 
proportion  to  each  other,  as  radius  —  sine,  to 
radius  -|-  sine,  of  the  star's  distance  from  the  nearest 
conjunction  or  opposition. 

0^7.  When  the  stars  are  any-whcre  out  of  the 
ecliptic,  situated  so  as  to  appear  in  one  line  O  A  B  C 
perpendicular  to  E  O,  the  maximum  of  parallax  will 

still  be  expressed  by     ~""'  P  ;    but  there  will   arise 

another  additional  parallax  in  the  conjunction  and  op- 
position, which  will  be  to  that  which  is  found  90* 
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before  or  after  the  sun,  as  the  sine  (.s)  of  the  latitude 
of  the  stars  seen  at  O,  is  to  radius  (i);  and  the 
effect  of  this  parallax  v.'ill  be  divided  into  two  parts ; 
half  of  it  lying  on  one  side  of  the  large  star,  the 
other  half  on  the  other  side  of  it.  This  latter  paral- 
lax will  also  be  compounded  with  the  former,  so  tiiat 
the  distance  of  the  stars  in  the  conjunction  and  oppo- 
sition,  will  then  be  represented  by  the  diagonal  of  a 
parallelogram,  whose  sides  are  the  two. semiparallaxes; 

a   general   expression  for  which  will   be    —        P 

\/  1  -{-  i^,  OT  ^  p  %/  I  +  .>^  When  the  stars  are  in 
the  pole  of  the  ecliptic,  .s  will  be  zi  i,  and  the  last 
formula  will  be  i  p  \/  2  zz.  7071  /;. 

66^.  Again,  let  the  stars  be  at  some  distance,  as 
5^,  tvom  each  other,  and  let  them  be  both  in  the 
ecliptic.  This  case  is  resolvable  into  the  first ;  for 
imagine  the  star  A  to  stand  at  I ;  then  the  angle  A  EI 
may  be  accounted  equal  to  A  O  I  j  and,  as  the  first 

formula  p  = ~  P,  gives   us  the  angles  A  E  B, 

A  E  C,  we  are  to  add  A  E  I,  or  5",  to  A  E  B,  which 
will  give  I  E  B.  In  general,  let  the  angular  distance 
of  the  stars  be  f/,  and  let  the  observed  distance  at  E 
be  D»  then  will  D  =  c/  +  /;,  and  therefore  the 
whole  parallax   of  the  annual  orbit  will  bq  expressed 

by^^D^  =  P. 

6*8').  Suppose  now,  the  stars  to  differ  only  in  lati- 
tude, one  being  in  the  ecliptic,  the  other  at  some 
distance,  as  5*  north,  when  seen  at  Q.  This  case, 
also,  may  be  resolved  by  referring  to  the  former  ;  for 
imagine  the  stars  B  and  C  to  be  elevated  at  right 
angles  above  the  plane  of  the  figure,  so  that  A  O  B 
or  A  O  C  may  make  an  angle  of  5'''  at  O  ;  then,  in- 
stead of  the  lines  O  x\  B  C,  E  A,  E  B,  E  C,  imagine 
them  all  to  be  planes  at  right  angles  to  the  figure  ; 
and  it  will  appear  that  the  parallax  of  the  stars  in  Ion? 
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gitude,  must  be  the  same  as  if  the  small  star  had 
been  without  latitude,  /^nd,  since  the  stars  B  C,  by 
the  motion  of  the  earth  from  O  to  F,  will  not  change 
their  latitude,  we  shall  have  the  following  construc- 
tion for  finding    the  distance  of  the  stars  A  B,  and 

A  C  at  E,  and  thence  the  pa'allax  P. ^Let  the 

the  triangle  ab  ^  (fig.  14,  PI.  IX.;  represent  the  si- 
tuation of  the  stars ;  a  b  is  the  subtense  of  5'''',  the 
angle  under  which  they  are  supposed  to  be  seen  at  O. 
The  quantity  Z>  /3  is  found  by  a  former  theorem  = 

-~P,  which  is  the  partial  parallax  that  would 

have  been  seen  by  the  earth's  moving  from  O  to  E,  if 
both  stars  had  been  in  the  ecliptic  ;  but,  on  account 
of  the  difference  in  latitude,  it  will  now^  be  repre- 
sented by  a  jS,  the  hypothenuse  of  the  triangle  a  b  p: 
therefore  in  general,  putting  ab  =  d,  « i3  =  D,  we 

have  — -.  \/  D-  —  d'^  zz  P.      Hence,   D  being 

found  by  observation,  and  the  three  d,  m^  M,  being 
given,  the  total  parallax  is  obtained. 

6y().  When  the  stars  difier  in  longitude  as  well  as 
latitude,  a  formula  for  the  parallax  may  be  obtained 
thus :  Let  the  triangle  a  b  B  (fig.  15,  PI.  IX.)  repre- 
sent the  situation  of  the  stars,  a  b  zn  d  being  their 
distance  seen  at  O,  « i3  ==  D  their  distance  seen  at  E. 
That  the  change  b  ^,  which  is  produced  by  the  earth's 

motion,  will  be  truly  expressed  by P,  may  be 

proved  as  before,  by  supposing  the  star  a  to  have 
been  placed  at  «.  Now  let  the  angle  of  position  b  a  % 
be  taken  by  a  micrometer,  or  by  any  other  method 
sufficiently  exact ;  then,  by  resolving  the  triangle 
abu^  we  obtain  the  longitudinal  and  latitudinal  dif- 
ferences a  a,  and  b  a,  of  the  two  stars.  Put  «  a  =  j:', 
b  a,  =  j/,    and   it  will   be  x  -\-  b  &  ==.  a  q,    whence 

y('^'  +  '-^  n  +  y'  =  Dj    and   P  = 


m 


m  —  jM 


in. 
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69  ^ .  If  neither  cf  the  stars  should  be  in  the  eclip- 
tic, nor  have  the  same  longitude  or  latitude,  the  last 
theorem  will  still  serve  to  calculate  the  total  parallax, 
whose  maximum  will  lie  in  IL  'J'here  will  also  arise 
•another  parallax,  whose  maximum  will  be  in  the  con- 
junction and  opposition,  which  will  be  divided,  and 
lie  en  different  sides  of  the  large  star ;  but  as  the 
whole  parallax  is  extremely  small,  it  is  not  necessary 
to  investigate  every  particular  case  of  this  kind  ;  for 
by  reason  of  the  division  of  the  parallax,  which 
renders  observations  taken  at  any  other  time,  except 
where  it  is  greatest,  very  unfavourable,  the  formulae 
would  be  of  little  use. 

6y2.  Dr.  Herschel  closes  his  account  of  this  theory, 
with  a  general  observation  on  the  time  and  place 
where  the  maxima  of  parallax  will  happen.  Thus, 
when  two  unequal  stars  are  both  in  the  ecliptic,  or, 
not  being  in  the  ecliptic,  have  equal  altitudes,  north 
or  south,  and  the  largest  star  has  the  greatest  longi- 
tude, the  maximum,  of  the  apparent  distance  will  be 
when  the  sun's  longitude  is  90°  greater  than  the  star's, 
or  when  observed  in  the  morning  :  and  the  minimum, 
when  the  longitude  of  the  sun  is  90°  less  than  that  of 
the  star,  or  when  observed  in  the  evening.  But  when 
the  small  star  has  greatest  longitude,  the  maximum 
and  minimum,  as  well  as  the  time  of  observation, 
will  be  the  reverse  of  the  former.  And  when  the 
stars  differ  in  latitude,  this  makes  no  alteration  in  the 
place  of  the  maximum  or  minimum,  nor  in  the  time 
of  observation  ;  that  is,  it  is  immaterial  which  of  the 
two  stars  has  the  greater  latitude. 

by;?.  Upon  the  whole,  there  is  reason  to  conclude 
that  the  decision  of  Dr.  Bradleij  (Art.  683.)  is  with- 
in the  limits  of  truth  :  we  may,  therefore,  set  down 
the  distance  of  y  draconis  at  400000  times  that  of 
the  sun,  and  the  distance  of  the  nearest  fixed  star, 
80000  times  that  of  the  sun,  or  40000  times  the  dia- 
meter of  the  earth's  orbit.  These  distances  are 
immensely  great,  as  will  more  manifestly  appear,  by 
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finding  the  time  which  would  be  occupied  by  some 
moving  body  of  great  velocity  in  passing  through  them. 
Light  passes  from  the  sun  to  the  earth  in  about  8 
minutes ;  yet  this  would  take  up  more  than  six  years 
in  travelling  from  y  draconis  to  the  earth ;  and  nearly 
a  year  and  a  quarter  in  passing  from  the  nearest 
fixed  star  to  the  earth.  A  cannon  ball  moving 
with  the  velocity  of  1760  feet  per  second,  or  20  miles 
in  a  minute,  would  not  traverse  the  distance  from  the 
nearest  fixed  star  to  us  in  a  shorter  period  of  time 
than  one  ml/ lion  one  hundred  and  txcenty-eight  thou- 
sand years  !  ! 

694.  As  to  the  real  magnitudes  of  the  fixed  stars, 
there  is  but  Httle  prospect  of  our  arriving  at  any 
thing  like  certainty  on  that  head.  All  that  we  have 
any  reason  to  expect  is  a  mere  approximation,  and 
that  not  a  very  accurate  one  :  for  if  we  could  deter- 
mine the  annual  parallax  of  any  of  them  with  preci- 
sion, which  has  not  been  done  hitherto,  still  the  best 
and  most  complete  instruments  will  not  enableA'.s  to 
determine  their  diameter  accurately.  Conjectures 
have  sometimes  been  made,  from  a  comparison  of 
the  light  they  afl'ord  us  with  that  of  the  sun,  and  it 
has  been  concluded  that  the  magnitude  of  the  stars 
does  not  differ  considerably  from  that  of  the  sun  :  this 
is  probably  not  far  from  the  truth  ;  but  it  v/ould  not 
become  those  vv'ho  study  a  science  reared  on  demon- 
stration, to  lay  much  stress  on  the  result  of  mere  con- 
jecture. 

695.  With  respect  to  the  number  of  the  fixed  stars, 
we  could,  almost  without  hesitation,  pronounce  it 
infinite.  The  number  that  may  be  seen  by  the  naked 
eye  does  not  exceed  3000,  if  it  extend  to  so  many: 
but,  since  the  invention  of  telescopes,  it  has  been 
found,  that  to  the  greater  perfection  these  instru- 
ments are  brought,  the  greater,  in  a  very  high  pro- 
portion, is  the  number  of  the  stars  which  may  be  ob- 
served.    A  good  telescope,  directed  almost  indiffer- 


4S0        On  ihe  Nmnher  of  the  fixed  Star's'* 

ently  to  any  point  of  the  heavens,  discovers  nrultr* 
tudes  that  are  lost  to  the  naked  eye.  Dr.  jiook, 
with  a  telescope  twelve  feet  long,  reckoned  seventy- 
eight  stars  in  the  single  constellation  of  the  pcciaae.'i : 
and  /'.  oti  kheita  with  a  better  telescope  discovered 
188  ;  whereas  we  cannot  reckon  above  seven  or  eight 
seen  by  the  naked  eye.  Goi.hu  found  eighty  stars  in 
the  space  of  the  belt  of  orion's  sword;  and  '  ..;e  Jiutita 
observed  more  than  2000  in  the  whole  constellation 
of  onon,  of  which  not  ii.ore  than  seventy  or  eighty 
(Art.  70.)  can  ever  be  seen  without  glasses.  That 
bright  irregular  zone  the  milki/  umy  (Art.  70.)  has 
been  very  carefully  examined  by  Dr.  Herschct ;  who 
has,  in  the  space  of  a  quarter  of  an  hour,  seen  the 
astonishing  number  of  1 1 6000  stars  pass  through  the 
field  of  view  of  a  telescope  of  only  15'  aperture. 
Every  improvement  of  his  telescopes  has  led  to  the 
discovery  of  innumerable  stars  not  seen  before ;  so 
that  it  seems  improper  for  us  to  set  bounds  to  their 
number. 

6^6.  The  fixed  stars  do  not  appear  to  be  all  regu- 
larly disseminated  through  the  heavens,  but  the  greater 
part  of  them  are  collected  into  clusters ;  and  it  re- 
quires a  large  magnifying  power,  with  a  great  quan- 
tity of  hght,  to  distinguish  separate  ly  the  stars  which 
compose  these  clusters.  With  a  siiiall  magnifying 
power,  and  small  quantity  of  light,  they  only  appear 
as  minute  whitish  spots,  much  like  small  light  clouds, 
and  thence  they  are  called  nebuUc,  The  numbers  of 
nebulas  was  formerly  imagined  to  be  about  i  ot^  ;  but 
Dr.  Herschtl^  early  in  the  year  17  84,  had  disco- 
vered 469  more,  and  since  then  has  given  a  catalogue 
of  2000  nebuUt  which  he  has  discovered.  The  most 
careful  and  accurate  observations  give  great  reason 
to  conclude,  that  they  all  consist  of  large  masses  or 
clusters  of  stars  at  prodigious  distances  frpra  our  sys- 
tem. Dr.  titrtiChd  is  of  opinion  that  the  starry  hea- 
ven is  replete  with  these  nebulae,  and  that  each  of 
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ttiem  Is  a  distinct  and  separate  system  independent  of 
the  rest.  The  milky  way  he  supposes  to  be  that  par- 
ticular nebula  in  which  our  sun  is  placed  ;  and,  in 
order  to  account  for  the  appearance  it  exhibits,  he 
supposes  its  figure  to  be  much  more  extended  to- 
wards the  apparent  zone  of  illumination,  than  in  any 
other  direction ;  which  is  a  supposition  that  he 
thinks  allowable,  from  the  observations  he  has  made 
on  the  figures  of  other  nebulae. 

697.  This  idea  of  the  stars  being  formed  into  sys- 
tems *)  had   indeed  been  previously  started  by  the^ 
ingenious  Mr.  AJic/ici/,  in  a  paper  we  before  referred 
to  (Art.  684.) :  he  observed  that  there  were  many 
large  spaces  in  the  heavens  where  no  stars  were  to  be^ 
seen ;  and  others  in  which  a  number  of,  very  consl-'t 
derable  ones  appear  near  together,  in  the  midst  of 
several  sm.allfr  ones.     Now  he  apprehends  that  those 
stars  which  are  found  in  clusters,  and  surrounded  by'; 
many  others  at  a  small  distance  from  them,  belong 
probably  to  other  systems,  and  not  to  ours.     Those 
stars  which  are  surrounded  with   nebulse,  are  pro^ 
bably  only  very  large   stars,  which,   on   account  of 
their  superiour  magnitude,  are  singly  visible,   while 
the  others,  which  compose  the  remaining  parts  of  the 
same  system,  are  so  small  as  to  escape  our  observa- 
tion.    And  those  nebulae  in  which  we  can  discover 
either  none,  or  only  a  few  stars,  even  with  the  as- 
sistance of  the  best  telescopes,  are  probably  systems 
that  are  still  more  distant  than  the  rest.     This  gen- 

*  M.  Lambert,  too,  in  the  second  part  of  his  Cosmogony,  has  gone 
far  in  the  illustration  and  defence  of  a  similar  opinion.  His  mode 
of  discussion  is  too  diffuse  to  admit  of  extracts  in  a  fniall  compass  j 
the  work  is  therefore  recommended  to  the  attention  cf  the  re.'der. 
But  the  recommendation  must  be  qualified  :  for,  at  the  same  time 
that  the  fublimity  and'fe.xtent  of  this  author's  astronomical  knowlcdu;e 
enlighten  the  understanding,  and  the  brilliancy  of  his  genius  cails 
forth,  our  admiration,  his  proneness  to  indulge  the  most  romantic 
conceptions,  compels  us  to  read  with  cautign,  and  somejinies  witl> 
regret. 

I  I 
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tleman   conducted  part  of  his  reasoning  nearly  a^ 
follows :    The  pleiades  are  composed  of  six  remark- 
able  stars,   which   are   placed   in    the    midst    of   a- 
number  of  others,    that  are  all    between  the  third 
and  sixth  magnitudes ;  and  comparing  this  number 
six  with  the  ■whole  number  visible  in  the  heavens  to- 
the   naked   eye,  he  calculated,  by  the  doctrine  of 
chances,  that,  among  all  this  number,  if  they  had 
been  dispersed  arbitrarily  through  the  celestial  vault, 
it  was  about  five  hundred  millions  to  one,  that  six 
of  them  should  hQ   placed  together  in   so  small  a 
space^.     It  is,  therefore,  so  many  chances  to  one  that 
this  distribution  was  the  result  of  design ;  or  that 
there  is  a  reason  or  cause  for  such  an  assemblage  : 
ind  in  a  universe  where  every  thing  appears  governed 
by  immutable  laws,  this  degree  of  probability  is  ex- 
ceedingly stEong.  The  stars,  therefore,  which  are  thus 
grOBped  are  most  probably  systems  analogous  to  the 
solar  one ;  and  our  sun,  who  *'  appears  to  be  the 
lord  of  the  universe,  is  most  likely  only  a  star  which 
belongs  to  some  of  those  systems  that  are  interspersed 
through,  the  regions  of  the  infinite  expanse,    Thi»  \s> 
cmiformabre  to  the  designs  of  Nature  in  all  her  ope- 
rations.     Our  planetary   system  demonstrates,  that 
she  unites  and  connects  several  bodies   together  in 
order  to  compose  a  whole  ;  and  it  is  highly  probable 
that    all  her   works  are  condiicted  upon  the  same 
plkn/" 

C)Y)8^  Now,,  a  neeessarj  consequence  of  this  hypo- 
thesis is,  that  these  different  systems  should  be  mu- 
tually balanced  among  themselves,  by  ^vrq  general 
principle  wliichy  with  its  influence,  pervades  the  wholer 
such  principle  we  have  in  the  law  of  universal  gravi- 
tation, whicb  may  connect  together  th^se  innume- 
rable bodies,  and  reduce  their  motions  to  harmony 
and  order.  The  learned  Dr.  Hallcij,  conformably 
"to  this  idea,  conceived  the  whole  solar  system,  togc- 
^er  with  all  the  systems  of  the  stars>  ta  be  in  mgtioit 
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tTDund  some  point  which  is  the  common  centre  of 
gravity  of  the  whole.  In  pursuing  this  opinion  he 
makes  the  following  reflections  ;  "  If  the  number  of 
stars  be  finite,  and  occupy  only  a  part  of  space,  it 
\vill  follow  that  they  must  be  surrounded  by  a  void. 
But  as  this  void  can  have  no  action  upon  the  bo* 
dies  which  it  environs,  those  bodies  must  exert  all 
their  force  upon  each  other,  without  equilibrium^ 
and  without  compensation.  Those  which  are  at  the 
extremities,  or  near  the  borders  of  the  void,  will  be 
Strongly  and  continually  attracted  by  those  near  the 
centre ;  and  these  efforts,  continued  and  multiplied 
through  a  number  of  ages,  must  at  length  draw  all 
the  suns  and  planets  into  that  point,  and  form  one 
immense  mass,  which  must  for  ever  remain  there, 
without  action  and  without  motion.  But  if,  on  the 
contrary,  the  number  of  stars  be  infinite,  and  the 
system  without  bounds,  all  the  forces  will  be  ba- 
lanced among  themselves ;  the  suns  and  planets  will 
preserve  the  paths  prescribed  them,  and  the  order  of 
the  universe  will  be  perpetually  the  same  *."  Opi- 
nions in  great  measure  similar  to  these  of  Dr.  Hul- 
lei/,  appear  to  have  been  entertained  by  philosophers 
nearly  2000  years  ago,  though  their  ideas  were  pro- 
bably very  confused  and  indefinite  ;  but  that  they  had 
some  notion  of  the  celestial  bodies  being  influenced 
considerably  by  gravity,  is  evident  from  the  observa- 
tion of  Lucretius^  who  thinks  the  world  to  be  infi- 
nitely extended,  "  For  otherwise,**  says  he,  "  the 
bodies  thac  are  on  the  outside,  w  juld,  by  their  gra- 
vity, be  drawn  towards  those  on  the  inside,  and 
Vould  long  since  have  all  fallen  together  in  a  choa-" 
tic  mass  in  the  middle." 

t)>;.').  Whether  all  the  bodies  in  the  universe  par- 
take of  some  general  motion  round  a  common  centre, 
as  well  as  continue  to  move,  by  the  established  laws, 

*  Phil9S(^hkMl  Transactions,  No.  36^- 
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about  the  particular  centre  of  each  system  ?  or  whe- 
ther our  system  changes  its  situation  with  respect  to 
absolute  space,  while  the  stars  continue  fixed,  or  the 
stars  have  a  proper  motion  of  their  own,  while  the 
centre  of  the  solar  system  remains  at  rest  ?  are  ques- 
tions, the  decision  of  which  probably  falls  not  within 
the  scope  of  human  intelligence.  That  the  fixed 
stars  have  a  small  apparent  motion,  besides  those 
which  are  occasioned  by  the  earth's  diurnal  and 
annual  revolutions,  by  the  precession  of  the  equinoxes, 
the  aberration  of  light,  and  the  nutation  of  the  earth's 
axis,  is  now  completely  ascertained  by  the  observa- 
tions of  Roemer,  Mayer,  JMaskdyne,  and  Htrschd. 
Some  of  the  motions  observed  are  reconcileable  with 
the  supposed  motion  of  the  solar  system,  but  others 
are  of  a  nature  quite  contrary  to  what  ought  to  arise 
from  this  supposition  ;  nor  do  they  entirely  corre- 
spond with  any  other  hypothesis.  On  these  compli- 
cated and  mysterious  points  we  shall  probably  always 
float  in  uncertainty  ;  our  scanty  views  and  feeble  con- 
ceptions fall  far  below  the  range  of  such  enquiries;  that 
which  incontrovertibly  approaches  so  near  to  infinity, 
is  not,  perhaps,  to  be  comprehended  by  any  thing 
jnferiour  to  iujbiite  wisdom. 

700.  In  determining  the  nature  of  the  Ji\ved  states y 
tve  are  able  to  make  somewhat  nearer  approaches ; 
but  even  here  most  of  our  conclusions  will  be  deduced 
from  analogical  reasoning.  That  the  fixed  stars  are 
at  immense  distances  from  us,  is  manifest,  from  the^ 
fruitless  attempts  which  have  been  made  to  determine 
their  annual  parallax  :  we  may  safely  state  their  dis- 
tance from  us  to  be  several  thousand  times  greater 
than  the  distance  of  georgium  sidus,  yet  they  shine 
with  much  more  brightness  and  splendour  than  that 
planet,  whence  we  have  great  reason  to  conclude  that 
they  derive  not  their  light  from  the  same  source,  viz^ 
from  the  sun  :  and,  if  they  derived  their  light  from 
any  luminous  body  which  was  near  them,  that  body 
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would  certainly  be  visible  to  us,  as  well  as  those 
which  shone  with  the  borrowed  light :  it  is  natural,' ;i 
then,  to  suppose,  that  each  fixed  star  shines,  not  with- 
a  reflected  light,  but  with  its  own  native  lustre.  To 
strengthen  this  opinion,  let  it  be  considered  that  the 
stars  appear  less  in  a  telescope  which  magnifies  two  or 
three  hundred  times,  than  they  do  to  the  unassisted 
eye;  for  they  appear,  when  viewed  through  the  instru- 
ment, as  mere  points :  now,  if  they  shone  by  bor- 
rowed light,  they  would  be  as  invisible  without  tele- 
scopes, as  the  satellites  of  jupiter  or  of  saturn ;  for 
these  satellites,  when  observed  with  a  good  telescope, 
appear  larger  than  fixed  stars  of  the  first  magnitude, 
when  viewed  in  like  manner.  Hence  we  infer,  that 
the  fixed  stars  shine  with  their  own  light  :  and,  when 
their  immense  distances  are  taken  into  account,  we 
cannot  hesitate  to  admit  that  their  real  magnitude 
considerably  exceeds  that  of  any  of  the  planets.  The 
fixed  stars,  then,  seem  to  be  of  a  nature  very  similar 
to  the  sun ;  nay,  that  they  are  suns  in  reality  will 
scarcely  admit  of  a  doubt,  for  the  analogy  between 
them  may  be  traced  in  numerous  particulars  ;  the  sun 
turns  on  his  axis,  so  do  many  of  the  stars,  as  is 
known  from  observation ;  the  sun  has  spots  on  his 
surface,  so  have  many  of  the  stars ;  on  the  sun  these 
spots  are  changeable,  so  they  are  on  several  of  the 
stars,  as  has  been  frequently  observed  by  Dr.  HerscJicl 
and  other  astronomers.  If,  then,  the  stars  are  of  a 
nature  similar  to  the  sun  in  these  particulars,  as  well 
as  others  which  are  not  now  mentioned,  is  it  not 
highly  probable  that  each  of  them  is  designed  to 
answer  purposes  like  those  for  which  the  sun  is  so 
admirably  fitted  ?  Is  it  not  reasonable  to  conceive 
that  each  star  is  the  centre  of  a  .si/.s-te???,  and  has 
planets,  which  are  illuminated,  warmed,  and  cherished 
by  its  light  and  heat  ?  We  surely  cannot  imagine  that 
the  stars  were  formed  for  no  other  purpose  than  to 
cast  la  faint  light  around  the  earth,  especially  when  we 
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consider  thaf  we  have  incomparably  more  light  from 
the  moon  than  from  all  the  stars  together,  and  that 
innumerable  stars,  so  far  from  affording  es  light,  are 
not  even  discernible,  without  the  aid  of  the  best 
telescopes.  Let  it  also  be  considered,  that  if  our  sun, 
with  the  whole  system  of  planets,  moons,  and  comets, 
were  to  be  removed  to  the  distance  of  the  nearest 
fixed  star,  nothing  would  be  seen  but  the  sun,  which 
would  then  appear,  not  as  the  lord  of  the  system,  the 
source  of  universal  light  and  heat,  but  as  s/rius  or  as 
proa/'^/i,  brilliant  though  minute,  luminous  though 
diffusing  no  warmth.  Instead,  therefore,  of  looking 
upon  the  fixed  stars  as  a  curious  species  of  twinkling 
IJanies,  hung  up  in  the  spacious  canopy  of  heaven 
merely  to  ornament  it,  or  to  add  to  the  delight  of 
tnan  ;  let  us  suffer  our  conceptions  to  expand  till  they 
embrace  a  wider  field  of  contemplation;  it  us  not 
be  accused  of  soaring  into  the  regions  of  fancy,  when 
we  speak  of  the  fixed  stars  as  bodies  of  magnitude  and 
brilhancy  equal  to,  or  greater  than,  the  sun,  placed 
not  only  at  vast  distances  from  us,  but  from  each 
other,  occupying  each  its  proper  situation  in  the  un- 
bounded immensity  of  space,  and  each  dispensing 
light  and  heat,  and  controlling  the  motions  of  a  system 
of  planets  arid  satellites  which  traverse  their  respec^ 
live  orbits  under  the  influence  of  laws  similar  to  those 
which  regulate  the  motions  of  the  bodies  in  our 
system, 

70 . .  3ut  if  we  allow  the  existence  of  these  innu- 
merable planetary  and  stellar  worlds,  shall  we  be 
denied  the  pleasure  of  conceiving  that  they  have  inha- 
bitants ?  When  every  part  of  matter,  upon  which  we 
have  opportunities  of  making  observations,  is  found 
fitted  for  the  production,  nourishment,  and  growth  of 
livjing  creatures  peculiar  to  itself;  when  we  cannot 
meet  with  even  a  minute  portion  of  nature  which  lies 
waste  and  useless ;  but  when  not  only  seas,  lakes,  and 
rivers^  lUQwntains  and  valleys,  trees  and  h^rbs,  gr?^58€?» 
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aiid  the  animals  which  feed  tipon  them,  teem  with 
life,  and  even  the  blood  and  humours  of  animals,  nay- 
putrefactions,  all  prodace  or  support  their  respective 
inhabitants  ;  shall  we,  as  it  were,  in  direct  oppositioa 
to  the  universal  voice  of  nature,  indulge  the  unreason- 
able notion,  that  the  most  numerous  and  most  stu- 
pendous bodies  in  the  universe  are  barren  and  void  ? 
No  4  let  us  rather,  since  it  is  so  consonant  to  all  that 
is  grand  and  noble  and  reasonable,  look  upon  the 
greater  and  less  luminaries,  sun  and  stars,  planets  and 
satellites,  as  an  innumerable  multitude  of  habitable 
worlds  ;  let  us  consider  them  as  furnished  with  plants, 
herbs,  animals,  and  everything  necessary  for  the  sup- 
port or  delight  of  rational  beings ;   let   us  not  be 
unwilling  to  admit  that  these  rational  beings  have 
faculties,   perceptions,  senses ;  that  they  are  capable 
of  enjoying  pleasure,  and  suffering  pain  ;  that  they  are 
not  devoid  of  a  knowledge  of  useful  inventions,  or 
•sublime  sciences ;   but   that   they  are  formed  with 
every  capacity  necessary  for  social  intercourse,  for  the 
employments  of  active  life,  and  for  the  exalted  exer- 
cises of  devotion.     But  we  forbear  to  proceed  farther 
In  the  path  of  speculation ;  though  on  a  subject  which 
places  before  us  such  unbounded  prospects,  it  is  ne^t 
to   impossible   to   avoid   it :    even   the   known   and 
acknowledged  truths  of  astronomy  almost  stagger  our 
belief;  but  when  we  reflect  upon  millions  of  millions 
of  icor/ds,  placed  at  the  distance  of  millions  of  miles 
from  each  other,  and  the  whole  inhabited  by  millions 
of  millions  of  millions  of  rational  creatiire.y,  formed 
for  never-ending  felicity,  the  idea,  though  delightful, 
must   necessarily   be  vague  and  indefinite ;    really, 
when  indulging  such  contemplations,  we  can  scarcely 
help  acknowledging,  that  all  our  science  is  as  nothing, 
and  that  we  have  yet  to  be  initiated  in  the  principles 
of  a  new  notation,  which  may  enable  us  to  compre- 
hend these  astonishing  numbers  *. 

*  The  inquisitive  reader,  who  wishes  to  see  such  speaitationt 
farther  pursued,  will  be  charmed  with  the  perusal  of  Uuygem'i 
i^pjm«tbeoriSf  or  Conjecturfs  concerning  the  yianjtfrj  ff'irldt^ 


(     488     ) 


CONCLUSION. 


Art.  702.  WE  have  now  gone  through  our  en- 
quiry into  the  nature,  magnitudes,  and  motions  of 
the  heavenly  bodies  :  it  remains  for  us  to  make  a  few 
reflections.  And  here  we  cannot  help  remarking  that, 
besides  the  obvious  tendency  which  the  study  of 
astronomy  has  to  improve  the  powers  of  reason,  to 
lead  to  a  nearer  acquaintance  with  the  most  stupen- 
dous and  amazing  scenes  in  the  universe,  and  thus 
to  enlarge  our  conceptions,  and  cherish  an  ardent 
desire  for  more  copious  draughts  of  real  and  useful 
knowledge  ;  it  also,  when  properly  pursued,  directly 
tends  to  meliorate  and  improve  the  heart.  We  do 
not  say  that  these  beneficial  consequences  will  result 
from  a  mere  acquaintance  with  the  properties  of  lines, 
and  angles,  and  triangles,  and  circles,  or  with  a  fa-, 
cility  in  applying  the  principles  of  geometry  and  ana- 
lysis to  the  determination  of  celestial  distances  and 
magnitudes  ;  though  this  will  be  fiir  from  a  useless 
exercise  for  the  faculties  of  the  mind  :  but  what  we 
mean  to  affirm  is,  that  the  truths  which  astronomy 
places  before  us,  when  rightly  attended  to,  lead  to  the 
advancement  of  wisdom  and  good  morals  ;  indeed, 
we  could  almost  hazard  rhe  opinion,  that  they  incul- 
cate a  morality  inferiour  only  to  the  excellent  mora, 
lity  of  the  gospel.  By  means  of  astronomy  we  may, 
as  the  ingenious  Thii!9;eits  remaiks,  "  mount  from 
this  dull  earth,  and  viewing  it  from  on  high,  consider 
whether  Nature  has  laid  out  all  her  cost  and  finery 
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upon  this  small  speck  of  dirt.  So,  like  travellers  into 
other  distant  countries,  we  shall  be  better  able  to  judge 
of  what  is  done  at  home,  know  how  to  make  a  true 
estimate  of,  and  set  its  own  value  upon,  every  thing  : 
we  shall  be  less  apt  to  admire  what  this  world  calls 
great,  and  shall  nobly  despise  those  trifles  the  genera- 
lity of  men  set  their  affections  upon."  Surely,  if  any 
thing  can  eradicate  the  sentiments  of  self-conceit,  and 
instil  a  principle  of  humility,  we  may  hope  that  this 
desirable  end  will  be  effected,  at  least  in  a  consider- 
able degree,  by  recollecting  that  an  individual  is  only 
one  among  the  millions  of  intelligent  agents  who 
inhabit  one  among  the  many  millions  of  habitable' 
worlds;  one  who,  to  an  eye  that  can  take  in  the 
whole  of  creation,  is  but  as  an  insect  existing  upon 
an  atom  of  earth.  Can  the  baneful  passions  of  envy 
and  avarice  be  fostered  in  the  breast  of  him  who  is 
convinced  that  even  the  wealth  of  the  Indies  is  as 
nothing,  when  set  in  competition  with  the  riches  of 
thq  universe  ?  Can  he  who  has  frequently  contem- 
plated the  splendour  of  the  sun,  the  silent  majesty  of 
the  moon,  and  the  combined  lustre  and  glory  of  the 
starry  worlds,  give  way  to  ambition,  or  evince  an  ea- 
gerness to  attain  the  shadowy  distinctions  of  human 
grandeur  ?  or  can  he  who  has  adopted  the  persuasion 
that  worlds  are  innumerable  and  their  inhabitants  in-? 
finite,  when  he  reflects  upon  the  blessings  and  bene- 
fits which  fall  to  the  share  of  one  minute  object  in 
the  immense  catalogue,  do  otherwise  than  repress  all 
repining,  to  make  room  for  the  swelling  sensations  of 
gratitude  ?  But  gratitude,  it  must  be  acknowledged, 
implies  an  object  to  whom  it  is  due ;  we  therefore 
proceed  to  enquire,  whether  the  study  of  astronomy 
does  not  furnish  us  with  the  most  satisfactory  proofs, 
of  the  existence  of  a  Being  to  whom  gratitude  is  justly 
due  for  all  we  have  enjoyed,  or  ever  can  expect  to 
(pnjoy. 

703.  If  an  ancient  heathen  poet,  who  dealt  in  fie-. 
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tion,  was  so  convinced  of  the  dependency  of  the 
works  of  Nature  and  of  all  second  causes,  upon 
5(0me  First  Cause,  as  to  make  the  inference  that 
*'  The  inu^htst  Link  of  Natures  chain  mast  be  at- 
tachi'd  to  the  J  cot  of  Jup'itcr^s  throne"  ;  *  it  is  not 
unreasonable  to  expect  that  a  modern  enquirer  after 
truth,  with  present  advantages,  will  find  ample 
grounds  for  believing  that  there  exists,  distinct  fron* 
the  universe,  a  supreme  intelligent  First  Cause.  The 
argum^ents  generally  adduced  to  prove  that  there  is  a 
God,  are  distributed  into  two  kinds  :  arguments  i^, 
priori.,  or  those  taken  from  the  necessity  of  the  divine, 
existence ;  and  arguments  a  posto'iori,  or  those  taken 
from  the  works  of  Nature.  The  first  kind  fall  not 
pecuharly  within  the  compass  of  this  undertaking ; 
nor,  if  they  did,  would  they  be  exclusively  employed, 
:as  the  proof  resulting  from  them  is  not  always  of  the 
most  satisfactory  nature :  the  second  kind,  on  the 
contrary,  afford  such  evidence  of  the  being  of  a  God, 
as  cannot  well  be  doubted  by  any  who  are  at  all 
Swayed  by  the  force  of  truth.  And  when  the  exist- 
ence of  this  great  Being  is  shewn,  his  attributes  may 
be  inferred  from  a  union  of  both  these  kinds  of  argu- 
ments, which  forms  a  mixed  proof.  It  is  manifest 
that  the  universe  must  either  be  eternal,  or  brought 
into  existence  by  chance,  or  formed  by  the  power 
and  wisdom  of  a  supreme  intelligent  Being.  Now,  if 
the  universe  be  eternal,  since  nothing  could  exist 
prior  to  it,  it  must  be  set, -exis  lent ;  and  if  self -exist- 
ent, it  must  be  immatable :  for  since  a  being  is  the 
same  with  all  its  properties  taken  together,  if  any 
property  were  taken  away  from  it,  a  part  of  the  be- 
ing would  perish,  which  is  inconsistent  with  its  being 
necessary  ;  or,  if  any  properties  or  parts  were  added, 
the  being  itself  would  not  be  eternal,  and  therefore 
net  necessarily  existent.     But  the  universe  has,  yvc 

*  Homer.    Sec  JUaJ,  Book  IX. 


•/*  the  Sujn^eme  Bang.  4S1 

are  certain,  undergone  considerable  changes :  many 
stars  of  great  magnitude  which  were  formerly  visible, 
are  now  no-where  to  be  found ;  and  many  stars  are 
now  visible  which  have  every  appearance  of  i)ew  ones : 
besides  this,  the  earth  we  inhabit,  as  appears  from 
the  most  authentic  histories,  has  undergone  material 
changts ;  and  from  our  own  observations  we  may 
assert,  that  it  is  incessantly  changing  :  hence,  then, 
we  infer  that  the  universe  is  not  sei)-c.nstc/if,  and, 
consequently,  not  ettrna!.  This  being  admitted,  it 
follows  that  the  universe  is  either  the  offspring  of 
chance,  or  the  result  of  design.  A  slight  survey  of 
a  few  parts  of  the  universe  will  compel  us  to  acknow- 
ledge that  there  exists  in  nature  a  certain  constant 
order,  which  is  totally  irreconcileable  with  all  our 
ideas  of  chance  :  for  instance,  all  the  planets  and  sa- 
tellites in  our  system  have,  ever  since  accurate  ob- 
servations have  been  made  upon  them,  been  found 
to  move  in  conformity  to  a  regular  established  pro- 
portion between  their  distances  from  the  sun  or  their 
respective  primaries,  and  the  times  of  their  revolu- 
tions :  they  are  always  found  to  revolve  about  their 
respective  centres  of  force,  with  such  a  variable  ve- 
locity, as  to  describe  equal  trilineal  areas  in  equal 
times,  whatever  their  distances  from  their  central  bo- 
dies may  be :  all  those  celestial  bodies  upon  which 
sufficient  observations  have  been  made  (and  probably 
all  the  rest),  are  of  a  spheroidical  form:  the  con- 
stant return  of  the  day  and  night  on  the  earth,  and 
each  of  the  planets,  is  occasioned,  not  by  the  sun  be- 
ing carried  round  the  planet,  but  by  the  rotation  of 
the  planet  upon  its  axis  :  the  cause  of  the  variety  pf 
Reasons  is  very  simple,  for  it  is  occasioned  by  the 
axis  of  the  planet  being  inclined  to  the  plane  of  its 
orbit ;  and  the  regular  return  of  the  seasons  is  main- 
tained by  the  continuance  of  the  planet's  axis  in  a 
situation  very  nearly  parallel  to  itself;  the  innumer- 
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2ible  multitude  of  the  fixed  stars  seem,  as  far  as  we 
can  determine,  to  be  of  the  same  nature,  and  each 
calculated  to  answer  similar  purposes.  Is  it  possible 
to  conceive  that  such  marks  of  order,  such  invariable 
}aws,  such  general  relations,  as  are  here  mentioned, 
and  many  others  which  must  suggest  themselves  to 
every  intelligent  mind,  should  spring  out  of  confu- 
sion, or  that  such  beauty  and  harmony  should  be 
produced  by  the  fortuitous  concourse  of  atoms  ? 
^  As  well,  nay  better,  and  more  easily,  might  we 
suppose,  that  an  earthquake  might  happen  to  build 
towns  and  cities  ;  or  the  materials  carried  down  by 
a  jflood,  fit  themselves  up  without  hands  to  make  a 
regular  fleet.  For  what  are  towns,  cities,  or  fleets, 
in  comparison  of  the  vast  and  amazing  fabric  of  the 
universe  !"  The  contemplation  of  these  various  rela- 
jddns,  of  these  unequivocal  marks  of  power  and  of 
design,  must  lead  to  the  persuasion  of  an  intelligent 
First  Cause;  for  the  greater  number  and  variety  of 
parts  there  are  in  a  whole,  all  concurring  to  a  com- 
mon end,  the  greater  is  the  probability  that  the  whole 
is  not  the  result  of  a  blind  chance  :  since  w^e  must  be 
satisfied  that  motion  is  not  essential  to  matter,  we 
can  place  neither  in  matter  nor  in  motion  the  effi- 
cient reason  of  what  exists  ;  because  assigning  the 
cfEcient  reason  of  a  thing  is  not  simply  giving  a  cause 
to  that  thing,  it  is  assigning  a  principle  by  which  we 
jnay  clearly  conceive  why  a  thing  is,  and  for  what 
y^eason  it  is  as  it  is,  and  not  otherwise.  Now  it  is  only 
in  an  intelligent  self-existent  cause,  that  w^e  find  suffi, 
cent  reason  for  the  mode  of  being  of  the  universe  ; 
and  it  is  only  in  the  power  of  the  First  Cause,  that; 
we  find  the  efficient  reason  of  the  existence  or  actu* 
ality  of  the  universe  :  we  therefore  conclude  that 
there  is  a  separate  invisible  Being  who  formed  all 
v/orlds,  and  this  great  Being  we  distinguish  by  the  ap- 
pellation— God. 
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704»  The  preceding  reasoning  is  so  strongly  con- 
firmed by  Dr.  Young  in  his  Night  Thoughts,  that  we 
cannot  forbear  extracting  a  passage  : 

"  Whence  earth  and  these  bright  orbs  ?  — Eternal  ? 
"  Grant  matter  was  eternal ;  still  these  orbs 
"  Would  want  some  other  father; — much  design 
**  Is  seen  in  all  their  motions,  all  their  makes ; 
"  Design  implies  intelligence  and  art : 
"  That  can't  be  from  themselves — or  man  :  That  alt 
*'  Man  scarce  can  comprehend,  could  man  bestow  i 
*'  And  nothing  greater  yet  allow'd  than  man. — 
*'  Who,  motion,  foreign  to  the  smallest  grain, 
"  Shot  through  vast  masses  of  enormous  weight  ? 
*',  Who  bid  brute  matter's  restive  lump  assume 
**  Such  various  forms,  and  gave  it  wings  to  tiy  ? 
"  Has  matter  innate  motion  ?  then  each  atom 
"  Asserting  its  indisputable  right 
"  To  dance,  would  form  an  universe  of  dust : 
*'  Has  matter  none  ?  then  whence  these  glorious  forms, 
",  And  boundless  flights,  from  shapeless  and  repos'd  ? 
"  Has  matter  more  than  motion  ?  has  it  thought, 
**  Judgment,  and  genius  ?  is  it  deeply  learn'd 
"  In  mathematics  ?  has  it  fram'd  such  laws, 
**  Which,  but  to  guess,  a  Newton  m»de  immortal? 
**  If  so,  how  each  sage  atom  laughs  at  me, 
*'  Who  think  a  clod  inferiour  to  a  man  ! 
*'  If  art  to  form  ;  and  counsel,  to  conduct ; 
"  And  that  with  greater  far  than  human  skill, 
*'  Resides  not  in  each  block  ;  a  Godhea^d  reigns." 

705.  If,  from  the  arguments  which  have  been  ad- 
duced, we  are  constrained  to  admit  the  being  of  a 
God,  we  must  also  allow  his  chief  attributes;  for 
they  are  manifestly  deduclble  from  his  existence,  or 
his  workmanship.  Thus,  as  to  his  eternity  :  if  God 
made  all  things,  he  could  not  receive  being  from  an- 
other ;  and,  as  a  being,  cannot  spring  up  from  ab- 
solute nothing  into  existence ;  and  besides,  as  some- 
thing must  of  necessity  be  eternal,  otherwise  nothing 
■could  have  been  at  all ;  therefore  the  Maker  of  the 
World  must  be  eternal.  His  omnipotence  appears 
from  creation  itself;  for  no  effect  can  be  assigned  so 
great,  but  he  b  able  to  produce  it :  it  is  impossible  tq 
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conceive  of  any  power  greater  than'that  which  created 
the  universe ;  and,  besides  this,  there  is  no  external 
power  to  hmit  tlie  operations  of  the  1  ivine  Being  ; 
he  must,  therefore,  be  omnipotent.  That  he  is  im- 
nurral  Viiid  ni/mitfahle  obviously  follows  '  for,  since 
neither  his  existence,  nor  any  thing  pertaining  to  it, 
depends  upon  another  being,  we  cannot  imagine  that 
he  depends  on  any  other  being  for  his  continuance  or 
conservation :  and,  as  he  has  power  superiour  to  alt 
things,  having  conferred  upon  them  whatever  power 
they  possess,  nothing  can  oppose  him,  or  make  any 
jirevalent  impression  upon  him,  so  as  to  destroy  or 
change  any  thing  in  his  nature.  The  perfect  hiou* 
itdgc  of  God  appears  from  considering,  that,  since 
Tie  made  all  creatures,  he  must  know  all  that  relatei- 
to  them  ;  and  he  must,  by  consciousness,  know  him- 
self J  he  therefore  knows  ail  things.  He  is  also  pos- 
sessed of  the  highest  xcisdom  :  for  we  cannot  possibly 
Conceive  of  any  more  exquisite  degrees  of  wisdom 
than  are  displayed  in  every  part  of  the  universe  ;  we 
see  a  mojit  astonishing  subordination  of  means  to 
ends ;  and  the  more  man  becomes  enlightened,  the 
more  traces  he  discovers  of  wisdom  and  contrivance ; 
whi6h  are  exhibited,  either  in  the  not  multiplying 
means  without  occasion,  or  in  the  choice  of  the  best 
possible  means  to  arrive  at  the  best  possible  end.  The 
un'itij  of  God  will  be  manifest  from  the  considera=- 
fion,  that  if  there  were  any  other  self-existent  being 
besides:  him,  he  must,  in  all  respects,  be  equal  to  him ; 
and  this  would,  in  effect,  limit  the  omnipotence  of 
God  ;  for  if  the  volitions  of  the  two  should  in  any 
respect  contradict  each  other,  which  is,  at  least,  /w.y- 
sible,  the  one  would  be  a  restraint  upon  the  other, 
and  so  neither  would  be  omnipotent.  Or,  indeed^ 
there  is  no  reason,  from  ih^  light  of  nature,  to  con- 
clude, or  even  to  imagine,  that  there  are  more  Deities 
than  one  ;  ibr  such  an  hypothesis  would  not  solve 
any  appearances,  or  x'emove  any  difficuhies,  but  what 
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inay  be  solved  or  removed  upon   the  belief  of  one 
God  : — one  alniightij  and  alivine  Being,  is  able   ta 
perform  as  stupendous  and  as  perfect  things,  as  could 
be  performed  by  a  thousand  such  beings,  if  we  could 
permit  ourselves  to  conceive  of  so  many.     The  un- 
bounded glonj  and  majcstij  of  God,,  must  also  be  ac- 
knowledged ;  for  what  can  be  so  glorious,  what  so 
majestic,  as   he  who   is  the   authour   of  all  that  is 
glorious,    as  the  great   Being    who    created    every 
thing  that  is  majestic  ?  And  as  ta  the  goodness  of 
God,  it   is  loudly  proclaimed  in  the  admirable  lawer 
established — to  prevent  the  celestial  bodies  from  fall- 
ing upon  each  other,  and  thus  to  avert  the  destruction 
of  their  inhabitants ; — to  maintain  the  regular  returns 
of  the  seasons,  and  thus  contribute  so  effectually  to 
the  comfort,  the  nourishment,  and  the   delight   of 
human  creatures  ; — and,  in  short,  to  prevent  all  that 
"Would  be  ultimately  prejudicial,  and  promote  every 
thing  which  in  reality  tends  to  man's  welfare  and  final 
good.     If  we  reflect  upon  the  excellency  of  his  na- 
ture, the  unlimited  extent  of  his  wisdom  and  power, 
the  abundance  of  his  goodness ;  and  consider   that 
these,  and  all  his  attributes,  are  continually  *  exerted 

*  The  aiuhour  h  welJ  aware  that  some  gentlemen  of  very  con- 
«id!erable  talents  and  genius^  are  unwiiling  to  admit  the  necessity 
of  the  continual  superintendence  of  the  Deity  :  he,  therefore, 
thinks  it  incumbent  upon  him  to  assign  one  ot  the  most  forcible 
of  those  arguments  which  have  induced  him  to  embrace  an  opi- 
nion that  differs  from  the  opinion  of  gentlemen  to  whose  judge- 
ment he  is  always  inclined  to  pay  the  utmost  deference.  It  i» 
demonstrable,  from  the  principles  of  mechanics,  that  from  all 
action  of  body  upon  body,  m.tion  is  still  impaired',  and  the  quantityt 
of  it  constantly  decaying  in  the  universe.  (See  Nexvton^s  Optics; 
P'373-  37S')  Now,  since  matter  cannot  re-excite  the  motion  if* 
itself;  it  follows  that,  as  an  immaterial  power  first  impressed  mo- 
tion on  matter,  so  it  still  re-produces  the  motion  lost,  and  makes 
»,rp  the  decays  sustained.  Ihis  argument  is  urged  with  great  force 
and  ability  in  Andrei.v  Baxter's  Efiquiry  into  the  Nature  of  the  Human 
Souly  and  concluded  by  the  following  observation  :  '*  I  wish  men 
wauld  examine  this  argum^nt'^on  all  sides;  and  if  they  cannot 
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in  preserving  every  part  of  that  immense  universe,  to 
■which  he  gave  existence  ;  we  cannot  deny  his  rightful 
title  to  supreme  dominion  :  but  must  immediately  ac- 
knowledge, that  all  adoration,  obedience,  and  vene- 
ration, are  justly  due  to  so  great  and  glorious  a  Be- 
ing. 

706.  To  pursue  the  subject  in  the  language  of 
Sir  Isaac  Ntu-ton  :  "  This  Being  governs  all  things, 
not  as  the  Soul  of  the  World,  but  as  Lord  over  all ; 
and,  on  account  of  his  dominion,  he  is  wont  to  be 
called  Lord  God,  or  Universal  Ruler.  For  God  is  a 
relative  word,  and  has  respect  to  servants  ;  and  Deity 
is  the  dominion  of  God,  not  over  his  own  body,  as 
those  imagine  who  fancy  him  to  be  the  Soul  of  the 
World,  but  over  servants.  The  supreme  God  is  a 
Being  eternal,  infinite,  and  absolutely  perfect ;  but  a 
being,  hoicevtr peiject,  xcithout  dominion^  cannot  he 
said  to  he  Lord  God :  for  we  may  say  my  God,  your 
God,  the  God  of  Israel,  the  God  of  Gods ;  my 
Eternal,  your  Eternal,  the  Eternal  of  Israel,  the 
Eternal  of  Gods :  but  we  do  not  say  my  Infinite,  or 


find  a  fault  in  it,  that  they  would  embrace  the  consequences  of 
it  with  a  philosophical  ingenuity.  I  am  of  opinion,  and  think  it 
vfould  be  easy  to  shew  it,  if  one  had  leisure  to  run  through  the 
several  particulars,  that  unless  an  iwwfl/tr/V'//(nffr  continually  re- 
excited  motion  in  the  material  universe,  all  motion  would  stop  in 
it  in  a  <vcry  short  time,  perhaps  in  less  than  half  an  hour,  except 
that  the  planets  would  run  out  in  streighi-lined  directions.  And 
then  whfit  a  face  of  things  should  we  have  !  Darkness,  silence, 
and  unsuccessive  rest.  For  certair.ly  matter  of  itself  can  pursue 
no  end,  obey  no  la^w,  ncr  change  the  direction  of  its  motion,  nor  any 
way  alter  its  present  state :  and  since  in  all  motions  in  the  universe 
av  end  is  pursued^  a  lanu  ohey.d,  the  direction  changed;  and  since  in 
all  the  remarkable  phenomena  of  nature  there  is  a  circulation  of 
motion  ;  the  truth  of  what  I  here  suggest,  must  be  pretty  obvious 
to  any  thinking  person."     See  vol.  I.  p.  88. 

Having  thus  referred  to  'Mx,Baxter^%  book,  the  authour  cannot 
l)clp  remarking,  that  the  first  section  of  it  contains  the  most  in- 
genious and  satisfactory  demonstration  of  the  wV  inertia  of  mat- 
ter he  recollects  having  ever  n.et  with. 
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jny  Perfect ;  these  are  titles  which  have  no  respect  to 
servants.     The  v^'^ord  God  usually  signifies  Lord  ;  but 
every  Lord  is  not  aGod.  •  It  is  die  ciomini(  71  of  a 
spiritual  Jiehig  zchich  constitutes  a  God ;  a  true,  su- 
preme, or  imaginary  dominion,  makes    a   true,  su- 
preme, or  imaginary  God.     And  from  his   true  dO' 
minion   it  follows  that  ihe   true  God    is  a   Itvins;, 
intelltgcj't,  and  powerjul  Being ;  and  from  his  other 
perfections,  that  he  is  mpreme^  or  most  pcrject.     He 
is  eternal  and  infinite,  omnipotent  and  omniscient  j 
that  is,  his  duration  reaches  J  rom  eternity  to  eternirij^ 
his  presence  from  infinity  to  infinity  ;  he  governs  all 
things,  and  himvs  all  things  that  are  or  can  he  done. 
He  is  not  eternity  or  infinity,  but  eternal  and  infinite ; 
he  is  not  duration  or  space,  but  he  endures  and  is 
present.     He  endures  for  ever,  and  is  every-where 
present ;    and   by  existing  always  and  every-where, 
constitutes  duration  and  space.     Since  every  particle 
of  space  is  always,  and  every  indivisible  moment  of 
duration   is   every-where,  certainly  the  Maker  and 
Lord  of  all  things  cannot  be  never  and  no-where. 
Every  soul  that  has  perception  is,  though  in  different 
times,  and  in  different  organs   of  sense  and  motion, 
still  the  same   indivisible  person.     There  are  given, 
successive,  parts  in  duration,  and  co-existent  parts  in 
space;  but  neither  the  one  nor  the  other  in  the  person 
of  a  man,  or  his  thinking  principle  ;  and  much  less 
can  they  be  found  in  the  thinking  substance  of  God. 
Every  man,  so  far  as  he  is  a  thing  that  has  perception, 
is  one  and  the  same  man  during  his  whole  life,  in  all 
and  each  of  his  organs  of  sense.     God  is  one  and  the 
name  God,  always  and  every-rchere.     He  is  omnipre- 
sent, not  virtually  only,  but  also   substantially  ;  for 
virtue  cannot  subsist  without  substance.     In  bim  are 
^11  things  contained  and  moved ;  yet  neither  affects 
the  other  :  God  suffers  nothing  from  the  motion  of 
bodies ;  bodies  find  no  resistance  from  the  omnipre- 
sence of  God.     It  is  allowed  by  all,  that  the  supreme 
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God  exists  neeessarilyy  and  by  the  same  necessity  fie 
exists  always  and  every-where.  Hence  also  he  is  all 
similar,  all  eye,  all  ear,  all  brain,  all  arm,  all  power 
to  perceive,  to  understand,  and  to  act ;  but  in  a  man- 
ner not  at  all  human,  in  a  manner  not  at  all  corpo- 
real, in  a  manner  utterly  unknown  to  us.  As  a  blind 
man  has  no  idea  of  colours,  so  have  we  no  idea  of  the' 
manner  by  which  the  allwise  God  perceives  and  under- 
stands all  things.  He  is  utterly  void  of  all  body  and 
bodily  figure,  and  can  therefore  neither  be  seen,  nor 
hear^,  nor  touched ;  nor  ought  he  to  be  worshipped 
under  the  representation  of  any  corporeal  thing.  We 
have  ideas  of  his  attributes,  but  what  the  real  substance 
of  any  thing  is,  we  know  not»  In  bodies  we  see  onljr 
their  figures  and  colours,  we  hear  only  the  sounds, 
tve  touch  only  their  outward  surfaces,  we  smell  only 
the  odours,  and  taste  the  savours,  but  their  inward 
substances  are  not  to  be  known,  either  by  ©ur  senses,,- 
or  by  any  reflex  act  of  our  minds  ;  much  /c.5-v,  tluUy. 
}ia'ce  we  any  idea  of  the  substance  of  God»  We 
know  him  only  by  his  properties  and  attributes,  by 
his  most  wise  and  excellent  contrivances  of  things^ 
>and  by  final  causes  ;  we  admire  him  for  his  periec- 
tio7is^  but  we  reverence  and  adore  him  on  account  of^ 
his  dominion.  For  we  adore  him  as  his  servants ;  and 
a  God  without  dominion,  providence,  andji?iat  causes^ 
is  nothinsi'  else  than  fate  and  nature.** 

707.  Before  we  conclude,  we  cannot  help  taking 
notice  of  one  cifciimstance  which  appears  to  have 
been  designed  by  the  Authour  of  Nature  :  he  has  so 
constituted  things,  that  it  is  impossible  for  the  inha- 
bitants of  the  earth  to  have  any  communication  with 
any  other  bodies  in  the  solar  system ;  nor,  on  the 
Supposition  that  those  other  bodies  are  inhabited  with- 
ereatures  whose  faculties  and  perceptions  are  not  mucH 
superiour  to  ours,  can  they  have  any  communication 
with  this  or  any  other  plaaet ;  ia  like  manaer,  al^- 
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CDmmunication  between  system  and  system,  appears 
to  be  totally  precluded.  Even  in  respect  of  the  body 
with  which  the  earth  is  most  nearly  connected,  namely, 
the  moon,  almost  all  that  we  know  is  little  more  thaA 
conjecture,  which  telescopic  observations  have  induced 
Us  to  indulge :  we  conclude  without  hesitation,  that 
the  moon  has  mountains  and  volcanoes,  valleys  and 
seas,  and  there  is  much  reason  to  suppose  it  is  sur- 
rounded with  an  atmosphere  ;  nay,  farther  than  this 
the  analogy  between  this  body  and  the  earth  might 
be  drawn :  but  whether  the  analogy  is  rendered  corti- 
plete,  by  the  moon  being  the  habitation  of  rational 
treatures,  is  an  enquiry,  respecting  which  we  cannot 
attempt  to  advance  beyond  the  bounds  of  probable 
conjecture,  at  least  in  the  present  state  of  our  exist- 
ence. So  also,  with  regard  to  jupiter  and  saturn, 
and  in  some  measure  to  all  the  planets,  we  observe 
much  that  raises  an  ardent  curiosity,  which  cannot 
here  be  gratified :  What,  for  instance,  are  the  belts 
upon  the  body  of  jupiter  ?  What  is  the  ring  of  satUrn  ? 
What  beneficial  consequences  do  they  produce?  If 
there  are  any  inhabitants  upon  these  planets,  how  are 
they  affected  by  these  /jeits;  or  this  ?^ing  ?  To  such 
questions  we  can  receive  no  satisfactory  solution.  So 
that,  after  all  the  inventions  of  men  of  genius,  the 
investigations  of  men  of  science,  and  the  reiterated 
experiments  and  enquiries  of  men  of  industry  and 
skill,  our  knowledge  is  very  limited  and  imperfect. 
Yet  there  exists  in  the  human  mind  an  earnest  desire 
to  make  farther  advances  in  knowledge,  to  enlarge 
the  sphere  of  understanding :  either,  then,  this  desire 
is  planted  in  the  mind  in  order  to  be  frustrated,  and 
the  most  exalted  part  of  the  creation  is  always  to  be 
imperfect  and  defective,  or  we  may  look  forward  to  a 
future  state,  as  a  sequel  to  the  present,  where  our 
desires  will  be  completely  gratified,  and  the  beautiful 
scheme  of  nature  fully  unfolded  and  explained  in 
every  part.    The  latter  is  most  consistent  with  all  our 
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ideas  of  the  wisdom  and  goodness  of  the  supreme 
Being :  we  must  therefore  consider  our  present  state 
as  only  the  dawn  of  our  existence,  a  state  of  prepar- 
ation for  something  far  more  exalted  and  grand  than 
any  thing  the  eye  hath  beheld,  or  the  most  lofty  ima- 
gination hath  conceived.  "We  may,  however,  even 
now,  form  extensive  and  noble  conceptions  of  the 
immensity  of  the  universe,  and  of  the  unbounded 
power  and  wisdom  of  the  Almighty  Creator ;  and  we 
may  look  forward  to  the  happy  period  when  we  shall 
drink  full  draughts  from  the  fountain-head  of  know- 
ledge ;  rejoicing,  above  all  things,  that  our  hope 
rests  not  upon  ingenious  speculations,  but  that 
"  God  hath  brought  life  mid  immortality  to  light 
"  through  the  Gospel,''* 
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TABLE   X.  ' 

The  Longitudes,  Latitudes,  and  Magnitudes,  of  the  most- 
remarkable  fixed  Stars  that  the  Moon  can  Eclipse,  or 
make  a  near  Appulse  to  ;  evactly  ixctified  to  the  Begin- 
ning  of  the  Year  1 80p. 
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EXPLANATION 


OF    THE 


TABLES. 


TABLE  I.  contains  the  slat's   longitude  for  the 
noon  of  every  day  in  the  year  1802  :  this  year  was 
chosen,  because  it  is  the  second  from  leap  year,  and 
will,  therefore,  correspond  more  nearly  to  the  sun's 
real  longitude  for  each  day  of  a  series  of  a  few  years, 
than  a  table  would  which  contained  the  longitudes  for 
every  day  on  the  year  before  or  after  leap  year.     If 
tables  of  the  sun's  longitude  for  four  years  had  been 
^ven,  they  would  not  answer  for  any  great  length  of 
time,  because  the  sum  of  four  years,  one  of  which  is 
a  bissextile,  does  not  exactly  equal  four  sidereal  years. 
This   table,  however,  though   not   perfect,  may  be 
useful ;  for,  from  the  longitudes  here  given,  the  sun's 
right  ascension  may  be  deduced  sufficiently  exact  to 
find  the  culminating  of  any  star,  by  subtracting  its 
R.  A.  from  that  of  the  sun  ;  and  by  these  means  the 
star  may  be  known.     The  longitude  for  any  interme- 
diate time  between  the  noons  of  two  given  days  may 
be  readily  found  by   proportion ;  thus,  to  find  the 
sun's  longitude  on  May   3d,   1802,   at   4   o'clock, 
P.M.: 
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Long.  May  4,  noon  «  13°  53'  43'' 
Long.  May  3,  noon  b  12    17  37 


As24''*.i''46'6'^ 

:  ;  4h:  17' 41" 


Difference  for  i  day     i    46     6 


Hence  12°  if  o,f  +   if  41''  —  12°  35'  18''' of  «, 
sun's  longitude  at  the  given  hour. 

Table  II.,  which  contains  the  sif)i*s  decVumtion  to 
each  degree  of  his  longitude,  will  be  very  useful  in 
conjunction  with  the  former.  Each  of  the  2d,  3d,  and 
4th  columns  contains  the  declinations  corresponding 
to  every  degree  of  four  signs  of  the  sun's  longitude ; 
thus,  the  2,d  column  shews  the  declination  answer- 
ing to  each  degree  of  aries  and  libra,  by  reckoning 
from  the  top  of  the  page  to  the  bottom,  and  the 
declination  to  each  degree  of  virgo  and  pisces,  esti- 
mating from  the  bottom  to  the  top :  it  will  also  be 
seen,  that  the  declinations  in  this  column,  correspond- 
ing to  the  different  points  of  aries  and  virgo,  are 
jiorth,  and  those  answering  to  the  several  points  of 
libra  and  pisces,  south,  The  method  of  finding  the 
declination  for  any  given  time  may  be  shewn  by  an 
example ;  thus,  to  determine  the  declination  on  May 
3d,  :8o2,  at  4*^  P.M.:  the  longitude  we  have  found  to 
be  12°  T^^'  18''''  of  «,  and  the  declination  agreeing  to 
if  of  »  is  15°  45'  30^' N.  the  dec.  to  12°  of  ^  15° 
2f  13'',  their  difference  18'  if''\  then  60'  :  18'  if 
;  :  35'  18''' :  10'  13'' ;  wherefore  15*^  27'  if  -h  10'  if 
.=  if  if  '^^"  north,  the  declination  sought.  .  .  , 
"When  the  place  is  not  on  the  meridian  of  Greenwich, 
the  declination  may  be  found  by  adding  to,  or  sub- 
tracting from,  the  given  time,  the  time  corresponding 
to  the  difference  of  longitude  (according  to  the  kind 
of  longitude  and  declination),  and  then  proceeding  as 
above.  Where  the  differences  are  not  tolerably  uni- 
form, and  when  great  accuracy  is  required,  recourse 
must  be  had  to  the  method  of  interpolation. 
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Table  III.,  containing  the  sun^s  right  asce^isiom, 
requires  no  explanation ;  the  R.  A.'s  for  any  given 
time  may  be  determined  in  the  same  way  as  the  de- 
clinations :  if  they  are  wanted  in  degrees,  &c.  they 
may  be  found  by  multiplying  the  tabular  R.  A.*s 
by  15. 

Table  IV.  contains  the  .s7/7/**  semid'iamcter  and 
hourly  motion  for  every  ten  degrees  of  mean  ano- 
maly ;  they  may  be  readily  found  for  any  interme- 
diate degrees  by  proportion.  From  the  table  it  appears 
that  the  semidiameter  of  the  sun,  when  it  is  greatest 
in  perigee,  is  1 6'  1 9''',  and  when  least  in  apogee,  1 5'  4.7^'', 
their  difference  being  32''';  the  difference  between 
the  greatest  hourly  motion,  when  the  sun  is  in  peri- 
gee, and  the  least,  when  he  is  in  apogee,  is  \o".  The 
use  of  this  table  is  greatest  in  the  calculation  of 
eclipses ;  it  may  be  exemplified,  by  finding  the  sun*s 
apparent  semidiameter  and  hourly  motion,  on  Aug. 
■i']^  1 802,  when  there  will  be  a  solar  eclipse^  partly 
visible  at  Greenwich.  The  place  of  the  sun's  apogee 
is  nearly  9°  of  cancer,  which  answers  to  the  2d  of 
July  i  Tab.  I. )  ;  this  day  is  ^G  days  before  the  day  of 
the  eclipse  :  the  mean  anomaly  may  be  found  suffi- 
ciently near,  by  saying,  as  365'*  :  3-^0''  :  :  ^^^  :  ^^\° 
~  I-  25;-°  :  to  this  we,  by  poportion,  find  15' 53!'''' 
the  corresponding  semidiameter^  and  1'  2^"  the 
hourly  motion. 

Table  V.  exhibits  the  avy//'v  im'.nu  parallax  for 
each  5°  of  apparent  altitude :  in  cases  of  great  accu- 
racy, the  parallax  for  any  intermediate  altitude  may 
be  determined  by  proportional  differences,  as  in  the 
ibther  tables.  The  parallax  must  be  added  to  the 
apparent  altitude,  to  give  the  true  altitude. 

Table  VI.  of  the  cjittition  of  /  /v?f,  shews  that 
equation  for  every  degree  of  the  sun*s  longitude,  and 
will  answer  tolerably  nearly  for  the  days  when  the 
sun  has  those  longitudes.  The  equations  with  the 
sign  -f"  are  to  be  added  to,  the  apparent  time,  to  have 
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the  mean  time ;  those  with  the  sign  — ,  are  to  be 
subtracted  from  the  apparent  for  the  mean  time. 

Table  VIL  shews  the  moon'fi  c/iameitr  to  every 
lo''''  of  the  equator  eat  'parallax;  by  it  we  may 
also  find  the  equatoreal  parallax  to  different  dia- 
meters. Where  great  precision  is  wished  for,  the 
equatoreal  parallax  must  be  reduced  to  the  horizontal 
parallax  in  any  given  latitude,  or  the  contrary.  This 
may  be  done  with  all  desireable  accuracy  by  the  fol- 
lowing theorem  :  put  t:=i\  the  semi-axis  major,  c  =  i. 
the  semi-axis  minor,  s  and  ;•  the  sine  and  co-sine  of 
the  latitude  of  the  place  of  observation,  and  /;  the  sine 
of  the  horizontal  polar  parallax,  the  equatoreal  pa- 
rallax being  always  to  the  polar  parallax,  as  10C438 

to  1 00000  ;  then    ,     ,         --  =  the  sine  of  the  hori- 

zontal  parallax  at  the  given  latitude.  The  parallax 
obtained  by  this  theorem  will  sometimes  be  nearly 
i  6''''  less  than  the  equatoreal  parallax  ;  but  this  is  in 
high  latitudes  :  in  the  latitude  of  London,  the  reduc- 
tion can  never  exceed  i  o^',  on  the  supposition  that  t 
is  to  c,  as  230  to  229.  .  .  .  See  also  Art.  £^^. 

Table  VIII.  contains  the  n/ean  astronomical  re- 
fractions^ as  calculated  by  Dr.  Bradley,  according  to 
the  theorem  given  in  Art.  1 05. :  the  use  of  this  table 
is  so  manifest,  that  it  needs  no  example,  the  refrac 
tion,  it  is  v/ell  known,  being  always  subtracted  from 
the  apparent,  to  find  the  true,  altitude.  This  table 
shews  the  refractions  in  the  medium  state  of  the  atmo- 
sphere, /.  e.  when  the  barometer  stands  at  £9*6 
inches^  and  Fahrenheit's  thermometer  at  50  degrees. 
The  refractions  agree  very  nearly  with  those  in  Dr.' 
Maskeynt\  table,  given  with  his  Uhseixation*;, 
1796. 

Table  IX.  contains  the  right  ascensions  (both  in 
time  and  degrees)  and  the  declinations  of  sixty-four 
pf  the  principal  fixed  stars  for  the  beginning  of  the 
year   1800,    with   their  annual   variations   'm   right 
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ascension    and    declination,    where    such   variations 
were  well  ascertained.     The  greater  part  of  this  table 
was  taken  from  Dr.  Zacks  catalogue  of  381  stars, 
given  in  Dr.  Hutton*s  Dictionary.     Some  errours 
are  corrected,  and  most  of  the  variations  in  declina- 
tion supplied,  from  a  comparison  of  the  tables  of  Dr. 
Mcufketyne^  La  Caille^  Maya\  and  others  of  acknow-, 
ledged   accuracy.      When  the  places  of  these  stars 
are  wanted  for  any  time  after  the  beginning  of  the 
year   1800,  multiply  the  annual  variation,  both  in 
right   ascension   and  declination,   by  the  years  and 
decimals  which  have  elapsed  since  that  time  ;  the  pro- 
duct arising  from  multiplying  the   R.  A.   must  be 
added  to  the  R    A.  for  1800,  for  the  R.  A.  sought: 
but  the  product  arising  from  multiplying  the  declina- 
tion must  be  added  or  subtracted,  according  as  the 
sign  +  or  —  is  found  against  the  annual  variation  in 
the  last  column ;   the  sum  or  difference  gives   the 
decUnation.     But  if  the  places  of  the  stars  be  wanted 
For  any  time  previous  to  the  year  1800,  the  variation 
in  R.  A.  must  be  subtracted  from  the  R.  A.   found 
in  the  table  (except  in  one  instance  where  the  varia- 
tion is  — ),  and  the  variation  in  declination  must  be 
applied  with  a  contrary  sign  to  that  which  stands 
against  it.     In  this  table  the  mtan  places  of  the  stars 
are  exhibited  ;  and,  to  obtain  their  apparent  places, 
the  mean  places  should  be  corrected  for  aberration, 
and  the  equation  of  equinoctial  points ;  this  we  merely 
mention,  to  shew  the  reason  of  the  difference  between 
the  tabular  and  the  observed  places. 

Table  X.  shews  the  m^'an  longitudes  2Ji\dt.  the  lati- 
fi((k'\-  of  sixty  s/ar.s  for  the  beginning  of  the  year 
1800  :  their  mean  longitudes  for  any  other  time  may 
be  found,  if  50:^  seconds  (Art.  ^y.)  be  added  for 
each  sifcceedi'ni>-,  or  siihrr  icted  for  each  precedif/g, 
year,  and  proportional  parts  of  50^/ for  parts  of  years. 
The  latitudes  vary  by  such  insensible  degrees,  that 
the  table  will  answer  pretty  well  for  a  few  years, 
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without  regarding  the  variations.  By  means  of  this 
table,  and  a  table  of  the  moon's  longitude  for  every 
twelve  hours,  we  jiiay  ascertain  how  often  a  given 
fixed  star  may  be'^eclipsed  by  the  moon  in  a  given 
year  ;  for  instance,  .'ipica  v/rgij.'is,  or  a  "S.  in  the  year 
1801  :  the  longitude  of  the  star  for  i8oi  is  nearly 
21°  4'  of  ^,  the  latitude  2°  2'  i  i^''S.  Now,  on  Mar. 
30,  at  12  P.M.  the  long.  D  is  19^^  37^  44''''  of  =0=,  and 
the  lat.  ])  58'  i4''''S.  and  the  long,  and  lat.  are  so  in- 
creasing, that  at  about  2^  past  midnight  the  moon  and 
star  are  in  conjunction,  and  the  difference  of  their  lati- 
tudes is  less  than  57' ;  whence  (Art.  545.)  it  appears 
there  will  be  an  occultation  about  that  time.  In  a 
similar  manner  it  may  be  found  that  there  will  be 
occultations  of  the  same  star  behind  the  moon  on 
May  24.  between  eight  and  ten  o'clock,  P.M.  and  on 
July  18,  about  noon:  either  of  these  occultations 
may  then  be  calculated,  by  following  the  precepts  in 
Art.  546,  et  seq. 


INDEX. 

[The  figures  denote  the  Articles  referred  tfl,] 
A. 


A: 


BERRATION,  Art.  630.— 646. 
Acceleration  of  the  moon,  444. 
Achrunical  rising  anl  setting,    185. 
Altitude,  of  the  pole,  25.;  of  the  equator,  26.;  of  the  nonagesl- 

mal  degree,    1 155.  Note. 
Annplitude,  east  and  west,   51. 
Angle^  of  commutation,  392. ;  under  which  the  sun  would  appear 

from  a  fixed  star,   700. 
Annual  parallax,  630. 
Atiomaly,  mean,  299. 3  true,  299. ;  excentric,   300. ;  to  find  the 

true  from  the  mean,  318. — 321. ;  the  mean  from  the  true,  32^^ 
Anomalistic  year,   316. 
Antarctic  circle,  31. 
Antecedentia,  296. 
Antipode,  23. 

Aphelion,  and  Apsides,  296. 
Apparent  diameter,  of  the  sun,  387.-,  of  the  moon,  461.  j  of  the 

planets,   387.  388. 
Apogee,  297. 
Arctic  circle,  31. 
Argument  of  latitude,  298. 

Asgending  and  descending  points,   156.5  signs,  45. 
Ascen^^ion,  right  and  oblique,  44. 
Ascensional  difference,  44.    184. 
Asterisms,  68. 
Astronomy,    i.  2. 
Astronomical  tables.  377. 

Atmosphere,  cause  of  refraction,  94. 3  of  twilight,  107, 
Autumnal  equinox,  53. 

Axis  of  thi.^  earth,   14. ;  of  the  heavens,  ij. ;  parallelism  of,  205. 
Azimuth,  51, 


B 

Bofcovich's  method  of  finding  the  refract'.on,  10 


INDEX. 


Calculation  of  the  geocentric  and  heliocentric  places  of  a  planet. 
Art,  362. — 376.  J  of  a  comet,  603. — 613. 

Cardinal  points,  50. 

Cassini's  ellipsis,  288. 

Chronology  corrected  by  eclipses,  ^44. 

Circles,  greater  and  less,  la.  ;  of  longitude,  24.46.5  of  declina- 
tion, 43. 3  of  perpetual  apparition  and  occultation,  31. 

Circumpolar  stars,  31. 

Comets,  their  orbits,  584. —  /^SG.  j  tails,  624. — 628.5  parallaxes, 
583.;  periods,  6 1  5 , ;  Cole's  theory  of,  623.  j  Nev/ton's,  6z6.  j 
Euler's,  627. ;  Hamilton's,  628, 3  Herschel's,  629. 

Commutation,  292. 

Conical  shadow,  521. 

Conjunction,  inferiour  and  supcriour,  2^0.  328. 

Copernican  System,  205. 

Cosmas  Indopleustes,  his  opinion,  4. 

Cosmical  rising  and  setting,   184. 

Constellations,  68.;  tables  of,  71. 

Crepusculum,  or  twilight,   107.3  when  shortest,   138. — 141. 

Culminating  point,   160. 

Culmination  of  the  stars,   171. 

Curtate  distance,  293.  374. 

Cusps,   166.  470. 


D. 

Days  and  nights,  their  inequality,  52. 
Day  solar,  iii.;  sidereal,  112. 

Declination,  north  and  south,  42.;   of  a  star,  to  find,  61. 
Density  of  the  planets,  389. 

Diameter,  see  Apparent.     Real,  of  sun,  moon,  and  planets,  387. 
Dichotomy,  471. 
Difference  of  longitude,  20. 
Digits,  S27. 

-Dip  ot  the  horizon,  680. 

Distance,  of  the  sun,   32^.3  of  planets  from  the  sun,  j6o. 
Dog-star  and  dog-days,   189. 


E. 

Earth,  its  figure  and   magnitude,  3. — 10.)  annual  motion,  219, 

301.  ;  diurnal  motion,  205.  218.  ;  shadow,  521-^ 
East,  50. 3  east  and  west  longitu(Je,  20. 


INDEX. 

Ecliptic,  40. 5  its  obliquity,  40. 

Eclipses  of  the  sun,  529. — 541. ;  of  the  moon,  520. — 528. ;  of  Ju- 
piter's  satellites,  505.;  limits,    523,  533.;  periods  of  eclipses, 

543- 
Elevation  of  equator,  26, 

Ellipsis,  properties  of,  279.,  &c.  ^ 

Elliptical  orbits,  262.,  &c. 

Elongation,  greatest,  259. 

Epicycle,  204,  228.  j  epicycloid,  240. 

Equation  of  the  centre,  299.3  greatest,  ^iz,  322. 

Equation  of  time,   113.;  Dr.  Maskelyne's  investigation  of,  117. 

JEquator,  15. ;  equinoctial,   17, 

Equinoxes,  40. 

Errour  in  sun's  altitude  given,  to  find  the  errour  in  time,   132. 

Evans,  Mr.,  his  rule  to  find  latitude  at  the  centre,  659.  Note. 

Excentricity,  295.  304.  345. 

Eye's  true  and  imaginary  place  and  orbit,  222. 


Fixed  stars,  27.  58. ;  order  and  magnitude,  59.  j  changes,  74. ; 
right-ascensions,  &c.  62.;  distances,  683. — 693.3  number, 
695. 3  motion,  699. 5  nature,  700. 


G. 

Galaxy,  70,  695. 

Geocentric,  longitude,  46.3  latitude,  47. 

Georgium  sidus,   195.;  discovered  by  Herschel,  378.;  calculation 

of  its  orbit,  378.— 380. 
Gravitation,  .212.  282. 

H. 

Harvest  moon,  479. 

Heavens,  scheme  of,   166. 

Heliacal  rising  and  setting,   187. 

Heliocentric  longitude,  46.3  latitude,  47.3  conjunction,  416 

Horizon,  sensible  and  rational,  2  i . 

Horizontal  parallax,  83.  ^yg.  i  moon,  483. — 488. 

Horoscope,  166. 

Hour  circles,  43. 

I.  J. 

Inclinations  of  the  planets'  orbits,  291,  356. 
Informes,  69. 


INDEX. 

Irregularities  of  the  moon,  420. — 439. 

Inferinur  planets,  251. 

Jupiter,  102.;  his  diameter,  3&7. ;  belts,  401.;  rotation,  401.; 
distance  from  the  sun,  ,360.5  period,  333.;  excentricity  of  or- 
bit, 345.  J  aphelion,  341.5  node,  351.3  satellites,  jii. 


K. 

Kepler's  elliptic  theory  and  laifcs,  208.  S09.  471.  284.  j  problem, 
318,-323. 


L. 

Latitude,   terrestrial,   19: ;   to   find,  648. — 65^9.  ;    celestial,    47. ; 

geocentric,  47.;  heliocentric,  47.  371.;  on  the  sphere  reduced 

to  latitude  on  the  spheroid,  552,  659.  Note. 
Laws  of  motion,  &c.  262.274. 
Llbration  of  the  moon,  463. 
Light,  its  motion,  509.  ;  Aberration,  630.  646. 
Line  of  the  nodes,  290.;  of  the  apsides,  296. 
Long,  Dr.,  his  globe  at  Pembroke  hall,  73.  Note. 
Longitude,  terrestrial,   20.  ;  to  determine,  660. — 680. ;  celestial, 

46. ;  geocentric,  46.  ;  heliocentric,  46.  368. ;  of  the  nonagesi- 

mal  degree,  155.  Note. 
Lunar  mountains,  471. 

M. 

Magnitude  of  the  planets,  389. 

Mars,  201. ;  his  parallax,  91. ;  distance,  360.  j  period,  333. ;  dia- 
meter, 387.  J  rotation,  400.;  excentricity,  345-3  node,  351.; 
aphelion,  341. 

Maskelyne,  Dr.  on  transits,  576,  &c.  • 

Mean  distance,  294. 

Mercury,  200  j  his  distance,  360.;  period,  333  ;  diameter,  387.; 
aphelion,  341.  5  excentricity,  345.;  node,  351. 

Meridian,  18.  j  line,  to  find,  33. 

Midheaven,  175. 

Milky  way,  70. 

Moorv,  197.;  her  irregularities,  420. — 439. ;  apsides,  450. ;  nodes, 
446.;  inclination  of  orbit,  449.  ;  excentricity,  453.  j  distance, 
457.  J-  magnitude,  461.  j  rotation,  462. ;  period,  440.  ;  accele- 
ration, 444.  j  parallax,  455.3  path  always  concave,  458.;  age 
and  southing,  489. — 494.3  libration,  46;.  5  shadow,  5 .-9  ; 
phases,  467. — 469. ;  cusps,  or  horns,  470. 3  mountains  and 
iaapsj  472. 3  atmosphere,  478. 


INDEX. 

Morning  and  evening  star,  406. 

Motion  apparent  and  relative,  221. ;  annual  and  secular,   3^4. 


Nadir,  23. 

Nautical  Almanac,  6S2.    Note. 

Nebulae,  696. 

Newtonian  system,  211, — 214.  ;  rules  of  philosophising,  2i6. 

Nodes,  and  line  of  nodes,  290. 

Nonagesimal  degree,  158.  470. 

North  latitude,  19. 

Northern  signs,  45. 

Nutation,  64^.  Note. 


O. 

Oblique,  sphere,  30, ;  ascension,  44. 
Occultations,  55.5  of  the  fixed  stars,  545. — 559. 
Opposition,  202.  350.  328. 
Optic  orbit,  222. 


P. 

Parallax,  79.  j  to  find,  8g,  kc. ;  of  the  moon,  455. ;  of  the  sun^ 
579,;  equatoreal  reduced  to  parallax  on  the  spheroid,  553. 

Parallel  of  latitude,  19.  ;  parallel  sphere,  a8. 

Parallelism  of  the  earth's  axis,  205. 

Penumbra,  528. 3   its  dimensions,  531. 

Perigee,  297.  j  perihelion,  296. 

Periods  of  the  planets,  333. 

Phases  of  Venus^  207.  403. 

Piazzi's  planet,  195.  382.  Note. 

Plane  of  comparison,  224. 

Planets,  27.  194.;  opake  bodies,  205.;  probably  inhabited,  701.  j 
move  round  the  sun,  205.  i  orbits  elliptical,  262. — 287.  j  infe- 
riour  and  superiour,  251. ;  direct  retrograde,  254. — 255.3  sta- 
tionary, 2.54.  255.  407. ;  altitudes,  azimuths,   &c.  418. 

Poles,  13.;  of  the  equator,  15.  j  of  the  heavens,   17. 

Polar  circles,  31. 

Precession  of  the  equinoxes,   57. 

Prime  vertical,  50. 

Projection  of  the  optic  orbit,  223. 

Problems,  relative  to  the  sun,  lai. — 153  ;  to  the  stars,  168.— 183.J 
the  earth,  301.1 — 325. 

Ptolemaic  system,  204. 


Quadrature,  250. 


INDEX. 

a. 

R. 


Radius  vector,  299. 

Refraction,  94.  ;  calculation  of,  103,  &c. 

Ring  of  Saturn,  ^H* — 5^^- 

Right  sphere,  29. 

Right  ascension  of  a  star,  to  find,  62. 

Rota,tion  of  the  planets,  390. 


S. 

Satellites,  207.  493.  —  513.  ;  of  jupiter,  511.;  eclipses  of,  $05.5  of 
Saturn,  i;i2. ;   of  georgium  sidus,  513. 

Saturn,  20a. ;  his  diameter,  387.;  bells,  402.;  rotation,  402.  j 
distance,  360.;  excentricity,  345.  j  period,  SSS-;  aphelion, 
34i.inode,  351. j   ring,  402.  514. 

Secondary,  la. 

Seasons,  na.  53. 

Semidiurnal  arc,  ^2. 

Semitychonic  system,  206. 
.  Scheme  of  the  heavens,   166. 

Sidereal  year,   56. 

Signs  of  the  zodiac,  45. 

Simple  elliptic  hypothesis,  32 J. 

Solstices,  48.  53.  302. 

Solar  system,  sun,  centre  of,  219. 

South,  50.  ;  latitude,  ig.  ;  signs,  45. 

Sphere,  parallel,  28. ;  right,  29. ;  oblique,  30. 

Stars  :  see  Fixed. 

Sun,  his  apparent  motion,  37.;  real  motion,  219. 5  meridian  alti- 
tude, 35.;  rising  and  setting,  lai.j  magnitude,  389.;  rota- 
tion, 396. ;  distance,  325.  j  spots,  207,  397.  j   nature,  397. 

Superior  planets,  251. 

Systems,  203. 


T. 


Telescopes,  207.  495.  580. 
Time  mean,  apparent,  ecjuation  of,  113. 
Theory  of  apparent  motions,  220. — 261. 
Transits  of  Venu8  and  Mercury,  562 — 57^. 


INDEX. 

Tropics,  48. 

Twilight  :   see  Crepuscuhim. 

Two  summers  and  two  winters  at  the  equator,  53* 

TychoniG  system,  206. 


Venus,  »99. ;  distance,  360.;  period,  333.  j  diameter,  387. ;  rota^ 
tion,  399.}  excentricity,  345.;  ajihelion,  £41.;  node,  351,1 
greatest  elongation,  259.  J  greatest  brilliancy,  405. 

Veloctt)'  of  light,  509. 

Vernal  equinox,  52. 

Vertical  circles,  2%. 


W. 

West,  50. 

Wire  of  a  telescope,  time  in  which  the  sun  passes  Qwr  It,  152. 
Wilson,  Mr.,  his  mode  of  a$certainirig  whether  the  centre  of  tlie  s4'? 
lar  system  be  in  motion,  646. 


Y. 

Year,  tropical,  j;4. ;  sidereal,  ^6. 5  anomalistic,  316, 

Z. 

Zenith,  aj.  j  zenith  distance,  Ct. 
^odiac,  41. 
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Page    27  .  .  line  3  .  .  .  .  for  Art.  75  .  .  rearf  Art.  37. 

43  ...  .    6,  from  b.    .  Zubenich  ....  Zubenbch* 

48  .  .  .     10  ..  do.  .  .  his  hole    ....  this  hole. 

69  ....   I rfcfraftion  of  .    .  refractions  at. 

102  .  in  the  running  title    Latitude  ....  Altitude. 

105  .  .  .     II,  J'rum  b.    .  Art.  140     .  .  .  Art.  160. 

l8l   .  .  .  .    7  .  .  c/o.  .  .  dR dm. 

201   ....    6  .  .  do r -\- k/ r^  c^ -\- 

aio  ,  ,  .    47 D.  Hornsbij  .  .  Dr.  Hornsby. 

ai2  .  .  .     10 Chapters      .  .  .  Chapter. 

258  ...     19 theses  pots     .  .  these  spots, 

do.  ,  .  .    do.   .  .  .   dele  the  comma  after  Bianchiui. 
a;©  ....   3 s/  r'--\-r  +  t 

do a r+i-}-r* 

do.   .  .  .     16 '"4:1 r  2  :  I 

298  The  reasoning  which  is  adopted  in  this  page,  to  remove 
the  apprehension  that  the  moon,  at  her  conjunctioHj 
ought  to  abandon  the  earth,  in  consequence  of  her  greater 
gravitation  towards  the  sun  than  towards  the  earth,  may 
not,  perhaps,  carrj"-  conviction  to  the  mind  of  every 
reader ,;  it  is,  therefore,  thought  adviseable  to  insert  like- 
wise the  very  ingenious  and  satisfactory  remarks  of 
Mr.  RoBiKS  on  this  subject,  as  given  in  the  Second 
Volume  of  his  Tkacts,  p.  190,  "  There  is,"  says  he, 
*'  no.  proposition  in  the  whole  theory  of  motion  more 
incontestible  and  obviuus,  than  that  the  relative  motions 
of  any  system  of  bodies  will  be  no  ways  affected  by  equal 
accelerating  forces  applied  in  parallel  directions  to  each 
of  the  bodies  that  compose  it.  Therefore,  if  to  the 
earth  and  moon  equal  degrees  of  gravitation  towards  the 
sun  were  applied  in  parallel  directions,  no  change  in  the 
relative  motion  of  the  moon  about  the  earth  would  be 
thence  j^roduced,  even  though  the  gravitation  to  the  sun 
were  in  each  of  them  a  thoufand  times  greater  than  the 

moon's  gravitation  to  the  earth Consequently, 

flMn  the  absolute  quantity  of  the  moon's  gravitation  to 
the  sun,  no  inequalities  will  arise  in  her  motion,  unless 
that  force  be  different,  or  differently  directed,  from  the 
force  of  the  sun  on  the  earth.  But  the  diameter  of  the 
moon's  orbit  is  io  small^  compared  with  the  di^itance  of 


ABbEVCA   tr  COSKIGEilDA.' 

the  son,  that  Iin«,  drawn  from  any  points  of  that  orbft 
to  the  sun,  differ  but  little  from  bebg  parallel  to  the  line 
joining  the  earth  and  sun,  and  her  gravitation  to  the  sua 
in  the  several  parts  of  her  orbit  is  but  little  dlffercnt  from 
the  gravitation  of  the  earth  to  the  sun.  It  is  jjr  tiac 
differences  only,  and  not  by  the  whole  gravitation  of  the 
moon  to  the  sun,  that  the  relative  motion  of  the  mooa 
about  the  earth  can  be  disturbed  ;  and  from  thean  arise 
the  inequalities  in  that  motion  observed  by  astrooomeis." 

;•     o  ^       u  r    ECxEr'          ^ECxEr 
300  .  .  Itne  %j  from  h.  for = .  rtad — — 

317     Mr.  RoBiJiS,  at  p.  24.5,  vol.  11.  of  his  Tracts,  has 

shewn  how  to  determine  the  apparent  concavity  rf  the 
sky  in  an  accurate  geometrical  manner,  by  means  of  the 
hyperbola  j  he  has  also  given  a  concise  method  of  com- 
putation, and  ha?  recited  various  opinions  on  the  subject 
of  the  horizontal  luminaries,  between  p.  234  and  249  of 
the  same  volume,  which  may  be  consulted  by  such  ^i 
wiih  to  obtain  farther  information  on  this  point. 

352   line  It   .  .ybr  2' 1 80    .  .  .    read  2180. 

3  53  in  the  note    ,  .  penumbra  pass   .  -  penumbra  to  pass. 

378  3  b.  in  the  note  to  the  north    ...  to  be  the  north. 

389  line  30  ...  .  Htppoarates,  Chios  .  HippocrataefCtioSm 

396  bottom  Hne     .  .  Art.  528 Art,  588, 

417  in  the  note  .  .  .  vol.  IV vol,  VI. 

4S0    line  10  from  6.  niimbers ntunber. 
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